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DIFFUSE REFLEXIONS OF S^-R:^YS~ 

BY CRYSTvVLS 

A discussion, held at a meeting of the Royal Society on 6 February 1941. 
The original communications have been recast by the authors in a form 
suitable for publication. A further paper on this subject by Sir William 
Bragg is appended. 


Anomalous reflexions in X-ray patterns 

By tJ. D. Preston, M.A. 

National Physical Lfxboratory 

(Received 11 March 1941) 

The presence on X ray diffraction patterns of anomalous reflexions, 
that is to say, reflexions which cannot bo atjcoflnted for by the simple 
theory of diffraction, is almost a commonplac^e. Many of these effects are 
no doubt to be ascribed to imperfections in the sjiecimen, strains, etc., but 
even after these have been taken into account there remain streaks and 
spots for which there is no satisfactory explanation. The observation of 
effects of the type considered here is by no means novel; Friedrich ( 1913 ) 
recorded them as radial streaks running through the Laue spots in a photo¬ 
graph of KCl. The extra spots are generally very weak compared with the 
normal Laue reflexions and indeed may not bo observed at all unless the 
photograjihs are somewhat over-exposed. They are most easily observed 
on Laue photographs taken with a tube emitting a characteristic radiation 
such as the K radiation of Cu or Ag, and their study will bo greatly 
facilitated by the use of powerful sources of monochromaticj radiation. 

My own interest in background reflexions arose in the first place from 
a study of an age-hardening alloy of aluminium with 4 % of copper 
(Preston, 1938 ). Laue photographs of single crystals of this alloy aged at 
room temperature showed a number of streaks which changed in intensity 
as the hardening process continued. Wlien the Laue photograph was taken 
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with radiation from a copper or silver target, so that there was an intense 
beam of K characteristic radiation superimposed on the white radiation, 
there appeared on some of the streaks spots caused by the characteristic 
radiation. All these effects could be explained by the segregation of the 
relatively heavy copper atoms in very small groups of the form of thin 
plates on the ( 100 ) planes of the aluminium matrix. At room temperature 
the hardening process reaches a final state in about four days, but even 
when photographs were taken within 1 hr. of quenching the crystal, there 
were some traces of background reflexions present. It was important to 
ascertain whether these weak reflexions were due to some segregation 
taking place during the quench and the time of photographing the crystal 
or whether they were characteristic of the solid solution. To settle the 
question a Laue photograph was taken with the crystal at a temperature 
of 500'^ (/, so that all the copper atoms should be in solution and no 
anomalous reflexions should be observed. All the effects which had been 
ascribed to the hardening process did in fact disappear from the high 
temperature photograpij, but some new spots appeared. Further investiga¬ 
tion showed that these were present on Laue photographs of single crystals 
of pure aluminium, and were therefore not due to the presence of copper in 
the alloy. At elevated temperatures the diffuse background was much more 
intense than at room temperature. In fact these diffuse spots are so weak 
at room temperature that with an aluminium crystal and copper radiation 
prolonged exposure is necessary for their detection. Using radiation from 
a silver target and a ‘ Fluorazure ’ screen, they can be recorded in 10-15 min. 
(Preston, 1939 ). 

The general appearance of the background on Laue photographs taken 
with radiation from a silver target is shown in the photographs reproduced 
in the paper already referred to. 

The fact that this background of diffuse spt^ts becomes so much more 
intense as the temperature is raised and that the increase and decrease 
could be rej)eated by raising and lowering the temperature, showed that 
these reflexions were connected in some way with the temperature of the 
crystal and were not to be ascribed to any mechanical strain or im]:) 6 r- 
foction caused by changing the temperature. It was therefore natural to 
seek an explanation of their presence in the disturbing influence of the 
Debye thermal spectmm on the regular arrangement of the atoms in the 
crystal. The only theory of the effect of temperature on X-ray reflexions 
with which I was acquainted in 1938 when these experiments were done 
was that due to Darwin and Debye. In these investigations attention was 
confined to the normal reflexions and the way in which their intensity 
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diminiBhed with rise of temperature as a result of thermal agitation of the 
atoms. The background was not considered and the theory did not indicate 
that energy would be scattered in other than the normal directions. 
Nevertheless, it seems clear that if the normal reflexions diminish in 
intensity, i.e. less energy is scattered in these directions, then since the 
scattering power of each atom remains unchanged with rise of temperature, 
some energy must appear in other directions and will form a background 
to the normal reflexions. At a later date Fax 6 n ( 1923 ) developed a theory 
of the effect of temperature on X-ray reflexion which led him to the belief 
that the streaks observed by Friedrich in a Laue photograph of KCl were 
due to the thermal vibrations of the lattice. The theory is exceedingly 
complex—so much so that Fax4n did not predict any general background 
such as that observed. It is probable that Faxen's theory does in fact 
contain all the information required to analyse the pictures but it is not 
in a readily available form for comparison with experiment, with the 
exception of one approximate formula to which I will refer later. 



Fioubk la Ftoure 16 


Ficutre la. The direction of the wave front ABC is defined by the 
numbers jo, r, its intoroapts on the crystal axes. 

Figure 16 . In reciprocal space the wave is represented by a point 
such as Q associated with each normal spectrum P, 

It is not difficult to see that the existence of a wave-like disturbance of 
the geometrically regular atomic pattern wiU produce some sort of back¬ 
ground scattering. It is, however, by no means so easy to see that this 
background will have a number of maxima such as are observed. The 
simplest way of describing the effect of a disturbance is by means of 
reciprocal space. The normal spectra are represented in figure 16 by the 
points P(A, k, 1) in reciprocal space, A, k, I being integers. If a plane wave 
travels along the h axis with wave-length pa, say, {p > 2 ), then two extra 
spectra appear associated with each point h,k, I represented by the points 
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(h± Ijp, k, 1) in reciprocal space. In general it will require three niimbers 
r to define the direction of propagation of a plane wave, figure la, just 
as it requires three integers to specify the ‘order’ of the diffraction spec¬ 
trum of a three-dimensional grating. This gives rise to eight ‘ghosts’ 
associated with each integral jjoint (A, k, 1) at the eight points, such as 
figure lb, (h± ljp,k±\jq,l± Ijr) when positive and negative signs are 
distributed among the three numbers p, q, r. A reflexion will be recorded from 
one of these points if, and on I y if, it lies on the sphere of reflexion so that 
Bragg's law is satisfied, but for a fictitious plane with non-integral indices. 
The intensity associated with these new reflexions is determined by the 
amplitude of the wave and the calculation of this is the most difficult part 
of the theory, depending on the propagation of elastic waves in the crystal. 
The photographs show very clearly that the background intensity is by 
no means uniform but, in the cases examined, is much greater near the 
normal reflexion, that is for large p, q, r or long waves. 

Ho far the explanation of the background is not difficult; but the theory 
of Fax6n which takes account of all the waves which can be transmitted 
through the crystal becomes exceedingly complex. So much so that the 
implications of his investigations have lain concealed in a mass of mathe- 
mati(jal symbolism for over fifteen years. For this reason it seemed to be 
worth while attempting to give a simpler picture of the sort of imperfection 
of the crystal which would account for the observed effects. As a result of 
an analysis of the photograph of aluminium, I was led to suggest that the 
spots (!Ould be accounted for by the diffraction pattern of a small group 
of atoms in close packed array. This picture is not to be taken in any way 
as an exact representation of the state of the crystal but rather as a sub¬ 
stitute for a very complex state of affairs. Sir William Bragg has recently 
examined the spectrum of diffuse spots of KCl and has shown that even 
w^hen the incident beam is inclined to the cube edge the patt^ern can be, at 
any rate approximately, explained by diffraction of a simple cube of eight 
neighbouring atoms. The case of NaCl also falls into line as the accom¬ 
panying diagram (figure 2) shows. Here the dotted lines and circle are 
minima of intensity and correspond very closely with the faint background 
of the photograph (figure 3) taken with silver target. The full circle repre¬ 
sents a region of maximum intensity and there is a recrudescence of 
anomalous spots in this region. There seems to be no doubt that this idea 
of diffraction by small groups of atoms does give an approximately correct 
account of the observed maxima. Moreover, it seems natural to suppose 
that any atom if displaced will carry its neighboiurs to some extent with it, 
so that on this ground the idea is plausible. Nevertheless, it must not be 
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taken as an 3 i;hing more than a first approximation to the complete theory 
of Fax 6 n. 



^ ® M# wo 

Na Cl 

FiarKE 2. Minima of intonsity are to be oxpectfHl alon^ the dotted lines and 
circle: maxima ut the centre and ncMir the full circle, of. figure 3. 



Fioube 3. Sodium chloride at 300'^' C. 

I have alluded above to an approximate formula given by Fax^n which 
defines the position of one of the anomalous spots with reference to the 
angles which the incident and diffracted rays make with the nearest 
crystal plane. Denoting these angles by 6 and the formula is 

d sin = A cos ^ 

d(sin 6 cos 6 tan 5 ^) = A, 


or 
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where d is the spacing of the crystal plane (A, A, /) near the temperature spot. 
It is only quite recently, in the course of a discussion with Dr Lonsdale, 
that I have realized that the analysis which I have given of the pattern 
produced by aluminium confirms this formula. The matter may be put 
quite simply thus: in figure 4, 0 is the origin of reciprocal space, C the 
centre of the sphere of reflexion radius 1/A, P is the crystal plane (A, k, 1) of 
spacing d so that OP ^ Ijd, Q is the point representing the temperature 
spot. In my original analysis I showed that the observed spot fell on the 
line PC provided PQ were not too large. If now CN is the normal to OP, 
then the glancing angles of incidence 6 and of diffraction ^ are as shown 
and the formula of Fax6n follows at once. It will be observed that when 
6 is equal to <j> the formula reduces to Bragg’s law, and it has in fact been 
put forward in several quarters as a modification of Bragg's law. At the 



Fioukk 4. Geometrical interpretation of Fax6n*8 rule. 

time when I was engaged on the study of the pattern of aluminium I was 
aware of the existence of this formula of Faxon’s, but I was not prepared 
to admit any necessity for abandoning a law which I believed could not 
be modified in any circumstances. Although the experiments I have 
described do in fact confirm the accuracy of Faxon's formxila, I still think 
that it is of little use to attempt to describe the observed maxima in the 
form of a modification of Bragg’s law. In the particular case illustrated 
in the figure when Q lies on the line PC the angles 0, <f> ore very simply 
related to the spacing d and wave-length A. But if Q lies elsewhere, the 
relation will become much more complex. In general there does not 
appear to be any necessity for Q to be coplanar with O, G and P. The 
attempt to represent the temperature spots by means of a modified Bragg’s 
law is the outcome of an attitude of mind which regards these spots as 
abnormal reflexions from the crystal plane P. This seems to me to be a 
mistaken view and I much prefer to think of these spots as normal re- 
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flexions from the fictitious plane Q, the indices of which are not integers. 
We are primarily concerned with the determination of the intensity of 
reflexion associated with every point in reciprocal space; the intensity 
maxima are naturally of great importance but their relation to the integral 
points is of secondary importance. We should therefore be prepared to 
admit fractional values of h, I and to regard the d of Bragg s law as a 
function of the three continuously variable numbers A, L 

The author’s work described above has been carried out as part of the 
research programme of the National Physical Laboratory, and this paper 
is published by permission of the Director of the Laboratory. 


Rbfbrknces 


Fax 6 n 1923 Z. Phys. 17, 266. 

Friedrich 1913 Phya, Z. 14, 1082. 

Proflton 1938 Proc. Roy, Soc. A, 167, 526. 
Preston 1939 Proc, Roy, Soc. A, 172, 116. 



An experimental study of diffuse X-ray reflexion 
by single crystals 

Bv K. Lonsdale and H. Smith 
Royal Jmiiiutmi 

{Received 4 March 1941) 

[Plates 1-28] 

A historical introduction outlines the development of experimental and 
theoretical interest in the difftase diffraction of X-rays by single crystals. 

The present ex:j>erirnental study, illustrated by numerous photographs, has 
consisted in taking Lane, oscillation and rotation photographs, in many 
different orientations, of inorganic and organic crystals belonging to various 
systems, using Ou, Mo and Ag radiations, imfiltored, filtered or mono- 
chromatized. Rules n o lai<l down for the indexing of diffuse spots and for 
the dotormination of the conditions under which such spots appear. 
Attention is drawn to the presence of non-radial streaks and to the difference 
in origin of those and of the more usual radial streaks. The relations of the 
intensity, shape, size, position and persistence of the diffuse spots to the 
nature, structure, perfection, orientation and temperature of the crystal 
examined, to tJie radiation used and to the conditions of photography, are 
considered in some detail. The use of diffuse spot patterns as a subsidiary 
method of crystal structure determination is emphasized. It is pointed out 
that in reciprocal space each reflecting lattice point is surrounded by a 
region of diffuse scattering, whoso physical significance is open to various 
theoretical interpretations. These diffusely reflecting regions are not, in 
general, spherical, but are extenciiHl along reciprocal lattice planes and axes. 

Introduction 

Well-exposed X-ray photographs of stationary single crystals frequently 
sliow, in addition to the usual dearly defined Laue spots,* a fainter back¬ 
ground pattern of diffuse streaks and spots. When the applied voltage is 
below that required to excite the X-radiation characteristic of the anti¬ 
cathode used, the incident X-ray beam is composed either wholly or in 
considerable part of continuous radiation. The diffuse pattern then consists 
mainly of radial streaks running through the strongest Laue spots. Such 
an effect was first observed by Friedrich ( 1913 ). If, however, the incident 
beam contains a high proportion of characteristic X-radiation, the diffuse 

♦ In the following discussion the term ‘Laue’ reflexion will be reserved for the 
selective w^flexion of X-rays of a wave-length not characteristic of the anti-cathode 
used, the ‘Hragg’ n^flexion being the selective reflexion of characteristic X-rays. 

[ 8 ] 
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pattern may show non-radial streaks and spots which do not apparently 
correspond in position to the Bragg reflexions from any planes of the 
stationary crystal. Such diffuse spots have frequently been observed, but 
it is only in the last two or three years that any serious attempt has been 
made to study them. 

Using tungsten radiation, Wadlund ( 1938 ) observed a diffuse background 
pattern of streaks and spots on Laue photographs of rocksalt and sylvine, 
but failed to obtain it with mica, fluorite, gypsum or calcite. Preston 
( 1939 ) a more precise investigation showing that ( 1 ) the diffuse spot 

pattern persisted when monochromatized (Ag) radiation was used, although 
the Laue spots of course disappeared and ( 2 ) that the intensity of the diffuse 
spots was greatly enhanced by raising the temperature of the crystals 
used (Al, NaCl, MgO, each in several different settings). Preston could 
find no diffuse spots on Laue photographs of diamond, using Ag radiation, 
though the baekgroimd scattering gave the impression of not being of 
uniform intensity, and at 500"^ C four faint diffuse streaks w^ere visible on 
a photograph taken with the incident beam parallel to [ 110 ]. 

Independently, and in advanc^e of Preston’s investigation, a compre¬ 
hensive and fundamental experimental study of the diffusion of X-rays 
by crystals, using ionization spectrometer methods, was carried out by 
Jean Laval ( 1938 , 1939 a, b\ Mauguin and Laval 1939 ). Laval's memoir 
appears to have been almost completely overlooked, so a short resume 
may not be out of place. As he pointed out, the Debye theory ( 1914 ) 
indicates that the diffusing powder of a crystal should be indepeiulent of its 
orientation. Brillouin ( 1922 ), taking into account the longitudinal vibra¬ 
tions due to thermal agitation in a crystal, came to a soniewdiat different 
conclusion. He summarized the total X-ray scattering by a single crystal 
as follow's: 

(1) Bragg 8fK)ts. 

( 2 ) Intense scattering around the central spot. 

(3) Diffuse scattering around each Bragg spot. 

(4) Light general scattering in every direction. 

Fax4n { 1923 ) and, more completely, Waller ( 1923 , 1925 ) worked out a 
theory of diffuse scattering which took into account not only longitudinal, 
but transverse, thermal vibrations and in which the diffuse scattering in 
any direction depended not only upon the orientation of the crystal but 
upoi\ its various elastic constants. Fax 6 n referred to the streaks observed 
by Friedrich and suggested that an attempt should be made to correlate 
these streaks wdth the temperature of the crystal. 

A number of experimenters attempted to test the validity of these 
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various theories and concluded that Debye’s theory was correct (Coven 
1932 ; Jauncey and Pennell 1933 ; Harvey, Williams and Jauncey 1934 ; 
and other papers). Laval ( 1939 ^), in a critical examination of their methods, 
showed that their experimental conditions were too restricted for a proper 
conclusion to be reached, and undertook a more complete experimental 
research using monochromatized Cu and Mo radiations, with single crystals 
of syjvine, rocksalt, aluminium, calcite and diamond, and a powdered 
sj)ecimen of silver. He varied the orientation of the single crystals and 
measured their absolute ‘diffusing power’ in various directions, over a 
wide range, and also measured the variation of ‘diffusing power’ with 
change of temperature from 289^^ to 665^ A. [The ‘diffusing power’ of a 

crystal element, mass dm, is defined by P ~ -A —where Jo is the 

io i dmdio 

diffusing power of a free electron placed in the same beam, I the intensity 
of the incident beam, di the intensity of radiation diffused in a solid angle 
d(o in the given direction.] Laval found that, as Brillouin, Fax 6 n and 
Waller liad predicted, each Bragg reflexion is surrounded by a region of 
strong diffusion, within which the intensity decreases rapidly as the 
direction of diffusion departs from that of selective reflexion. There is also 
a feeble general scattering in every direction. He measured the 8 hai)e and 
extent of the regions of strong diffusion and the variations of intensity 
within those regions, for various Bragg reflexions, expressing his results in 
terms of the reciprocal lattice. He found that, of all the diffuse regions 
studied, that surrounding the diamond ( 111 ) reflexion was the smallest 
in extent, while the difference in intensity between the strong diffusion 
accompanying the Bragg reflexion and the weak background diffusion was 
also less for diamond than for any of the other crystals studied, con¬ 
sidering only planes of equal structure factor. It was, of course, impossible 
for him to study the diffuse scattering within those regions where selective 
reflexion occurred, but subject to this limitation he came to the conclusion 
that the maxima of diffuse reflexion decreased more slowly with in¬ 
creasing order of reflexion than those of the corresponding Bragg reflexions. 
On the other hand, he found no appreciable difference between the strong 
diffusion of Mo Kol and of Cu Ka radiations. Temperature experiments were 
carried out using MoAa radiation and a single crystal of sylvine; the 
maximum diffusing power and the extent of the region of strong diffusion 
were both found to increase markedly with rise of temperature, more 
especially for low order reflexions, while the weak general diffusion also 
increased in absolute intensity as the temperature rose. Laval finally 
concludes: ‘La diffusion forte a son origine surtout dons Tagitation ther- 
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mique des atomes, Ses domaines s’accroissent loraque ]a temp 6 rature 
ils sont beaucoup plus ^tendus pour la sylvine oil Tagitation 
thermique est forte, que pour la diamant oil Tagitation thermique eat 
faible. On peut esp^rer que la topographic des domainea de la diffusion 
forte apportera des renseignements precis sur la distribution de T^nergie 
entre les diverses ondes ^laetiques qui constituent Tagitation thermique.’ 

It has been pointed out by Zachariasen ( 1940 ), in the course of a new 
derivation of the intensity expression for the coherent scattering of X-rays 
by a small crystal, that although the diffuse scattering maxima will 
coincide with the Bragg maxima when monochromatic radiation is used, 
there are conditions in which the maxima will be separated. These con¬ 
ditions, which are frequently fulfilled in the taking of a normal Laue 
photograph, are that the incident beam used should contain both cha¬ 
racteristic and continuous or ‘white’ radiation, and that the stationary 
single crystal should only be near to, and not actually in, the Bragg 
reflecting position appropriate to the characteristic wave-length and to the 
plane under consideration. A preliminary experimental study of such 
‘separated maxima’ has been carried out by Siegel and Zachariasen ( 1940 ) 
who, using a rock-salt crystal and Cu Kcc radiation (filtered but not mono- 
chromatized), have studied the peak intensities and half-widths of the 
diffuse maxima for various degrees of separation, by means of photo- 
metered recordings of photographic plates. 

More recently, Sir C. V. Raman and his collaborators have published 
Laue photographs of diamond, NaNOg, NaCl and CaCOg showing a number 
of these diffuse maxima, together with tables showing the relation between 
angles of incidence and of scattering for selected maxima (Raman and 
Nilakantan 1940 a, 6 , c; Raman and Nath 1940 a, b). Raman and Nila- 
kantan consider that the ‘ modified ’ (diffuse) reflexions are due to pulsations 
in the crystal lattice.having the characteristic infra-red frequencies, which 
are excited by the incident X-ray beam and which in turn cause periodic 
variations in the structure-amplitude of the crystal spacings and therefore 
result in reflexions of the X-rays with change of frequency. They conclude 
therefore that ‘the modified reflection is a quantum effect and is not 
primarily a thermal phenomenon, though for low lattice frequencies or at 
high temperatures it may be thermally influenced’. They included among 
their experiments a temperature study of NaNOg, the X-ray beam being 
perpendicular to one cleavage face and temperature varied between 25^ and 
275° C. They found, as Preston had already observed for Al, NaCl and MgO, 
that the intensity of the diffuse spots is very greatly increased, while the 
Laue spots are much fainter in the high temperature photographs than in 
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those taken at room temperatures. Kracek, Posnjak and Hendricks (i93^) 
had found that, above 180"^ C, the rise of temperature affects very unequally 
the intensity of the Bragg (powder) reflexions due to different planes, 
some being practicaUy wiped out at 250^ C. Raman and Nilakanton 
observed that, for just those planes, a room temperature photograph 
showed intense Laue spots unaccompanied by any diffuse satellites, while 
a photograph taken at 275° 0 showed a great diminution in intensity of 
the Laiie si)Ot 8 (whicjh in fact had practically disappeared) and the appear¬ 
ance of strong diffuse spots in theii* immediate neighbourhood. 

Raman and Nilakantan also pointed out the resemblance between the 
diffuse pattern observed for an oblique setting of the NaCl crystal and the 
layer-line diagram of an oscillating or rotating crystal. 

During the course of an investigation of the age-hardening of alloys, 
Guinier ( 1938 ) and Preston ( 1938 ) independently found well-marked diffuse 
streaks and spots on Laue photographs, which could clearly be interpreted 
as 'cross-grating’ effects due to the segregation of one metal into thin 
sheets within the alloy. [See also Calvet, Jacquet and Guinier 1938 , 1939 ; 
Preston 1940 ; Barrett and Geisler 1940 ; Ewald 1940 .] Sir William Bragg 
lias suggested that the diffuse spot patterns of sylvine and other crystals 
may be due to simple three-dimensional diffraction by very small groups 
of atoms, orientated alike but scattering independently (Bragg 1940 ); 
such X-ray diffraction would not, of course, be subject to the usual Bragg 
condition nX = 2d sin 0. 

It is not proposed in the following paper to make any comparison 
between the various theories put forward, but rather to supply or to 
emphasize those detailed experimental facts without which no theory can 
be properly ctinsidered. 

Aims of present research 

During the course of X-ray investigations covering the past eighteen 
years, many isolated instances of weak diffuse spots have been observed 
on Laue photographs taken by various workers (Knaggs, Lonsdale, Miiller 
and IJbbelohde 1940 ) in this laboratory; but they were usually regarded 
as evidence of crystal imjKjrfection, smce they could not be given any 
direct interpretation from a structural point of view. More recently, how¬ 
ever, Laue photographs of l)enzil were found to possess such a beautiful 
and intricate background pattern (plate 3 a), even with a relatively 
moderate exposure, that a more extensive investigation was undertaken 
in order to determine: 
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(1) Exactly what conditions are needed for the production of diffuse 
spots on Laue photographs; why, for instance, some substances show them 
while others do not; why some wave-lengths seem more favourable for 
their production than others; why they are more easily obtained in some 
crystal orientations than in others; whether they are in any way related 
to the imperfection or surface conditions of the crystals. 

(2) Under what conditions the s|)ots are accompanied by streaks, radial 
or non-radial. 

(3) How the positions, size, shape and intensity of the diffuse spots are 
related to the structure and orientation of the crystal for any particular 
wave-length of incident X-rays. 

(4) Whether the study of diffuse patterns can be used as a subsidiary 
method of crystal structure determination, and what is their relation to 
the various physical properties of the crystal, inoJiidiiig its tom|>erature. 

Expeeimental details 

Tlie following experiments, of wliich a preliminary account has already 
been published (Lonsdale, Knaggs and Smith 1940 ), were mainly carried 
out on the medium (5kW.) X-ray tube (Clay 1934 ) at the Davy-Faraday 
laboratory, using Cu, Ag and Mo anticathodes; the tube was operated at 
34 kV (for the copper anticathode) with an output of 140 mA, and ex- 
posiu’es varied from 0-5 to 5 min. for osciJlation photographs, from 2 to 
15 min. for rotation photographs, from 5 to 30 min. for Laue photographs. 
Hfex double-coated blue base X-ray film was used throughout, and given 
5 min. development at 18"^ C. Room temperature varied from 20 "" to 30° C. 
A few photographs wore also taken on the 50 kW X-ray tube (Muller and 
(^lay 1939 ) with copper anticathode, and some on a small experimental 
0*5 kW tube with Mo anticathode. No methods of intensification wore 
used. 

The crystals chosen for investigation were all small single specimens, 
rather larger than would normally be used for structure determination. 
It was found that crystals obtained by cleavage were sometimes distorted 
and gave misshapen Laue spots; every effort was therefore made to grow 
or to choose crystals of a suitable size, but a certain amount of distortion 
due to cleavage, bending or fracture could not always be avoided. Except 
for the low temperature experiments, the crystals were moimted on fine 
glass fibres on arcs, and as far as possible were so placed that the incident 
X-rays did not strike either adhesive or glass fibre; this meant, of course, 
that the crystal could not, in general, be wholly bathed in the incident 
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beam, which was cylindrical and slightly divergent. The arcs carrymg the 
crystal were used with a Muller spectrometer, the film being contained in 
a plate-holder placed, usually, at right angles to the incident X-ray beam 
(though a few photographs were taken with the plate-holder parallel to a 
main crystal face, and not perpendicular to the beam). The crystal to film 
distance was varied from 3 to 8 cm., but was usually 3-5 or 4 cm., as 
experiment showed that for the substances examined, these were the 
distances at which most diffuse spots were recorded on the films. No 
attempt was made to calibrate the spectrometer and to measure these 
distances exactly, because the crystals used were all substances whose imit 
cell dimensions were well known and for purposes of accurate measurement 
it would therefore be preferable in any particular case to obtain the crystal 
to film distance from the evidence of the Laue spots themselves. 


Comparison of Laue and oscillation photographs 

It had been noticed that, using a copper anticathode, diffuse spot pat¬ 
terns were more readily obtained with organic than with inorganic com¬ 
pounds. A quick survey was made of those organic crystals whose struc¬ 
tures hod either been determined or were undergoing investigation in the 
laboratory, and detailed preliminary studies were made of a-resorcinol, an 
orthorhombic crystal whose structure has been determined by Robertson 
( 1936 ), of benzil, a hexagonal crystal studied by Knaggs and Lonsdale 
( 1939 ), and of sorbic acid, a monoclinic crystal whose structure has been 
investigated by Lonsdale, Robertson and Woodward ( 1941 ). 

a-Rmorcinol, OTtho-0^^{01A)^ 

The crystals, which were selected from among those used by Robertson, 
grow in the form of stout needles parallel to the c crystallographic axis. 
The structure is fairly dense, since the hydrogen bonds draw the molecules 
closer together than the normal van der Waals distance, and it is relatively 
isotropic. There is no definite cleavage and the crystals are not easily 
distorted; they give excellent Laue photographs in any orientation. The 
crystal was first set with the needle axis vertical and the X-ray beam 
(unfiltered Cu radiation) parallel to the ( 100 ) plane. Laue photographs 
were taken in this position and at 10 *^ intervals of rotation about the [ 001 ] 
axis, until the incident beam was parallel to the ( 010 ) plane. Over a limited 
range photographs were also taken at 1 "^ intervals. Plates la and 26 show 
two typical photographs. The most noticeable features of the diffuse 
scattering are the dense halo surrounding the central spot, to which further 
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reference will be made later, and the well-marked ‘layer lines* of diffuse 
spots. So striking was the arrangement of the diffuse spots in layer lines 
similar to those occurring on oscillation photographs that it seemed natural 
to take and compare an oscillation photograph having the ‘ Laue * position 
as the centre of the oscillation. It was found that, in fact, a short-exposure 
oscillation photograph (plate 16) taken with the crystal oscillating 
through on each side of the ‘Laue* position, gave Bragg spots many 
of which were practically coincident in position with many of the diffuse 
spots observed in the corresponding Laue photograph (plate la), A third 
photograph, in which the oscillation photograph was superimposed on the 
Laue photograph (plate 2a), shows how closely the positions of Bragg and 
diffuse spots agree. 

This indicates that the diffuse spots may be considered as due to the 
reflexion of the incident beam by ‘planes* which are within a few degrees 
of the reflecting positions characteristic of ordinary crystal planes and 
whose spacings are equal, or nearly equal, to those of the normal crystal 
planes. 

Laue photographs are particularly sensitive to mis-setting, and change 
rapidly in appearance for slight changes of crystal orientation, but the 
diffuse spot pattern changes much more slowly in successive photographs 
at slightly different angles. This is easily comprehensible when the simi¬ 
larity of the diffuse spot pattern to the oscillation pattern is taken into 
account, since the 15^ oscillation photograph taken, for instance, with the 
incident beam at 20'^ to [010], will differ very little from that taken, say, 
at 17=^ or 23^^ to [010], 

A further point of resemblance is that the shape of the diffuse spots is, 
in general, similar to that of the oscillation spots and quite unlike that of 
the Laue spots. 


BenziL CeH 5 .CO.CO.CeH 5 

Benzil forms good undistorted crystals in the form of hexagonal prisms 
bounded by {lOlO} planes, which give excellent Laue photographs with Cu 
or Mo radiation. The structure of benzil has not been fully determined, but 
it is known that the crystals are built up of skew molecules grouped round 
a hexagonal alternating axis in such a way that the benzene rings are more 
nearly parallel than perpendicular to the axis. 

The hexagonal pattern obtained when a well-exposed Laue photograph 
is taken with the incident Cu radiation parallel to the [0001] axis (plate 3 a) 
is strongly reminiscent of a benzene ring, and suggests that there may be 
some connexion between these diffuse patterns and those observed by 
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CharJeeby, Finch and Williams ( 1939 ) on electron diffraction photographs 
of aromatic sizbstances. An analogy would only be possible, however, if 
the benzene rings of the benzil molecule were normal or nearly normal to 
the 10001 ] axis, which they certainly are not. [A better compound on which 
to compare X-ray and electron diffraction diffuse patterns would have 
been anthracene, but the Laue photographs of anthracene all revealed so 
much distortion of the crystals that this compound was felt to be unsuit¬ 
able for present study.] Photographs taken in directions more nearly 
norma] to the benzene rings (plates 9 and 10 a and b) showed no trace of 
trigonal or hexagonal symmetry. 

A Laue photograph taken with the X-ray beam at about 7^ to the fOOOl] 
axis, and the [1120] axis only approximately vertical (plate 36), had lost 
all hexagonal symmetry as far as the Laue spots were concerned. The 
diffuse pattern, however, still showed approximate hexagonal alternating 
symmetry. A photograph taken with the crystal oscillating through 7^” on 
each side of this Laue position (plate 4a) showed Bragg spots corre¬ 
sponding in position with many of the diffuse spots of the Laue j)hotograph. 
This oscillation photograph had only a one-minute exposure to Cu radia¬ 
tion filtered through 0 -()(K )8 in. Ni foil; an otherwise identical photograph 
given ten times this exposure (plate 46) shows a strong diffuse background 
similar to that found on the Laue photograph but accompanied by much 
stronger radial streaks. 

it is clear, from Laval’s experiments and from the present study, that 
every type of X-ray photograph, Laue, oscillation, rotation, powder, et(\, 
may if sufficiently exposed show a diffuse background picture, characteristic 
of the crystal in its particular setting. If Bragg reflexions are possible, the 
diffuse scattering will occur as a background to the Bragg reflexions 
(whether s]X)ts as in rotation photographs, lines or rings as in powder 
photographs). If Bragg reflexions are not possible, the diffuse background 
spots wUl still occur provided that the planes giving the corresponding 
Bragg reflexions are only a few degrees mis-set. In Laue photographs the 
indices of the plane corresponding to any particular diffuse spot can be 
determined, with reasonable certainty, by treating the diffuse spot pattern 
as though it were an oscillation photograph covering some lO'^ or 15® on 
each side of the stationary position of the crystal (the oscillations must, of 
course, be considered as taking place in every direction, and not only 
about a vertical axis); the true position of the plane having those indices 
can then be determined by reference to its Laue reflexion. 

In this way the Laue photograph of benzil shown in plate 3a has been 
interpreted, and the indices of all spots, both Laue and diffuse, are given 
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in figure 1. It will be seen that there are a number of diffuse reflexions 
corresponding to planes which are actually parallel to the incident beam. 
This is true also of the photographs published by Preston (1939) and by 
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Figum 1. Bcnzii: Lain? photograph with X-ray« along [0001] axis; disuse spots, 
shown in outline only, given by Kct nuUation. Indices of diffuse spots in brackets. 


Raman and Nilakantan (1940); and indeed, as the latter point out, it is 
even possible for the angles of incidence and of diffuse reflexion to be of 
opposite sign. 

In symmetrical photographs and in many other cases, apparently, the 
diffuse spot and its corresponding Laue spot arc along the same radius 
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vector, but this does not always seem to be true, and exceptions will be 
indicated later. 

Sorbic acid. CH 3 . CH: CH. CH: CH. COOH 

Sorbic acid forms monoclinic crystals in the form of prisms elongated 
on the b axis. The structure will be described later in some detail. Laue 
photographs have been taken with filtered Cu radiation at 10 ° intervals 
with the [ 010 ] axis vertical and the grouping of the diffuse spots into layer 
lines is most striking (plates 5a, 11 , 12 , 23a). A [ 010 ] rotation photograph 
is shown for comparison (plate 56). In this case the vertical crystallo¬ 
graphic axis is short (4*03 A) and there is well-marked separation of the 
layer lines. Photographs taken with the long c axis (15-83 A) vertical show, 
on a suitably orientated Laue photograph, well-marked rows of diffuse 
spots corresponding to outstanding reflexions in the [ 001 ] rotation photo¬ 
graph, the layer lines being in this case closer together and therefore less 
obviously defined (plate 6 a and 6 ). 

Other compounds 

In order to make sure that the relation between the diffuse spot pattern 
and that of the corresponding oscillation diagram is a perfectly general 
one, applying to X-radiation of any wave-length and to crystals of any 
kind, organic or inorganic, photographs have been taken of 

( 1 ) Several other organic compounds, using Cu radiation, filtered and 
unfiltered. 

( 2 ) Beiizil, using Mo radiation (by Dr I. E. Knaggs). 

(3) Sylvine, KCl; complete sets of Laue and oscillation photographs 
with cube axis vertical, using Mo radiation (by Dr I. E. Knaggs). 

( 4 ) Sylvine; complete sets of Laue and rotation photographs with cube 
axis and [Oil] axis vertical, using Ag radiation. 

( 5 ) Rocksalt, NaCl; complete sets of Laue and rotation photographs with 
cube axis vertical, using Ag radiation. 

( 8 ) NaN 03 , CaCOa, quartz in various orientations, using Ag, Mo and 
Cu radiations. 

( 7 ) Diamond; Laue and rotation photographs in various orientations, 
using Cu and Mo radiations. 

Further reference will be made later to many of these experiments, but 
the following deductions have been made from a preliminary survey of 
the results: 

I. The relation between the diffuse spot pattern on a Laue photograph 
and the oscillation photograph token with the Laue position as centre of 
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the oscillation is quite general ; it applies both to organic and to inorganic 
compounds; to crystals of any system and to all the different kinds of 
X-radiation used (Cu, Mo, Ag; Kx and Kfi). 

II. The same conditions, to a certain extent, govern the appearance of 
a diffuse spot diagram as govern the appearance of the corresponding 
oscillation photograph. If the wave-length of the radiation used is such 
that very few spots would appear on an oscillation photograph, then a 
Laue photograph taken with the crystal stationary at the centre of the 
oscillation range would also show very few diffuse spots, though it might 
show radial streaks corresponding to the diffuse scattering of general 
radiation of other wave-lengths. Since Cu radiation is, in general, most 
suitable for the examination of organic crystals, together with a crystal 
to film distance of about 3*5-4 cm., Laue photographs of organic crystals 
will show most diffuse spots when taken with Cu radiation at that distance. 
The strongest Bragg reflexions from organic crystals are nearly always 
those of spacing greater than 2 A, and with Cu radiation these are well 
placed on the film; the lower symmetry of the crystals also ensures that, 
whatever the crystal orientation, some planes will nearly always be near 
to a reflecting position. On the other hand, simple inorganic compounds 
such as KCl, NaCl, NaNOg, CaCOg, SiOg, crystallizing in the cubic or 
hexagonal system, have relatively few planes which reflect Cu radiation 
with appreciable intensity within the range of a quarter-plate size film 
(3 cm. being the nearest possible distance of approach to a crystal set on 
arcs), and a shorter wave-length is much more suitable both for rotation 
or oscillation photographs and for the production of diffuse spot patterns. 

This, perhaps, can best be illustrated by examples. 


Table 1 


crystal to film 
distance (cm.) 

3 

3*6 

4 

6 

6 

sin 6 (min.) 

0*05 

0*04 

004 

003 

002 

sin 0 (max.) 

0-54 

0'61 

0-48 

0-44 

0*40 


In table 1 are given the limiting observable values of X/2d (sin 6, where 
26 is the angle of deflexion) for quarter-plate size films at various crystal 
to film distances. Table 2 shows the indices of the principal Bragg reflexions 
from NaCL together with their intensities (Brill, Grimm, Hermann and 
Peters 1939 ) including all reflexions above 1 % of the maximum observed, 
and the observable values of A/ 2 rf corresponding to Cr, Cu, Mo and Ag Kx 
radiations. Table 3 gives the corresponding data for a-resoreinol, except 
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that in this case only {hkO) reflexions are included, since otherwise the list 
would be much too long. Table 4 gives similar data for diamond. 


Table 2. NaCl 


sin 0 


hkl 

intensity 

Cr 

Cu 

Mo 

Ag 

111 

5-5 

0-35 

0-23 

on 

0*08 

200 

100 

0-41 

0*27 

0-12 

0*10 

220 

44 

0-57 

0-38 

0-18 

0*13 

222 

2S 

— 

0*47 

0»22 

0*17 

400 

18 


0-64 

0-25 

0*20 

420 

31 


0*61 

0-28 

0*22 

422 

9 

— 

— 

0-30 

0*23 

440 

4-5 

— 

—. 

0-35 

0*28 

442 

3-5 

— 

— 

0-38 

0*30 

000 

3-5 

— 

— 

0*38 

0-30 

020 

3 

— 

— 

0-40 

0*31 

022 

3 

— 


0-42 

0*33 

444 

2 

— 

— 

0-43 

0*34 

040 

1-5 


— 

0-45 

0*30 

642 

1*5 

— 

....... 

0*47 

0*37 

800 

1 

— 

— 

0*50 

0*40 


It will be seen that for NaCl, which is typical of many inorganic crystals, 
either Mo or Ag radiation gives values of sin 0 which would be readily 
observable on a film set at 3-5 cm* from the crystal, although either Cu 
or, worse still, CV radiation would give only a few spots towards the outside 
of the picture. 

On the other hand, for ce-resorcinol Cu is the most suitable radiation with 
which to obtain an even distribution of spots. With either Mo or Ag radia¬ 
tion the strongest spots would be very close to the central spot and there 
would be no spots observable towards the outside of the film. The number 
of diffuse spots observable in the case of a-resoroinol will also clearly be 
much larger than that from NaCl; in fact, all those reflexions whose indii^es 
are given in table 3 will occur only on the zero layer line in ‘[ 001 ] axis 
verticaC photographs* 

Diamond is rather an interesting case; it is clear from table 4 that Mo 
or Ag radiation should give a great many more characteristic reflexions 
than Cu. In fact, Cu radiation will only give the {111} reflexions, as can 
readily be proved by rotation photographs. Yet all successful experiments 
so far reported for diamond have been made using Cu radiation, while 
previotis attempts to obtain diffuse spots with Ag radiation have been 
unsuccessful. This is due to the fact that only symmetrical settings of 
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J'abls 3. a-RESOBOiNoi.: (AjfcO) 

ain 6 


hkO 

intensity 

Cr 

Cu 

Mo 

Ag 

no 

1 

016 

Oil 

006 

0-04 

200 

7 

0-21 

014 

0-07 

005 

020 

1 

0*24 

016 

0'07 

006 

210 

100 

0-24 

016 

0-07 

0*06 

120 

52 

0-26 

017 

0-08 

0*06 

220 

79 

0-32 

0 22 

0‘10 

0-08 

130 

2 

0-38 

0-25 

012 

0-09 

320 

3 

0-40 

0-27 

012 

010 

230 

1-5 

0'42 

0-28 

013 

0-10 

400 

5 

043 

0*29 

013 

0*10 

410 

8 

0-45 

0-30 

014 

oil 

040 

6 

0*48 

0-32 

015 

012 

330 

32 

0*48 

0*32 

016 

012 

140 

1 

0*49 

0-33 

0-15 

0-12 

420 

7 

()'50 

0-33 

015 

0*12 

240 

25 

052 

0*36 

0-16 

0-13 

510 

2 


0-37 

017 

0-13 

430 

ir> 

— 

0-38 

0-18 

014 

440 

3 

— 

0-43 

0’20 

0*16 

600 

2 

— 

0-44 

0-20 

0 16 

610 

8 

— 

0 44 

0-21 

016 

620 

1-5 

— 

0-46 

0-21 

0*17 

060 

1-6 

— 

0-48 

0-22 

0-17 

640 

1 

— 

0-49 

0-23 

0-18 

160 

1 

— 

0-49 

0-23 

0*18 

710 

3 


0 62 

0-24 

0-19 

640 

I 

— 

— - 

0-25 

0-20 

170 

2-6 

— 


0-26 

0*20 

800 

1-5 

— 

— 

0-27 

0-21 

470 

1-5 

— 

— 

0-29 

0*23 

660 

3 

— 

— 

0-30 

0-24 

680 

1 

— 

— 

0-34 

0*27 

390 

1-6 

— 

— 

0-36 

0-27 



Table 4. 

Diamond 






sin 0 



hkl 

intensity 

Cr 

Cu 

Mo 

Ag 

111 

100 

0-55 

0-37 

0-17 

0-13 

022 

46 

— 

0*61 

0-28 

0-22 

311 

17 

— 

— 

0-33 

0-26 

400 

21-5 

— 

— 

0-40 

0*31 

.133 

9-6 

— 

— 

0-43 

0*34 

422 

11 

— 

— 

0-49 

0-38 

333 

6*6 

— 

— 

0-52 

0*41 

611 

6‘6 

— 

— 

0-62 

0*41 

044 

9 

— 

— 

— 

0*44 
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dmmond have been investigated. It so happens that when the incident 
beam is normal to a (111) plane, three other {111} planes are nearly in a 
reflecting position for Cu radiation, and these give diffuse spots on a Laue 
j>hotograph taken in that setting. Such a Laue photograph taken with 
Mo or Ag radiation would show no diffuse spots, only perhaps white 
radiation streaks through the {111} Laue spots. In order to obtain diffuse 
spots the crystal mxist be turned into those particular orientations in 
which the pianos indicated in table 4 are either in or near the position of 
selective reflexion of Mo or Ag reflexion. This has been confirmed experi¬ 
mentally. 

It seems almost certain that every crystal will give diffuse spots when 
both conditions are fulfilled, namely, that the radiation chosen gives values 
of sin for Bragg reflexions of appreciable intensity, within the observable 
range on the film, and that the crystal setting should be such that planes 
giving those Bragg reflexions should be at or near to the correct angle of 
incidence for selective reflexion. In any particular case the best conditions 
can be determined either by trial, or for crystals of known structure, by 
calculation. It may safely be said that if, with a given radiation and crystal 
to film distance, a good rotation picture is obtained, then there will be 
crystal orientations which will give a good diffuse spot picture. 

It should be added, however, that an exposure time sufficient to give 
a good Laue picture is not usually sufficient to show the diffuse spots as 
weU ; the exposures must be greatly increased for the production of good 
diffuse spot patterns. Only the fact that extremely powerful sources of 
X-radiation were being used accounts for the short exposure times given 
in this paper. In general, therefore, choice of radiation and crystal setting 
should be made first by calculation, if possible. 


Mokochromatic photographs 

In the above discussion it has been tacitly assumed, in comparing diffuse 
with Bragg reflexions, that the diffuse spots are due to scattering of the 
c/iaracteristic radiation. This was, of course, proved both by Laval and by 
Preston, for the inorganic compounds and elements they investigated. It 
is also indicated, as Raman and Nilakantan have pointed out, by the fact 
that pairs of diffuse spots, obviously due to Xa and components, are 
frequently observed, the X/? spots being removable by the use of a suitable 
filter. Our experiments with different radiations also show that the 
positions of the diffuse spots shift in accordance with what would be 
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expected for characteristic reflexion when the X-radiation used is changed 
from Cu to Mo or from Mo to Ag (plate la and b). The inost satisfactory 
test, however, is provided by using monochromatized radiation; this has 
been carried out for benzil, sorbic acid and diamond using Cu Kot radiation, 
and for sylvine using AgKa radiation. A further advantage of using mono¬ 
chromatized radiation is that it has been possible to find out whether the 
diffuse streaks and the diffuse halo surrounding the central spot are due to 
white or to characteristic radiation. 

In order to obtain a good Laue photograph continuous radiation covering 
as large as possible a range of wave-lengths is usually employed. [It was 
very noticeable, for instance, that the 50 kW tube, for which hexa-phase 
rectification was employed, gave far fewer Laue spots than the 5 kW tube, 
which had bi-phose rectification, since it followed that the latter was 
running at less than the critical voltage for characteristic emission for a 
considerable part of the exposure time, while the former maintained a 
constant applied voltage to within a few per cent.] When the incident 
beam contains a high proportion of characteristic radiation, it may happen 
that some crystal planes will be in a position to reflect it and these will then 
give exceptionally strong spots on a Laue photograph, but they will be 
relatively few. A Laue photograph taken with strictly monochromatized 
radiation will usually, therefore, show few or no spots due to selective 
reflexion. If there are any, they will be easily recognizable because of the 
sharpness of their definition. 

The method of obtaining monocjhromatic Laue photographs was, first, 
to set the crystal in position using an unfiltered beam, and then to mono- 
chromatize the beam by reflexion from the cleavage plane of a large crystal 
of urea nitrate (Lonsdale 1941 ). Considerable difficulties were exj)erienced 
owing to the fact that after monochromatization the direction of the 
incident beam relative to the crystal hod frequently changed slightly, so 
that the crystal setting was no longer perfecjt. The presence of a few Laue 
spots on the photograph was therefore an advantage, as it enabled any 
such imperfection of setting to be detected at once. Fortunately, however, 
our previous experiments showed that the diffuse picture would not be 
affected by slight mis-setting, but it was naturally avoided as much as 
possible. 

Benzil, Plate 8 a shows the api)earanoe of the Laue photograph of benzil 
taken with ordinary Cu radiation, when the incident beam is along the 
[ 0001 ] axis, and{ 10 T 0 } faces ai*e vertical; the corresponding monochromatic 
(CuXa) photograph, plate 86 , was given 2 hr. exposure as compared with 
10 min. for the ordinary photograph. It shows a few sharp Laue spots, 
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not quite symmetrioalJy placed. It also shows a beautifully symmetrical 
pattern of diffuse spots and streaks. The most remarkable features of this 
pattern are: 

(1) That no radial streaks are present (except traces towards the outside 
of the film). 

(2) Kiat the diffuse spots are partly joined by nm-radial streaks of 
considerable intensity which follow the direction of the main [1120] 
Mayer lines*. Through the strongest spots there are traces of layer line 
streaks corresponding to the [ 4040 ] periodicity. 

( 3 ) The innermost of these streaks are very fine and at their points of 
intersection there are very small, but still diffuse, spots. 

( 4 ) No diffuse halo appears around the central spot, although the back¬ 
ground intensity does not appear to be absolutely uniform. 

The diffuse pattern is thus clearly proved to be due to characteristic 
radiation, as far as spots and non-radial streaks are concerned. The same 
diffuse pattern is of course visible in the background of plate 8 a. 

In plates 9 a and 6, 10a and 6, are seen ordinary and monochromatic 
Laue photographs of benzil with the X-rays normal to the [0001] axis. 
It was thought possible that in these photographs traces of diffuse circles 
might (xjcur, corresponding to the strong hyperbolic streaks on the photo¬ 
graphs taken with the beam along [0001], but nothing of the kind was 
found. The streaks are much more fragmentary than before and there are 
roughly triangular patches of diffuse scattering, some accompanied and 
others unaccompanied by clearly defined diffuse spots. 

Sorbic acid. The photographs of sorbic acid (plate 11 a and b) also show 
incipient streaks. The diffuse spot corresponding to the strong ( 402 ) 
Bragg reflexion, in particular, is accompanied by diagonal ^treaks giving 
it the appearance of a cross. The ordinary photograph shows an intense 
diffuse halo around the central spot, but in the monochromatic photograph 
this has almost completely disappeared. 

Diamond. This disappearance of the diffuse halo is also characteristic 
of the monochromatic photographs of diamond which, in fact, are singu¬ 
larly blank, since they show nothing but the {111} diffuse spots and 
(in suitable orientations) their accompanying non-rodial streamers. The 
statement of Raman and Nilakantan, that the most intense region of the 
halo owes its origin to the monochromatic Ka and Kfi radiations of the 
copper anticathode, is therefore not confirmed. 

Sylvine. Monochromatic photographs of sylvine taken with AgKoc 
radiation show that there are weak non-radial streaks connecting the 
diffuse spots. Similar streaks also occur on Preston’s monochromatic 
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photographfl of aluminium, and on photographs of sylvine taken with 
ordihary radiation (plate 76). 

Origin of radial streaks 

The disappearance of the majority of radial streaks from monochromatic 
photographs shows that they are almost always due to white radiation. 
There is no reason, of course, why some radial streaks due to character¬ 
istic radiation should not occur in special circumstances; indeed, traces 
of such streaks do occur towards the outside of the benzil [ 0001 ] mono- 
chromatic photograph (plate 86 ), apparently emanating from alternate 
(3302) diffuse spots (compare figure 1 ). In most of the monochromatic 
photographs, however, radial streaks are conspicuous only by their 
absence. 

On ordinary Lane photographs of undistorted crystals, the radial streaks 
are due to diffuse reflexion of white radiation; on oscillation or rotation 
photographs (and on Laue photographs of distorted crystals) the radial 
streaks are due to selective reflexion of white radiation, with, of course, the 
appropriate diffuse background. They are only straight lines in the neigh¬ 
bourhood of the central spot; extended, they trace out the 'a constant 
curves’ (Bernal 1926 ) often seen on rotation photographs taken with a 
beam containing a good deal of white radiatkm (plates 56, 06 and 206). 

Change of crystal to film distance 

It has been mentioned previously that photographs taken at a crystal 
to film distance of 3 5 or 4 cm. usually give the best diffuse pictures within 
a reasonable exposure time. In order to find out whether the sizes of the 
diffuse spots change with distance in the same proportion as those of the 
Laue spots, Laue photographs have been taken at different distances with 
the same setting of various crystals. Two of these are shown in plates 12 a 
and 6 ; the 6 cm. photograph was given four times the exposure of the 3 cm. 
photograph. It will be seen that, owing to the divergence of the incident 
beam, both Laue and diffuse spots have increased in size on the film taken 
at the greater distance. There is no measurable difference in the rate of 
increase with distance for the two types of spot. This result was common 
to all such photographs taken. 

Effect of condition of crystal surface 

In order to determine whether the condition of the crystal surface 
affected the diffuse pattern, successive Laue photographs were taken of a 
crystal of a-resorcinol (water soluble), first dry and then sprayed gently 
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with M’^ater until at last it was almost completely dissolved. For some of 
the photographs the crystal surface was actually covered with a drop of 
water. No change in the diffuse pattern could be detected, it became 
neither weaker nor stronger, and the crystal continued to give an excellent 
Laue photograph even when it was practically eaten away. 

Nor was there any noticeable change in the diffuse pattern when a 
freshly cleaved surface was used, although such cleaved specimens were 
frequently found to be rather distorted, giving bad Laue spots. Occasion¬ 
ally the diffuse spots from cleaved or fractured crystals were found to 
have an intense and rather sharply defined core, not usually at the centre 
of the spot, even when the Laue pattern appeared to be undistorted. This 
effect may be seen on plates 126 and 18a, and was observed by Wadlund 
( 1938 ) on his photographs of NaCl and KCl. That this core is also due to 
characteristic radiation is proved by the fact that it persists when the 
incident beam is monochromatized. 


Intensity of the diffuse spots 

No attempt has been made at this stage to obtain a quantitative 
estimate of the diffuse spot intensities, particularly as these are known to 
be affected by several different factors. The two principal factors at room 
temperature are: 

( 1 ) That the intensity of a diffuse spot is related to the absolute intensity 
of the corresponding Bragg reflexion (in particular there are no diffuse 
spots corresponding to Bragg reflexions either far from the observable 
region of the sphere of reflexion, or ‘forbidden' by the space-group). 

( 2 ) That it is dependent on the degree of misorientation involved, that 
is, on the angular separation between the diffuse spot and its corresponding 
Laue spot, or alternately, on the angle through which the crystal must be 
turned in order to obtain the selective Bragg reflexion corresponding to 
the diffuse spot in question (subsequently referred to as the ‘angle of 
mis-setting’). 

Factor ( 1 ) may be observed in a number of different ways. For instance, 
plate 6 a and 6 show that the diffuse spots correspond to the strongest of 
the reflexions seen on the rotation photograph. In Laue photographs 
showing diffuse spots corresponding to different orders of the same plane 
(plate 26 ) the relative intensities of the diffuse spots approximate roughly 
to the known relative intensities of the Bragg reflexions, as long as the 
dijfuse spots compare are equidistant from the correspcmding Laue refkxim, 
Laval states that a comparison of five even orders of reflexion from the 
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sylvine cube face shows that whereas the Bragg reflecting power falls off 
in the ratio 100:20:7:3;!, the maxima of the diffuse scattering curves 
corresponding to a mis-setting of 2°*5 decrease more slowly, in the ratio 
42:21; 14:9; 6. Any rigorous comparison, however, must involve integrated 
intensity measurements, with monochromatized radiation if pr^ssible, for 
a complete range of crystal mis-setting. Even then, the results would be 
incomplete, since for the angle of selective reflexion and for a small range 
of angles about this value the diffuse scattering simply forms a back¬ 
ground to the Bragg reflexion and is therefore included in any measure¬ 
ments that are made of intensity of the latter. 

The fact that many spots are accompanied by monochromatic streaks 
must also make intensity measurements difficult and uncertain in those 
coses. Experiments show that this includes not only such an interesting 
case as the diffuse reflexions of Cu radiation corresponding to the {111} 
planes of diamond, but also those from KCl, Al and various organic 
compounds. 

The absolute maximum peak intensity of diffuse scattering cannot be 
measiu^d, as it coincides with that of the Bragg reflexion; the maximum 
peak intensity for any particular angle of mis-setting greater than that 
included under the Bragg reflexion could be measured by ionization or 
photometer methods. This has been done by Laval (1939 a, 6) and by Siegel 
and Zachariasen (1940), both of whom find that there is a rapid falling off 
of intensity as the angle of mis-setting increases. Plates 13 and 14 show 
this in rather a striking way. The diffuse spot is that corresponding to the 
(002) cleavage plane of urea nitrate. In the first strip the X-rays are 
parallel to the cleavage plane; a diffuse spot may be seen on each side of 
the central spot. Then as tlie angle of incidence increases, the (OOZ) Laue 
spot moves outwards towards the position of the diffuse spot and the 
intensity of the latter increases until the diffuse and Laue spots coincide, 
after which the diffuse spot intensity decreases as the Laue spot moves 
away towards the edge of the film. The actual series of photographs 
includes several for which the Laue spot has gone beyond the edge of the 
film and the diffuse spot is still just visible, though not reproducible. The 
range of angles of incidence is from 0° to over 30“ in this series; the Bragg 
angle is On the opposite side of the central spot in the films corre¬ 

sponding to orientations of 17“'7, 18°-7 and 19“-6 may be seen a very small 
diffuse spot, evidently corresponding to a much less intense Bragg reflexion. 
This diffuse spot fades out very quickly, and is a good contrast to the 
persistent, intense (002) spot. 

As Raman and Nilakantan have pointed out, it frequently happens that 
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the Kfi diffuse spot is actually more intense than the Jfa, because it is 
nearer to the corresponding Laue reflexion; its angle of mis-setting is less. 
This may be seen in plates 26 , 76 and 24a. Except in the case of diamond 
(plate 24a) and sylvine (plates 76, 26, etc.), the observed Kfi diffuse spots 
are always much smaller than the Ku (plates la, 26, 6 a, 20 a and 2ld), 


Low-tempekattjre experimekts 

Laval, Preston, and Raman and Nilakantan found a great enhancement 
of the intensity of many of the diffuse spots when the crystal temperature 
was raised. Organic crystals, in general, melt at relatively low tempera¬ 
tures ; a test experiment showed that even a rise of temperature of 50“^ C 
was sufficient to give a marked increase of intensity in the case of the 
diffuse spots of benzil (m.p. 95^^ C). The next step was to try the effect of 
lowering the tem}>erature. The experimental technique, which was very 
simple, was similar to that described by us (Lonsdale and Smith 1939 ) for 
the investigation of crystal structure at liquid air temperatures. 

The crystal was set with cellulose solution on a glass or metal rod, and 
enclosed in a thin cellophane tube, the whole being set on a pair of arcs 
with cellulose solution, and adjusted to the orientation required. A photo¬ 
graph having been taken at room temperature, a fine stream of liquid air 
was allowed to impinge directly on the cellophane-covered crystal all the 
time a second photograph was being taken. No ice formed on the crystal 
during the experiment, and although no attempt was made to measure 
the temperature attained, it seems probable that this was at least as low 
as that of liquid air. When the crystal had warmed up again, a third photo¬ 
graph was taken at room tem}>erature. Sometimes a fourth and a fifth 
photograph were taken at liquid air and room temperatures again. The ex¬ 
posures were mode as nearly as possible the same, but a further check was 
sometimes made by taking a room temperature photograph at considerably 
less than the exposure given to the corresponding low temperature photo¬ 
graph (see plate 17 a and 6 ). Photographs were also taken of the cello¬ 
phane tube alone (plate 15a), of cellophane-f liquid air stream (plate 156) 
and of liquid air stream alone. All the photographs taken at low tem¬ 
peratures showed rings due to the cellophane and liquid air stream; these 
were "of varying intensity, because sometimes the cellophane tube was 
vertical and the liquid air streamed over it continuotxsly; at other times 
the cellophane tube was inclined and the liquid air stream impinged on it 
and was sprayed off in such a way os to give no clear reflecting jet. 
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The substances photographed in this way were a-resoroinol,* benzil 
(plate 16 a and b), sorbic acid (plate 17 a and 6), KCl, NaNOg (plate 18 a 
and h) and diamond (plate 19 a and 6). In all cases except diamond the 
diffuse spot pattern is practically non-existent at liquid air temperatui^s. 
The I^aue pattern, on the other hand, shows many more spots and has a 
much clearer background. In every case the changes are completely reversible 
and can be repeated as often as desired. The Laue spots remain con¬ 
sistently sharp at all temperatures. The few diffuse spots which do not 
completely disappear are much sharper at low than at room temperatures 
(plates 166 and 186 ). 

The {111} diffuse spots of diamond (all orientations) show only a slight 
diminution of intensity at low temperatures, but it should be noted that 
the lowering of temperature involved (some 200®) is relatively small 
compared with the characteristic temperature of diamond ( 2340 ®). 


Shape and vSIZe of the diffuse spots 

No intensity measurements giving only peak values can be considered 
satisfactory, since the size and shape of individual spots vary enormously. 
Sometimes the diffuse spots are approximately circular, in which case 
estimates of the size given by ‘half-maximum-intensity’ or ‘half-width’ 
measurements would have some meaning; but more often they are not 
circular. Frequently, as has been mentioned in the discussion on a- 
resorcinol, the diffuse sjyoU are quite different in shape from the Laue spots; 
a close examination of the diffuse spot group seen in plate 20a shows this 
clearly. The crystal used was a small lath of urea oxalate obtained by 
cleavage and set with the long axis vertical. The cleavage plane (20T), to 
which corre8{K)nd8 the prominent diffuse spot on the film (seen accompanied 
by a smaller Kfi component), is parallel to the thin faces of the lath ; the 
main faces are { 010 } planes. The rotation photograph (plate 206 ) shows, as 
might be expected, Bragg spots whose length is parallel to the ‘row lines’; 
the diffuse spots are similar in shape to the Bragg spots although different 
in size; by contrast, many of the Laue spots slope sharply; in the original 
film the (20T) Laue spot can be seen sloping between the Koc and Kfi 
diffuse spots. 

The (220) and ( 330 ) diffuse spots of a-resorcinol (plate 26 ) appear to 
be slightly concave towards the (hhO) Laue spot accompanying them, and 
definitely appear to increase in size as the angle of mis-setting increases. 


♦ Note: photographs reproduced in Nature 147, 469. 
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In three photographs of sorbic acid (plate 16 a, b and c) taken at 5° 
intervals it will also be seen that the diffuse spots on the outer films are 
longer than the corresponding diffuse spot on the central film, for which 
the crystal was more nearly in the position for Bragg reflexion. On the 
other hand, the size of the urea nitrate (002) diffuse spot (plates 13 and 14) 
does not appreciably change with change of crystal orientation. It some¬ 
times appears that spots occurring at larger angles of deviation are larger 
than those occurring at smaller angles, but this is by no means a general 
rule. For instance, the ( 002 ) diffuse spot of hexamethylbenzene (plate 216) 
is smaller than the ( 001 ) diffuse spot (plate 21 d). Moreover, as Laval's 
measurements and Preston's photographs show very clearly, at elevated 
temperatures the inner spots increase remarkably in size, whereas the 
outer spots are comparatively unchanged in this respect and are much 
smaller. 


Relation of shape and size to crystal structure 

Many experiments agree in showing that both shape and size of the 
diffuse spots are closely related to the crystal structureu Layer structures 
always give Laue photographs showing, for suitable orientations, one 
outstanding oval diffuse spot which corresponds to the layer plane (Lons¬ 
dale 1941 ). Plate 21 d shows such a Laue photograph of hexamethyl- 
benzeiie, a triclinic crystal in which all the atoms lie practically in the 
( 001 ) planes (Lonsdale 1929 ; Brockway and Robertson 1939 ). Laue photo¬ 
graphs taken with the ( 001 ) plane inclined at various angles to the vertical 
show that the maximum length of the diffuse spot is always parallel to the 
layers of atoms. Urea nitrate (plates 13, 14 and 22a), monoclinic, with all 
the atoms in or very near to the ( 002 ) plane, and urea oxalate (plate 20 a), 
with all the atoms in or near to the ( 201 ) plane, each show the same 
prominent type of spot; large, oval, intense and persistent over a wide 
range of angles of incidence. 

Chain structures give diffuse spots of a completely different type. They 
are fine, needle-like, with only a small intense core in orientations not far 
from the correct setting for Bragg reflexion. The length of the spot is 
roughly perpendicular to the length of the chains. Such diffuse spots have 
been observed on Laue photographs of single crystals of long chain com¬ 
pounds, where they are so sharp as to be barely distinguishable from 
genuine Laue spots. They are most clearly seen, however, on certain Laue 
photographs of sorbic acid (Lonsdale, Robertson and Woodward 1941 ). 

Sorbic acid is a monoclinic crystal, the unit cell of which contains eight 
CH 3 .CH:CH.CH:CH.COOH molecules, linked in pairs by hydrogen 
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bonds about the symmetry centres of the crystal. The long chain axes of 
the molecules lie in or near to the ( 010 ) plane and are inclined at a small 
angle to the a axis in the obtuse angle y?. The molecules are plane (lath- 
shaped) and the atoms lie in or near to the {113} crystal planes. The results, 
which are given by the usual X-ray, optical and magnetic methods, are 
most interesting when considered in relation to the diffuse spot patterns. 
It is found that the diffuse spots observed may be divided into two main 
classes (except for a few spots which are intermediate in shape), one set 
corresponding to the ‘layer’ type, the other to the ‘chain’ type (plates 
5a, 11 , 12 , 21 a, b and c and 23 a and 6 ). In the Laue photograph taken 
with the incident beam along [010] (plate 236) the shapes of the diffuse 
spots in various positions directly indicate the direction of the molecule 
length in that particular projection. The correspondence between spot 
and structure is shown in figure 2 . 

It is clear that in the case of compounds whose crystals, though perhaps 
composed of complicated molecules, possess a well-defined chain or layer 
structure (or both, as in sorbic acid), the study of diffuse spot pictures can 
supply a most useful secondary method of structure determination. It is 
particularly useful as a quick method of detecting layer structures, even 
when a rotation photograph reveals nothing outstanding (compare plate 
21 a and 6 ). X exposed rotation (Weissenberg, etc.) photograph of 

a layer structure, however, always shows that the Bragg spot corresponding 
to the layer plane has an intense diffuse background. 

Shape of diffuse spots from diamond 

When Cu radiation is used, the diffuse spots from the {111} planes of 
diamond are particularly interesting as regards shape. The crystal used 
(kindly given by Professor Gordon) was a perfect octahedron, edge lengths 
about 1 mm. With an incident beam normal, or nearly normal, to a ( 111 ) 
face, photographs similar to those already published by Raman and 
Nilokanton ( 19406 ) have been obtained. That is to say, the Ka and Kfi 
diffuse spots are small, nearly circular, and accompanied when near to 
the (111) Laue spot by fine streaks directed away from the Laue spot, and 
either towards or away from the other two {111} diffuse spots (plate 24a). 
When, however, the crystal is set with a [ 110 ] axis vertical and the vertical 
{111} planes making angles of nearly — 21‘^-9 and 4- respectively with 
the incident beam, so that, in effect, diffuse scattering takes place from 
the other side of the (111) plane (21‘^*9 being the Bragg angle), then the 
diffuse spot is of an entirely different shape (Jahn and Lonsdale 1941 ). For 
various angles of mis-setting it consists of three small spots grouped tri- 
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angularly about a more diffuse centre. The radial apex of the triangle 
always points away from the Laue spot and as the angle of mis-setting 
increases the three spots separate without increasing individually in size 
(plates 246 and 256 ). One rather extraordinary result of this (easily 



Fkjukw 2, 8orbic ncid: [OJO] projection, showing direction of length of molecular 
chain relative to pianos giving broad and fine diffuse spots. Inset is actual 
appearance of diffust^ spots on tlie corresponding Laue photograph (plate 236). 

observed, but not reproducible) is that for angles of scattering less than 
twice the angle of incidence the Kfi group of spots is larger than the Ka 
group. When the crystal is properly set for selective CnKu reflexion, the 
Kcc diffuse spot forms an apparently circular background to the Bragg 
spot, while the Kfi diffuse spot forms a weak triangular group nearer, of 
course, to the undeviated beam (plate 25 a). 
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In other poeitions of the ( 111 ) plane, as for instance when one edge is 
horizontal, the diffuse spot is asymmetric in shape. 

Monochromatic photographs prove that the compound diffuse spot and 
the circular spot with streamers are both due entirely to scattering of the 
CxiKa radiation. 

Preliminary calculations indicate that it is possible to explain the 
different shapes of these diamond (111) diffuse spots by means of an ex¬ 
tension of Waller's theory, taking particular values of the elastic constants 
(Jahn and Lonsdale 1941). 

Photographs taken using Mo radiation and appropriate crystal settings 
show diffuse spots corre8[)onding to the ( 111 ) ( 022 ) ( 311 ) ( 400 ) planes. 
None of these have either streaks or structure similar to those obtained 
for (111) with Cu radiation. They are small, circular, and fade out more 
rapidly as the angle of mis-setting increases than those of any other crystal 
examined. It will be shown in a later section that if the positions of the 
diffuse spots and streaks are plotted on a reciprocal lattice net, the reason 
for the difference in behaviour with Cu and Mo radiation becomes apparent. 

Position of the diffuse spots 

Melation between angles of incidence and of deflexion 

It has been made clear by the similarity between diffuse spot and 
oscillation photographs that the ijositions of the diffuse spots are nearly 
those of the corresponding Bragg spots. The words ‘nearly’ and 'approxi- 
mately ’ have been used deliberately, because the correspondence is not 
always exact. It is exact when the orientation of the crystal is such that 
selective reflexion takes place. The diffuse spot then forms a background 
to the Bragg spot. In this position 0 , the angle of incidence; the 

total angle of deflexion; and bjy, the Bragg angle, are related as follows: 

26 ^^. As has been seen (plates 13 and 14 ) the angle ^ 4 -^ changes 
very little even w^hen 0 varies by over 30 ^^, and 6^4- ^ is always nearly equal 
to 26 but the small differences involved depend on the nature of the 
crystal and its orientation and are therefore very im|K>rtant. 

Fax6n deduced that a formula of the type a(8in 0 H-tan ^ cos ^) == A 
would give the relation between the incident and diffusely scattered beams 
in the simplest case of a cubic crystal, lattice constant a, for wliicjh spherical 
symmetry of the elastic constants is assumed. Zachariasen (1940) deduced 
the same formula, in the form [1 +Ar^i„ ) 4-1^0 (1^^^ original paper 

should be consulted for the meanings of these terms), which for small 
values of reduces to^-h^5«^20^4-2(<9-0j^) sin® 0 ^^; and Raman and 
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Niiakantan found empirically that the same formula (expressed in the 
form d sin + = A cos holds approximately for diamond, when the 

incident Cu radiation is nearly normal to a (111) face (cf. plate 24a) and 
three { 111 } diffuse spots are observed for various angles of incidence within 
a range of about 4°. More recently still, Jauncey ( 1941 ) has deduced the 
same formula, in yet another form, for angles of incidence not far from the 
Bragg angle, on the assumption (Bragg 1940 ) that the diffuse spots are 
due to simple diffraction by very small groups of atoms. 

For NaNOa, CaCOg and NaCl, Raman and Nilakantan state that a sym¬ 
metrical formula M sin j (<9 + 0) — A (which implies that -f ^ is independent 
of crystal orientation) suits the results of diffuse spot measurements better 
than the Fax^n formula. In fact, however, neither the symmetrical nor 
the imsymmetrical formula is really satisfactory for any of the crystals 
examined, and Raman and Nath ( 19406 ) have recently suggested a more 
general formula, 2d sin ^.sin (/ + e) ~ nX sin /, where 7, in terms of their 
theory, is the inclination of the 'phase*waves of the lattice vibration’ to 
the static cTystal planes under consideration, 2\j/ is the angle of deflexion 
(that is, in the previous notation), and e is the inclination of the 
'static’ to the ‘dynamic stratifications’. If the plane of incidence (piano 
containing the incident beam and the normal to the undisturbed crystal 
plane) contains also the diffusely reflected beam, then and 

the equation becomes 

2d sin sin {I— = nX sin /. 

Taking this formula reduces to Faxon’s original formula 

d sin ( 9 S + 6 ^) = wA cos ; J gives the symmetrical formula 

2d sin ~ nX, Raman and Nilakantan ( 1941 ) suggest that for rock- 

salt / = | 7 r and for diamond 7 ~ 65 ± (half the tetrahedral angle). These 
results will be examined more critically in a later section. 

MeosTirements of the photographs taken in the course of the present 
study are too numerous to be given in detail. Certain general results may 
however be mentioned. One of the most noticeable features of diffuse spot 
photographs of organic crystals is that the diffuse spot tends to be dis¬ 
placed from the Bragg position towards the Laue spot corresponding to it. 
In other words, I 26 according as ^ | 0^. This may be seen on the 
three photographs of sorbic acid (plate 21 a, b and c) showing the dis¬ 
placements of the (604) Laue and diffuse spots os the crystal is rotated by 
6 ° at a time. The diffuse spot positions in this case agree well with Fax 6 n’s 
formula. The photograph of benzil in plate 36, where the crystal is set so 
that the incident beam makes an angle of about 7® with the hexagonal 
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axis, shows that the layer line diffuse streaks, with the spots lying on them, 
are also displaced in the same sense. That the relationship between 6 and 
^ cannot always be expressed in terms of a single formula over a wide range 
of values of 6 , is shown by measurements on the set of diffuse spots 
illustrated in plates 13 and 14 . In table 5 is given the value of the (002) 


Table 5 

calculated (002) spacing 


e 

0 + 

<!> 


( 1 ) 

( 2 ) 

(3) 

(4) 


27" 38' 

27° 38' 

-27° 38' 

3-32 

2*94 

3*22, 

3-13 

4° (y 

27" 51' 

23" 51' 

-19" 61' 

3*25 

3*01, 

3*20 

315 

5^ 0 ' 

27" 51' 

22" 51' 

-17" 51' 

3*24 

3*04 

3*20 

3-16 

5^^ 56' 

27" 51' 

21" 55' 

- 15" 59' 

3'23 

3*05, 

3*20 

316, 

r r 

27" 45' 

20" 38' 

-13" 31' 

3*23 

3*09 

3*21 

3-18, 

S'" 2 ' 

28" 5' 

20° 3' 

- 12 ° 1 ' 

3*18, 

3*07 

3*17 

3-16, 

8 “ 55' 

27" 58' 

19° 3' 

- 10 " 8 ' 

3*19, 

3*10 

3*18 

3-17 

r 58' 

28" 5' 

18" 7' 

- 8 " 9' 

3*18 

3*10, 

3*17 

310 

11 ^ 2 ' 

28" 5' 

17" 3' 

- 6 ° 1 ' 

317, 

3*13 

3 17 

3-16. 

W T 

28" 6 ' 

15" 58' 

- 3" 51' 

3*17, 

3*14 

3*17 

3-17 

13" r 

28" 12 ' 

15" 5' 

- 1"58' 

3*16 

3'15 

316 

3-16 

ir 6' 

28° 12^ 

14° S' 

0° 

S‘16 

3>10 

3-16 

316 

14" 32' 

28" 12 ' 

13" 40' 

0 " 62' 

316 

3 17 

3*16 

3-16 

15" 35' 

28" 25' 

12" 50' 

2" 46' 

3*13, 

316, 

3*13, 

3-13, 

16" 39' 

28" 25' 

11" 46' 

4° 63' 

3*14 

3* 16, 

3*13, 

3->3, 

17" 41' 

28" 32' 

10 " 61' 

6 " 60' 

3*13 

3*16 

3*12, 

3 12 

18" 40' 

28" 38' 

9" 58' 

8 " 42' 

3*12, 

3*16, 

3*11, 

31(), 

19" 36' 

28" 38' 

9" 2' 

10° 34' 

313 

317 

3*11, 

3-JO 

20 " 36' 

28° 38' 

8 " 2 ' 

12" 34' 

3*13, 

3*18 

311, 

3 09. 

21 " 28' 

28" 46' 

7" 18' 

14" 10' 

3*12, 

3*17, 

3*10 

3-07. 

22" 39' 

28" 61' 

6 " 12 ' 

16° 27' 

3*12 

317 

3*09 

3-06 

24" 30' 

29" 4' 

4" 34' 

19" 66 ' 

3 H 3 

3*16 

3*07 

3 02 

26" 23' 

29° 18' 

2" 65' 

23" 28' 

3*10, 

3*14 

3*04 

2-98 

28" 27' 

29° 25' 

0 " 68 ' 

27° 29' 

3*12 

3*13, 

3*03 

2-94 

30" 25' 

29" 30' 

-0" 65' 

31" 20' 

3*14, 

3*13 

3*03 

2-92 


spacing of urea nitrate (to which this set of diffuse spots corresponds) 
deduced from various modifications of the general formula, as follows: 


(1) /-iff. 


2 sin ^(<? + 0 ).co8 — 

(2) 


d, = (Faxen’s formula). 

(3) /- iff-i(56 

-d). 

d ^ 

2 8mi(^-f^j 

(Raman's symmetrical formula) 

(4) / - iff-i(?i- 

-6). 

, AcosJ(^--^) 

~ 2 sin \(0->f <f>)' 



3-J 



36 


K. Lonsdale and H. Smith 


Other values of / have been tested, but these are sufficient to show the 
general trend of the results. 

It will be seen that for values of d from about 0 ° -> 15 *^, ( 4 ) gives the best 
agreement, whereas for values of 6 from 15 ® 30 ®, (2) agrees best. No 

constant value of / can be found which gives good agreement over the 
whole range of 6 , For a small range of angles near to the Bragg angle, 
14 ® there is little to choose between all the values tested. 

One factor that makes measurements a little imcertain is the difficulty 
of determining the exact position of the origin on oblique Laue photo¬ 
graphs, since the undeflected beam oaimot usually be allowed to mark 
the film for fear of fogging. This point will be referred to later. 


Direction of diffuse scattering rdatwe to playie of incidence 

In some previous work it has been assumed or asserted that the diffusely 
scattered beam lies in the plane of incidence; in other words, that the 
incident beam, the diffusely scattered characteristic beam and the corre¬ 
sponding selectively reflected ‘white* beam are ooplanar. This is not 
always the case, but as deviations are only observable when the Laue and 
diffuse spots are well separated, measurements are most difficult to 
make. 

On plate 28 a and b it is quite clear that the streak extending from the 
central spot to the (hOO) Laue spot is a curved one, and that the diffuse 
spots corresponding to the 2 nd, 4 th, 6th and 8th order reflexions lie on this 
curve, and not on the straight line joining the Laue spot to the trace of 
the undoviated incident beam. This curve apparently corresponds to the 
direction along which the Laue spot moves as the crystal is rotated about 
a [TlO] vertical axis, as may clearly be seen on successive photographs 
taken at 5 ® intervals (plates 26 , 27 and 28 give a selection of these). It 
appears to be, in fact, one of the ‘a constant curves, given in Chart III of 
Bernars paper (1926) on ‘The interpretation of X-ray, single crystal, 
rotation photographs*, which may be seen traced out by the white radia¬ 
tion streaks on rotation photographs taken with an X-ray beam containing 
a considerable amount of continuous radiation (cf. plates 56 , 66 and 206 ). 

When the X-rays are normal to a (001) face, [TlO] axis vertical (as in 
plate 26 a) the (600) planes are parallel to the incident beam and the cor¬ 
responding plane of incidence (plane containing the incident beam and the 
[100] axis) is inclined at 46 ® to the vertical. The diffuse spots corresponding 
to the ( 200 ) ( 400 ) Bragg reflexions then lie exactly along 46 ° diagonals on 
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the X-ray film. As the crystal rotates through an angle the inclination 
of the plane of incidence to the vertical decreases to i/r\ where 

sin (45'^- f') ^ sin^ J sin^ <d). 

This change of inclination is very slow at first (a> = 30° gives 45° — = 4°* 1; 

0 ) = 35° gives 5°»7). The angle of incidence d after a rotation a) is given by 

sin 0 = sin o) and hence the positions of the (AOO) Laue spot and the 

corresponding value or values of A may be calculated for any value/of w, 
by means of the relations r = 7> tan 2i9, wA = 2d sin 0, where r, ^ 

are the angular co-ordinates of the Laue spot on a plane film at distance D 
from the crystal, relative to the central s|x>t and vertical axis. The fact 
that the values of i/r corresponding to the diffuse spots for any particular 
value of (ti are not the same as that of the Laue spot, but lie between ijr' 
and 45° must mean that, as the crystal rotates, the diffuse spot moves 
nearly in the small arc of a circle, since the total angle of scattering 
{0‘¥<p) remains approximately constant. This small circular movement is, 
however, leas than it would be if the diffuse reflexion remained always in 
the plane of incidence. 

The movement is very apparent in the case of the diffuse spots corre¬ 
sponding to (TlO), the horizontal plane. When 6> == 0 or 90°, these diffuse 
reflexions lie just above and below the central disk in the vertical plane of 
incidence. As o) increases from 0° to 45°, the diffuse spots move out of the 
vertical plane, the displacement being clearly seen in plates 27 and 28. 
A similar displacement is seen on plate 7 in the case of the (200) and (400) 
diffuse spots corresponding to the (100) horizontal plane. In neither case, 
however, is there any question of a tilting of the plane of incidence, which 
remains always vertical. 

That the diffuse spots do not always lie on the ‘ a constant ’ curves is at 
once apparent from a consideration of such Laue spots as (221) and the 
corresponding (442) diffuse spot. The (221) plane of incidence is initially 
vertical, but as u) increases, its inclination to the vertical increases from 
0 ° to a maximum value pf 19°-5. For very small values of w, however, 
^ is also small and the a constant curve is nearly horizontal. The (442) 
diffuse spot is initially in the plane of incidence, (0 tp) being considerably 
less than 20, and it appeal’s to move with and remain in the plane of in¬ 
cidence as the Laue spot traverses the a constant curve. When to = 60° 
it is still just observable, (^ + 0)>2<9. In this cose the values of ^ are 
apparently the same for both Laue and corresponding diffuse spots. That 
discrepancies in ^ do frequently occur (even when exact measurements 
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would be very difficult to make) is apparent from the fact that early 
attempts to locate the true centre of the Laue photograph by finding the 
point of intersection of straight lines drawn through corresponding Laue 
and diffuse spots seemed, in many cases of oblique setting, to be almost 
impossible, because such lines had no common point of intersection. 

Future measurements on any series of diffuse spots should give not only 
r but also preferably for various initial orientations of the plane of 
incidence, as well as for different angles of mis-setting. The fact that the 
( 220 ) diffuse spots, for instance, move out of the vertical plane of in¬ 
cidence as the crystal setting (plates 27 and 28) becomes more oblique, 
indicates that the ‘modified plane’ responsible for these diffuse spots 
moves with the crystal, that is, that its direction bears a fairly definite 
relation to the crystal framework. This important result would be entirely 
overlooked in measurements giving only the angles of incidence and total 
deflexion. 


Representation of results in reciprocal space 

Most of the workers in this field have expressed their results, vrhether 
experimental or theoretical, in terms of reciprocal space. The convenience 
of this must be apparent when the similarity of diffuse spot and oscillation 
photographs is considered, since the interpretation of oscillation and 
rotation photographs is greatly facilitated by the use of reciprocal lattice 
methods (Bernal 1926 ). According to the usual theory, selective (Bragg) 
reflexion takes place, during the oscillation or rotation of the crystal, just 
as each reciprocal lattice point P coincides with the sphere of reflexion 
(figure 3). The Bragg condition A = 2d sin Oj^ is then fulfilled. 

When the positions of the diffuse reflexions are plotted in reciprocal 
space, it is found that the strongest of these reflexions correspond to 
points which are not far from strongly reflecting reciprocal lattice points. 
As the angle of rais-sotting (0-0^) increases, the point of diffuse reflexion 
moves away from its corresponding reciprocal lattice point, and the 
reflexion decreases in intensity. • 

The general formula which was given by Raman and Nath (putting 
1 for simplicity), 

2d sin ^ sin (/ 4 * e) = A sin /, (i) 

is readily deduced from a reciprocal lattice diagram, r/r, I and e t>eing 
definite angles in recipn)cal space (figure 4). O is the reciprocal lattice 
origin, P a reciprocal lattice point (corresponding to an infinite set of 
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crystal planes of spacing d), CO the direction of the incident beam, CD that 
of the diffusely reflected beam (CO = CD 1/A), D being the point of 
diffuse reflexion, 7), which lies on the sphere of reflexion, is not necessarily 
in the plane COP. If CN is the perpendicular from C to OP, the angle 
OCN is <9, the angle of incidence. The angle OGD is 2}Jr, the angle of total 
deflexion. Then in the triangle OCD, 


OD^ 


2 sin xjf 


A 


In the triangle OPD, 
Hence 


OD 


1 • / 
- sin / 
a 


sin (tt—(/ 4 - 6 )) 
sin 1 


- sin ^ d sin (7 -f-^;)’ 




where 7 is defined as the angle OPD, and e as the angle POD, These two 
angles are sufficient to determine D uniquely. It may easily be proved also 
that 

cos e “ sin ^ sin ^ -h cos 0 cos ij/ cos S, (ii) 

where $ is the (measurable) angle between the plane of incidence COP and 
the plane of diffuse reflexion COD, If # = 0, 

It should be clearly recognized that the general fonnula (i), proved 
above, is a purely geometrical relationship in reciprocal apace, connecting 
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O, Cy P and D. It involves no other assumptions than that P is a point 
distant Ijd from 0 , and that 0 and D lie on the sphere, radius 1/A, whose 
centre is C, It is quite indepejident of ths particular physical interpretation 
given to the point D, or to the angles I or e. Any theory which involves 
the existence of a cloud of diffusely reflecting points around each or any 
reciprocal lattice point will give the diffuse spot positions in terms of this 
general formula. Such diffusely reflecting points may result from the 
existence of harmonic vibrations in the crystal (either due to thermal 
motions as in the Faxen-Waller theory, or to quantum excitation as in the 
Raman theory), or from the limiting of the crystal size so that the sets of 
crystal planes are not of infinite extent (Laue and Riewe 1936; Preston 
1939; Ewald 1940; Bragg 1940; Jauncey 1941). It seems probable that 
measurements of diffuse spot positions alone will not give material for a 
decisive choice to be made between the different theories put forward, 
unless one theory can be shown to account, correctly and uniquely, for the 
variations in position over a-wide range of substances, crystal orientations 
and crystal planes. 



Fiottbe 6 


It would be simplest to assume, as Preston does, that there is a spherical 
distribution of the diffusely reflecting points around each reciprocal lattice 
point P, and that diffuse reflexion reaches its maximum intensity when D 
lies on the straight line CP (cf. Zaohariasen 1940), or in other words, when 
CO and CDP are coplanar and I (figure 5 ). In that case 

d sin (^ -f ^) =» A cos 

The experimental results, however, show that although this formula applies 
in certain cases, yet in general, and over a wide range of values of 0 , it 
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does not apply. In particular, it does not hold for KCl, which may reason¬ 
ably be taken as a simple cubic crystal. On the other hand, even pre¬ 
liminary measurements can usefully indicate the general distribution of 
diffuse scattering power in reciprocal space. 

In figu res 6 and 7 are shown the observed diffuse reflexions from KCl of 
Mo and Ag radiations respectively, plotted on reciprocal lattice nets, the 



Figcke 6. KCl; Mo Ka ; reciprocal not showing positionH of diffuse spots on central 
layer line of Lauo photograplis taken with cube axis of crystal vertical. Eacli spot 
is shown as an arc of the appropriate sphere of reflection. 

data being obtained from the zero layer lines of Laue photographs taken 
with a [001] axis vertical, for which the angle of incidence to a cube face 
was varied by small angular intervals over the whole range of 360"^. 
Allowance being made for inaccuracies of measurement (due chiefly to 
uncertainty as to the exact position of the origin on successive photographs), 
it is clear that the points of diffuse reflexion tend to congregate in the 
neighbourhood of reciprocal lattice axes, being most dense near to reci¬ 
procal lattice points. Only certain axes are favoured, however; no diffuse 
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reflexion takes place at points in reciprocal space which would correspond 
to a considerable variation in spacing of real crystal planes. 

These results are confirmed by a study of diffuse reflexions not in the 
zero layer line and also of those on Lauc photographs taken with the [110] 
axis vertical (figure 8). In particular, the movements of the plane of 
deflexion relative to the plane of incidence are significant, in that the 



effect in reciprocal space of non-coinoidence of these planes is always such 
as to bring the point of diffuse reflexion nearer to a reciprocal lattice axis. 
The existence of the faint diffuse streaks connecting strong diffuse spots 
is also interesting in this connexion, because such streaks, plotted in 
reciprocal space, are found always to correspond to reflexion along or near 
to reciprocal lattice axes. Diffuse rttdial streaks would correspond to 
reciprocal lattice axes passing through the origin 0, that is, to large varia¬ 
tions of crystal spacing in real space. As our monochromatic photographs 
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showed, such streaks do not, in general, occur. Indeed, even the marked 
prefeirenoe of the diffusely reflecting points for the neighbourhood of 
reciprocal lattice axes appears to be modified by a tendency to avoid much 
variation of crystal spacing. 

This is also apparent in Raman and Nilakantan’s measurements on 
rooksalt. These workers have suggested that / == gives quite good 



FiacBK 8 . KCl; Ag Kd; reciprocal net Hhowiug poBitions of diffuse spots on contra 
layer lino of Lane photographs taken with [110] axis of crystal vertical. 

agreement with their data. This is approximately the case, at least for 
diffuse spots corresponding to the (400) plane, but in fact I = — e gives 

much better agreement with their data for (200) and (220), while / = Jtt — Je 
gives the best agreement for (400). In each case the effect is to reduce the 
change of spacing that would otherwise be involved.* 

The fact that the diffuse streaks in the (0001) Laue photographs of 
benzil are in the positions of layer lines in rotation photographs, that is, 

♦ There is, in general, however, a smcdl change of spacing, as is shown both by 
their own data, and by the more recent investigation of Jaunoey and Baltzer ( 1940 ). 
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that they correspond to the main crystal 'periodicities, means that in 
reciprocal apace these streaks are given by unusually strong diffuse 
reflexion from reciprocal lattice planes or axes which hapj^en to be roughly 
tangential to the sphere of reflexion in that particular crystal orientation. 
Similar considerations apply to the fragmentary streaks and patches of 
diffuse scattering found in other orientations. This is easily verified by 
plotting their positions on the appropriate reciprocal lattice nets. 



FrouKK 0. fOiO], [001] are at ± 45^^ to plan© of [100] and [111]. 

The diffuse reflexions of Cu radiation from diamond {111} planes are 
most interesting in this connexion. Raman and Nilakantan ( 1941 ) found 
that although the Fax4n formula fitted their measurements (on diffuse 
spots similar to those shown in plate 24 a) fairly well, an oven better 
agreement resulted from the substitution of / == 54^-7 in the general 
formula. This result, which agrees with our own measurements on spots of 
this type, shows that for diamond also the points of diffuse reflexion lie 
mainly along reciprocal lattice axes, in this case along [ 100 ] directions. The 
same result is obtained very quickly by plotting the experimental data on 
a reciprocal lattice net. It is found, moreover, that the diffuse streaks 
observed on Laue photographs where the (111) diffuse spot is very near to 
its Laue spot, correspond to diffuse reflexion along [ 010 ] and [ 001 ] direc¬ 
tions in reciprocal space which are nearly tangential to the sphere of 
reflexion (figure 9), 
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When, however, the direction of the incident beam is such that the 
difibisely reflected beam is almost equally inclined to the [100], [010] and 
[001] directions in reciprocal space (figure 10), a triangular group of throe 
diffuse spots results (plate 246 and 25 a and 6). Two of the spots in each 
graup form striking examples of non'coincidence of the planes of incidence 
and deflexion. The maximum observed value of d was 1P*8. All three spots 
in each group are relatively sharp (showing that the diffusely reflecting 
regions in reciprocal space are confined closely to the neighbourhood of the 


direction of 
reflected beam 
when 



[UX>], [010] and [001] directions, figure 11), especially when the angle of 
incidence differs considerably from the Bragg angle (plate 256). In con- 
traat to this, the diffuse centre of the triangle, which fairly closely obeys 
Faxon's formula, becomes relatively much weaker and more diffuse as the 
Laue and diffuse spots separate, that is, as the angle of mis-setting 
increases. 

When Mo radiation is used instead of Cu, the scale of the reciprocal net 
is considerably reduced relative to the sphere of reflexion. More diffuse 
reflexions are observed, but any structure that these might possess is 
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swallowed up within the inevitable size of the spots themselves (due to 
the width of the X-ray beam and the size of the crystal). 

A more detailed account of the measurements of the diamond diffuse 
spots and of their significance will be given in a subsequent publication. 


[lOO] 



Fioube 11. Approximate distribution of diffuse reflecting power 
about (111) reciprocal lattice point of diamond. 


It is perhaps worth mentioning, however, that in terms of any wave 
theory, the fact that diffusely reflecting regions in reciprocal space are 
confined to, or extended along, certain directions implies that in real space 
the atoms or molecules tend to remain strictly in phase with each other 
along those directions; whereas in the ‘finite crystaL theory the intensity 
spikes are normal to the boundary planes (Laue and Riewe 1936 ). 
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Conclusion 

The main facts that emerge from this study may be summed up as 
follows. 

1 . The diffuse spots sometimes found on Laue photographs lie very 
nearly or sometimes exactly in the positions of Bragg reflexions from crystal 
planes which are no^ necessarily, however, quite at their proper reflecting 
angle. The indices of the corresponding Bragg reflexion can be found by 
treating the diffuse spot picture as though it were an oscillation photograph 
taken about the Laue position as centre of oscillation. This is a general 
fact applying to inorganic and organic crystals of any system, and to all 
wave-lengths of X-radiation used. 

2 . Conversely, a diffuse spot picture will only be found under conditions 
in which Bragg spots would be obtained on an oscillation photograph if the 
crystal, instead of being held stationary, were allowed to oscillate through 
a small angle about any direction normal to the incident beam. This in¬ 
volves relationships between wave-length, crystal structure and orienta¬ 
tion, size and distance of photographic film, which are readily determined. 

3. Such diffuse spot patterns may not only be seen on Laue photographs, 
where the diffuse spot and its corresponding Laue spot are, in general, well 
separated, but also on oscillation, rotation, Weissenberg and powder 
photographs, where the diffuse spots form a background to the selective 
Bragg reflexions. They may also, of course, be observed and measured by 
ionization spectrometer methods. 

4. In general, a much longer exposure is necessary in order to produce 
the diffuse background picture than to obtain a normally satisfactory 
Laue or rotation photograph. 

5. That the diffuse spots are due to diffraction of characteristic X-rays 
may be proved by using a monochromatized beam (Laval 1939 ; Preston 
1939)* 

fl. The diffuse halo surrounding the central spot on ordinary Laue or 
rotation photographs does not appear on monochromatic Laue photographs, 
even when the diffuse spot pattern on the latter is stronger thati that on 
the former, showing the exposure to be more than equivalent. 

7. The radial streaks on ordinary Laue photographs are almost always 
due to diffuse reflexion of white radiation. The radial streaks on oscillation 
or rotation photographs are due to selective reflexion of white radiation, 
but must also have a diffuse background. 

8 . Monochromatic Laue photographs sometimes show non-radial diffuse 
streaks, some well defined and some fragmentary; also triangular patches 
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of diffuse scattering and other anomalies which have, as yet, received no 
theoretical attention. 

9. The diffuse spot pattern is not apparently affected by the condition 
of the crystal surface or by crystal imperfection, except that sometimes 
diffuse spots show an intense and sharply defined core which may be due 
to distortion, as it is only found for cleaved or fractured crystals. 

10 . The intensity of a diffuse spot is related to the absolute intensity of 
the corresponding Bragg reflexion; it depends also very markedly on the 
angle of incidence 0 (angle between the incident beam and the set of planes 
giving the corresponding Bragg reflexion), reaching a maximum when 

e^o^. 

11. A most important factor affecting intensity is the crystal tempera¬ 
ture. At elevated temperatures (experiments extend up to 500" C) some 
diffuse spots increase enormously both in intensity and in size (Laval 1939 , 
and others), and non-radial streaks appear which were not previously 
visible (Preston 1939 ). Other diffuse spots, however, are not so strongly 
affected. Planes which show a big increase in diffuse spot intensity show 
a corresponding decrease in the Laue or Bragg spot intensity. Conversely, 
at liquid air temperatures the diffuse spot pattern almost completely 
disappears, the Laue spots become more profuse and the general background 
clearer. These effects are reversible. 

12 . The shapes and sizes of the diffuse spots vary considerably. Very 
frequently they are nut circular or even elliptical. They are more closely 
related to the shape of the corresj)onding Bragg spots than to those of the 
Laue spots. They are definitely and obviously related to the structure and 
nature of the crystal planes to which they correspond. ‘Layer* planes and 
planes perpendicular to ‘ chain ’ directions give rise to diffuse spots which 
are very different in several respects. This indicates that diffuse spot 
patterns may give valuable subsidiary help in structure determination, 
and also points to a relation between the physical properties of a set of 
crystal planes and the character of the corresponding diffuse reflexion. 

13. The shapes of the diffuse spots from diamond {111} planes, using 
Cu radiation, are different from those of any other substance yet examined, 
and provide valuable data for theoretical investigation. 

14. The diffuse spots, although occurring nearly in the positions where 
the corresponding Bragg spots would be, may deviate from those positions 
by small amounts. The total angle of deflexion may be slightly more or less 
than twice the Bragg angle, and the plane of diffuse scattering may be 
inclined at a small angle to the ‘plane of incidence*. 

15. These facts may be visualized most easily by considering the rela- 
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(a) 

Jionzil; vortical: 4 cm.: imfilt('n‘(l (’ii radiation uloti^ [OOOl J; 10 min. oxpurturo. 

Note aifomaiin^ lioxagoiial syinmrtry of lioth haiio and diffuse pattK^rns 
(cf. figui’o I). 



{b) 

lioiizil: filtered Cu radiation at about 7'" from [0001 J. loss of symmetry of 

Laue pattern, although difTuHO pattern still shows approximate hexagonal 
alternating symmetry. 
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Sorbic aciii: [0(H J vortical: 4 cm.; rotation using unfiltorod Cu radiation: 1 min. 
exposure. Layer lines close together (wresponding to 15 S3A periodicity. Note 
stmng spots on (II/) row lint*, and cotnpare with Ca. 





Lonsdale da Smith 


Proc. Roy. Soc., A, ml. 179 , pkUe 7 



Lonsdale dr iSImiih 


Proc* Jtoy, /?oc., A, voL 179, plate 8 



Honzil: [Jl2o] vt^rticai: 3*5 cin.; inonocliroimiti/.<‘(l (’u Kol radiation very nearly 
alon(^ [(MKUJ; 2 hr. exposun*. NoU' diaappearanot? €)f radial streaks near to 
etMitral spot and general cleanness of baekgroxind in that region. Non-radial 
stivaks eorn»Kpond to [1 12(1] and [4040J pt'rio<licitie8. 
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H(‘iizil: |(MMH I vertical: 3*5 cin.; filtered Cu radiation 
along IKdO); 10 min. exposure. 
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Bonzil: [0001] vertical: 3-5 cm.; inonochromatized (\i Koc nwJiation along [lOlO] 
1 hr. expoHiire. Note patches of diffiise radiation and partial streaks. 





Bcnzil: |00()JJ 3-5 cm.; unfilU*n»(l (’u ratiiation 

along [ I 12(1); 10 min. exposure*. 
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Sorbic acid: filtoro<l Cu radiation: 6 cm. Samt» setting as exposure 4 tinuvs 
as long. Note increase of size of both Luue and dilTuse spots. 
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Liquid air stroaining over empty celiopliane tubt^: uufiltorod Cu radiation: 4 cm. 






Btmzil: wfuno ('xposiiro and sotting at litjuid air tarnf h* ratim\ -- 180^ C. Only 
trace of tht^ stron^^esl diftnso spots reinains; many more Lane spots visible. 
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Sorbic acid: filtcrc'd i'u radiation; 3-2 cm.: 17^ min, cx])ostirc at lajuid »vii 
ttanpcraturc. Only a trace of diffu.s<’ spots proscait. 
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Sorbic acid: setting an abov<^; tiltotvii Cii radiation; 3*2 cm.; 10 ram. (ixposuro at 
room tempcratur(\ Many diffuse spots visible, but Lauc jinttcrn not so j^ooii as 
at low tcTnmn'aturo. 
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NaNOft: same setting and exposure as above, but at liquid air temperature, ^ — 180^ C 
Laiu^ pattern much improved, but only a trace of diffuse spots or streaks remains. 
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Diamond: [1U)| viTtical; 3*r> cm.; Hltcrcd Cii mdiatiun, jjfivin^ triaiigiiUir gT‘oup of 
111 diffuHO spots, tit room tinnpt'raturo. IMiotoj^raphs brfon' and after liquid 
air exporirraaital id(?ntiea!. 
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Diamond: same setting and exposure as abov^e, at liipiid air temperature. Very 
little change either in Lane ftatt-ern or in intfaisity of diffuse groujJ. The latter 
appears to be slightly diminished. 
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llroa oxalato: (010) (2(H) filanoH vi'Hical: unlillonxl Cu rudiatioii at H ’d to 

Sharply wlopitig 20l Lauo spot lion b('two(?u corrertjxnuling diffuso spotH duo to 
(’u J\ot and /i radiations roHfioetiviOy. 
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Un>a iiitratt’: liltorod Cii radiation; showing how <liffuHo s]K>t corresponding to (002) 
layta* plane stands out, evtai for a largo angle of tnissetting. Other diffuse spots, 
nearer to their appropriate Lane spots, an^ much snialler. 
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Ur(»a nit rat : tlU erod Cu radiat ion; f JOO] rotation, corresp(>nding to Lauo photograph 
abo\ e. No outstanding reHexioii from layer plane for moderate ex|K>sure. 
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diffuse jjjroup Ltuie 

Diamond; [TlO] v(^rtical; 2*97 cm.; unfiltemi Cu mdiatioii at — 23''-75 and +40^*75 
to (HI) planes. Note triangular group of diffuse spots with apex away from 111 
Laue H))ot; comparts plate 19. 





Lonsdale <fc Smith 


Proc. Roy. Soc.., A, vol. 179, plate 25 



(«) 

Diamond: fllOJ vertical; 2*97 cm.; unfilt<'r(‘d (’u radiation at ~-2J”-9 and -f 4S°-(5 
to {Ml} pUuK^H. DiiTf'uHc Cu Kct hj)o< eoinci<ies with Lane Hjiot; weak triangular 
group of // diffase Hfiots clearly vif^ibh^ on tii igiiial lilni. 



(b) ^ ^ 

(iiffvme gi’oup Lane 

Diamond; [110] vortical; 3*03 cm.; uniiltorod Cu radiation at — 2(C-8 and +43®*7 
to {131} pianos. Note wide sofwration of coinpononts of Cu Ka diffuse grotip, 
and sharpness of definition of the three outer 8 ik)U. 




hOO Laiu' untl diffuno [b) 

8ylvine: [llOJ vertical; --3'5 cm.; imiilt-ercd Ag radiation at to [001]. 



Lonsdale <fc Smith Proc. Roy. Soc., A, vol. 179, pUde 27 

\ 



AOO ((») 

Sylviiu': [I 10) vt'rtical: --3*5 enu; luifilti'n'O radmtioii a< 20' to |00J J. Kot<i 
(liK[>ln(M‘iii('n1 of 220 diffuso spots out of vortion! piano of inoidouco. 

hi)() 



hOO {h) 

8ylvme; [TlO] vortical; --S-S cm.; iiufilU^od Ag radiation at 25° to [001]. Diffuse 
BjTOts corresponding to 200, 400, 600 reflexions seen on diagonal streaks, together 
with AOO Laue spots. 




Sylvin(^: |110J vH^rtical; --1^5 cm.; iinfiltcrcd Ag nuliation at 30' to [001]. Noto 
curvature of the Htreak on whi<rh tho 200, 400, (>00, 800 diffust' H)>otH lie. 
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tion of diffuse to Bragg reflexions in reciprocal space. The diffuse reflexions 
correspond to points in reciprocal space, on the sphere of reflexion, which 
are not far from (relatively strongly reflecting) reciprocal lattice points. 
Thus each such reciprocal lattice point (corresponding to an infinite set of 
crystal planes) may be regarded as being surrounded by a cloud of re¬ 
flecting points, whose physical significance is open to various interpreta¬ 
tions. Future experiments must involve a detailed exploration of such 
diffusely reflecting regions, which are certainly not, in general, spherical, 
being extended along reciprocal lattice planes and axes. The non-radial 
streaks correspond to reflexion in the near neighbourhood of reciprocal 
lattice planes or axes, and the non-existence of monochromatic radial 
streaks (except for large angles of deflexion) is readily understood, since 
these would correspond to reflexions near to the reciprocal lattice origin, 
that is, to relatively large spacings. 

We are indebted to the Managers of the Royal Institution for laboratory 
facilities and especially to Sir William Bragg for tlie keen interest he has 
taken in this research. We have derived much help from conversations 
wdtli oiu’ fellow-workers in the laboratory and we are particularly grateful 
to Dr I. E. Knaggs for handing over to us the material indicated in the 
text as being her w^ork. 
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The diffuse spots in X-ray photographs 
By Sir William H. Bragg, F.R.S. 
{Received 2 April 1941) 


A oryatal consisting, as it does, of some molecular combination repeated 
as a unit at regular intervals in three flireotions in space can act as a three- 
dimensional diffraction grating. When monochromatic rays fall upon it, 
the scattered rays form a diffraction pattern, which can be derived by cal¬ 
culation from the diffraction formula. The pattern of 'diffuse spots^ now 
under discussion agrees very closely, in fact within the errors of experiment 
so far made, with this calculated result. Either the conditions in the crystal 
which give rise to the diffuse spots are those which allow the diffraction 
pattern to be observed or they simulate them. 

This diffraction pattern differs from the diffraction effects so widely used 
in recent years in the examination of crystal structure. The Laue pattern 
of spots is not a true diffraction pattern because every spot in it is due to a 
different wave-length. In the examination of a crystal by an ionization 
spectrometer or in the oscillation i)hotograph, the different spots are not 
observed simultaneously. In a true diffraction pattern all the spots or lines 
are due to monochromatic rays and are observed at one and the same time. 

The general expression for the relative intensity of the ray diffracted in 
different directions is 


cos 


sin2 ^J2 


Bi n^qipiJ 2 


&m^r<f>J2 


in which formula the symbols have the following meanings: 

The unit of the crystal contains various atoms which may have different 
powers of scattering. The relative amplitudes of the waves scattered by 
them are denoted by mg, .... The waves scattered by any two, m^, 
differ in phase by an amount which is equal to 




where A is the wave-length; {x,y,z) and (x',y',z') are the coordinates of 
TO, and m,; (h', k', V) and {k, k, 1) are the direction cosines of the incident and 
the diffracted rays. In the summation each m is multiplied in turn by every 

[ «l 1 
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other m including itself. The quantities ^ phase differences 

due to a single repetition in each of the three standard directions. The 
numbers of the rej>otitions are p, q and r respectively. 

The thermal movements of the atoms do not affect the geometry of the 
diffraction pattern as described by the formula, except in so far as they 
cause changes in the dimensions of the crystal. They may affect the in¬ 
tensities of various parts. Tliis is also true of the observed diffuse spot 
pattern. In the same way the intensities but not the geometry may be 
affected by the summation factor in the formula and by the scattering 
factors of the atoms. 

Nor does the formula take any account of absorption or of secondary 
scattering within the crystal. Under the usual conditions of observation, 
these effects are so large that the formula is useless. The reason is that when 
p, q and )r are largo numbers, the intensity of the diffracted ray is too small 
to be observed unless the denominators of the three fractions in the formula 
are all zero, or very nearly zero: unless, in other words, the changes of phase 
due to the three principal repetitions are all multiples of n at the same time. 
This can only happen by accident, since two variables determine the 
direction of the diffracted ray, and there are three equations to be satisfied. 
Complete satisfaction can be obtained only by freedom to move the crystal 
at the same time, or to alter the wave-length; hence the usual condition 
nA ^ 2d sin 0. Monochromatic rays do not give a Laue pattern. When the 
three denominators are all very close to zero simultaneously, the intensity 
of the diffracted ray is proportional to all the units then act to¬ 

gether. This is very large compared to what hap[)en8 in the rest of the 
diffraction field: absorption and secondary scattering become great, and 
vary with minute changes of crystal position. Complicated calculations are 
then required. The problem was attacked by Darwin in the early days of 
crystal analysis and has been the subject of much investigation. 

If however there were groups of atoms in the crystal, for which p, q and r 
were so small that the contrast between the intensities of the maxima in 
the pattern and the general intensity of the background was not so excessive, 
the true diffraction diagram might be observed. The groups must act 
independently. They must be in slight disarray with the crystal as a whole, 
and with the larger groups which the crystal contains. Changes of orienta¬ 
tion of a few degrees would make very little change in the positions of the 
spots in the pattern, so that effects would be additive. It would therefore 
be possible to conceive of the formation of the true pattern, provided that 
the groups were small and sufficiently numerous. This was the fundamental 
idea in Preston’s paper {Proc, Roy, Soc, A, 172, 116). It has also been 
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described by v, Laue {Ann. Phys,, Lpz., 26, 66 ( 1936 ) and 29, 211 ( 1937 )), 
and also by Ewald, Proc, Phys. 80c. 52, 107 ( 1939 ). 

This hypothetical case agrees so closely in many respects with the actual 
that, even if there is no more than a parallelism, it is worthy of careful 
examination. Examples in the form of figures are given below; the crystals 
being potassium chloride, calcite and diamond. 

Certain general characteristics are to be observed in these examples and 
others provided by Lonsdale and Smith in the preceding i)a})er. All these 
can be derived from the formula. 

( 1 ) The diffuse spot diagram is due to monochromatic rays. Diffuse spots 
are in general much weaker than Laue spots. 

( 2 ) Diffuse spots are found where the product of the three denominators 
of the formula is a minimum. The expression for the intensity is then in 
general a maximum. Small movements of the crystal such as rotations 
through 5 or 10 ® make little change in the pattern. 

(3) Rotation of the crystal may bring all three denominators to zero at 
the same time. The corresponding diffuse spot then becomes a Laue spot. In 
an actual experiment the latter moves into the place of the former. The 
wave-length of the Laue spot changes during the movement, the wave-length 
of the diffuse spot does not. Hence arises the close connexion between the 
diffuse spot pattern and the oscillation pattern which Mrs Lonsdale has 
shown to exist, 

(4) If the Laue spot is strong, so also in general is the diffuse spot into 
which it moves: they are affected alike by the first factor in the formula. 

( 6 ) Other correlations between theory and experiment are shown in 
detail in the illustrative diagrams. 

Potassium chuobide (figures 1 and 2) 

The first figure represents the diffraction pattern due to Mo rays of 
wave-length 0-71A acting on a crystal of KCL The crystal is placed at an 
angle of 20 ® away from the symmetrical position as shown in the smaller 
figure (figure 2 ). (See Lonsdale and Smith’s plate 7 6 .) 

In this case the direction cosines of the incident ray are taken to be 
( 0 , 0 , 1 ) and of the diffracted ray (A, k, 1), The crystal is rotated through 20 ® 
about the axis of y. The phase differences of the principal repetitions are 
therefore 

2nak 2na 


"~{Acos 0 “(?- I)sin 0 }; 


sin -f (? “ 1 ) cos 
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where a has the value 3*14. The atoms of K and Cl are taken to be of equal 
value. The sines of the halves of these angles are the denominators in the 
general formula. The intensity of the diffracted ray is great when the 
denominators are small. When values of h and k are found which make the 
denominators separately equal to zero, three sets of curves are obtained. 
The equations used are 

a{Aco8/9»(?-*l)sin^} = ak^M(X)\ a{Asin(9 + (?-l)co86>} - ilf(A), 



FiaiTKK 1. Diffuse spots of potassium cliloride; A = 0*71. Crystal to photographic 
pJato, 10 cm. See figure 2. 



Figube 2 

where M is any integer, d * 20°, A = 0-71. The results can be shown either 
as (A, k) curves, as in the succeeding diagrams for calcite and diamond, or 
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can be translated into (x, y) curves by the relation x « Dhjl, y = Dkjl, 
where D is the distance from the crystal to the photographic plate. The 
(a:, y) curves then show lines of maximum intensity referred to coordinate 
axes in the photograph. This has been done in figure L 

The positions of the observed diffuse spots are marked by circles. It will 
be observed that they lie in general close to the intersections of the lines 
which in the {x, y) curves are hyperbolae and in the (A, k) curves of this case 
would be lines parallel to the axes. It seems that the third set of curves, 
ellipses in the {x,y) diagram (figure 1), have in general little effect on the 
position of the spots. The reason is tliat in the diagram the first two sets 
of curves lie much closer together than the third, and the intensity varies 
more rapidly from one curve of a series to the next. Calculation shows that 
this is the right explanation; crosses in the diagram show where the calcu¬ 
lated values of the maxima are found: the agreement with observation is 
close. For the purpose of this calculation p, q and r are all taken to be 
equal to 2; but the choice of values is unimportant when it is merely a 
question of finding the positions of maxima. 

The third set of curves has sometimes a considerable effect. For example, 
there is no spot at P because P lies in phase exactly half way between two 
maximum curves of the third set. It is to be remembered that the intensity 
is the product of certain factors, not the square of the sum of certain terms. 
If one of the factors is zero the product is zero, and this is the case at P, At 
other points, such as R, 8, T and ?7, the peak position clearly depends on 
all three of the curves of maximum intensity. At Q there is a confused effect 
in the actual photograph; there are two calculated maxima as shown, and 
in the photograph a very diffuse effect covers the two. This point lies close 
to the same zero curve that passes through P. 

Diamond (figures 3 and 4, 5 and fi) 

Figure 3 represents the case when the direction of the incident rays 
coincides with the trigonal axis AO in figure 4. The three principal dis¬ 
placements are along the edges of the tetrahedron, viz. AJ5, AC and AD. 
The axes of coordinates being as shown in figure 4, the coordinates of 
A BCD are, in Angstrom units, 



X 

y 

z 

A 

0 

0 

2053 

B 

r257 

0*726 

0 

C 

1-267 

0^6 

0 

D 

0 

D452 

0 
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and the [h^ k) curves of figure 3 are drawn from the equations 

l‘257fe4-0-726il; + 2*053{Z-l) == Jlf(l'54), 
r257A + Q-726i fc4-2-053(/- 1) - Jlf(l-54), 

- M{h54). 

where Jbf(l'54) stands for some multiple of 1*64, the wave-length of Ou^ 
radiation. For the three ellipses passing through 0 the multiple is zero. 
Portions of three larger ellipses are shown for which the multiple is unity. 



Fuiube 3. Diamond: {h, k) diagram. Incident ray normal to cleavage force. 
h and k arc oxpreasod in tenths. 

It will be observed that the oases whore members of throe sets of curves 
approximate to each other are in this case very few; only three are included 
in the figure, at points marked L. The reason is that A is large and the 
principal displacements are small. Original photographs are shown in 
Lonsdale and Smith, plates 24 and 25. 

It may servo to make the problem clearer if it is pointed out that any 
point on the upper complete ellipse on the left of figure 3 defines the direction 
of a diffracted ray which is in the same phase whether it comes from A or 
B ; and correspondingly for the right-hand ellipse and the points A and C. 
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At L, where the ellipses meet, the value of A:, (A = 0), is such that the dif¬ 
fracted ray is in the same phase whether it comes from A, B, ox C: it is usual 
to speak of it as reflected in the plane ABC, The other ellipse that passes 
close to L defines the values of {h, k) for which rays from A and D differ in 
length of path by 1*64 A. The ellipses change in form and position when the 
crystal is moved* The inner ellipses have no relation to wave-length; but the 
outer ellipses have. There is one wave-length for which the outer ellipse will 
pass through L: and as this is included in the white radiation, a Laue spot 
appears at L, as indicated in figure 4. The diffuse spot is farther out as shown. 



The curves of figure 5 refer to a case when the diamond is rotated about 
BC (figure 4) through an angle of 43° in the direction Oy to Oz, The 
curvilinear triangle formed where A = 0 and A: = 0*7 approximately by 
portions of three ellipses is then larger than in figure 3. Mrs Lonsdale 
shows that in this case the diffuse spot breaks up into a set of three spots: 
when these are plotted upon the diagram (figure 6), they appear at the 
middle points of the sides as shown. By changing the amount of tilt about 
BC, the triangle formed by the three curves in figure 6 can be reversed so 
that its apex now points towards the origin as in figure 6, A photograph 
due to Mrs Lonsdale shows that in this case the triangular spot is also 
reversed* There is clearly a connexion between the set of triangular spots in 
the photographs and the small triangle shown in the diagrams (figures 5 
and 6)* The three last factors of the general equation are at their maxima 
along the three sides of the triangle; minima and other subsidiary maxima 
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occur ia lines parallel to the sides, the periodicity depending on the si»e of 
the group. The intensity at any point depends on the product of three 
factors, and it raay easily be that the intensity is great at the middle points 
of the sides and small at the comers. Possibly an explanation is to be found 
in some such consideration of the diffraction effect. 



Fioubk 5. Diamond rotated. Com¬ 
paq with figures 3 and 6, 



Fiotjhb 6 


Calcite (figui'es 7 and 8) 

Caloite presents a problem more oomplioated than those of potassium 
chloride and diamond. Potassium chloride is structurally simple, and the 
intermoleoular distances of diamond are so small that there are very few 
spots in the diagram. But caloite ia monoolinic and its repeat distances are 
much larger than those of diamond. The diffraction pattern is therefore much 
less simple than in the other two cases. The photographs obtained by Raman 
and by Lonsdale show a number of interesting features. 

It is convenient to consider those in which the X-rays have been normal 
to a cleavage plane. In figure 7 the comers of the rhomb are .4, B, C, 2> and 
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their inverses A\ B\ C\ D\ AA^ is the trigonal axis. The oentres of the 
faces meeting at A are E, F, G\ and the inverses of these are E\ F\ 0\ The 
axes are chosen as shown in the figure; the X-rays travel along the z axis 
which is perpendicular to the cleavage face ABD'C. Supposing the rhomb 
to contain four molecules of CaCOg, the dimensions are BC ^ 9*94 A, 
AD^ « 8^06 A, AD — 0'28 A, and the angle between GO' and the axis of z 
is 19“. 



Figcre 7. Th<» calcit« riiomb. 


The true unit cell contains two molecules; its translations are AE', AF', 
AQ'. The corresponding equations are 

6-006A±2'485ifc-3-030(i-l) = M(X), 

1'960A- 6'060(i- 1) = M{A), integral multiple of A. 

These are plotted as the firm curved lines in the (A, k) diagram of figure 8, 
the wave-length being 0*71 A. It will be observed that at points marked 
a, b, c, d, e,f, g, h, curves of the three series come near to coincidence. Strong 
difiPuse spots are found at these points, as is to be expected on the simple 
diffraction hypothesis. Their positions are marked on the figure. As these 
positions are oddly placed, the coincidence is the more satisfactory. 

A number of other points of less intensity, some of them very faint and 
difficult to place, are found in the photograph. These do not all lie on the 
diagram of firm lines. All of these, with the exception of one or two which 
are due to ^ rays, and one or two which are clearly spurious, since they only 
appear on some of the plates, have been transferred to the diagram. 
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It is a striking fact that nearly all of them lie on a network which is in 
fact the diffraction pattern for the translations AB, AC, and AD, as if the 
4 molecule cell were really the unit cell. The diagram is shown in dotted tines; 
it is calculated from the equations 

4-030A±4-97jfc = if(A), 

2-080A + 6-060(?-l) == Jr(A). 



Most of the strong spots lie on this diagram also, as they should do; but 
not all of them because it does not always follow that if the diffracted pencil 
from A is in phase with the diffracted pencils from E', F' and O', it is also 
in phase with pencils from B, C and i). Such, for example, are the points 
marked e and g. On the other hand, the less intense points marked k, I, m 
belong to the diagram of the cleavage rhomb. The most direct explanation 
of tliis unexpected result could be that the four molecules of this rhomb 
differ from each other in some way; further experiment is required. One 
or two faint spots remain to be accounted for. 

The short portions of lines which are placed above the main diagram in 
figure 8 show the meanings of the various lines in the figure. Thus the dotted 
line marked AB denotes that the dotted lines sloping the same way in the 
figure are the loci of all points giving values of h and k for which the pencils 
difiracted at A and B are in the same phase. 



Diffraction of monochromatic X-rays by crystals 
at high temperatures 

By Sir W. Lawrence Braqg, F.R.S. 

{Received 10 March 1941) 

The diffuse spots which appear in the diffraction pattern of a crystal 
at high temperatures, to which Preston ( 1939 ) and Laval ( 1939 ) have 
drawtt attention, have the following characteristics: 

(a) When the initial radiation is monochromatic, or has a strong mono¬ 
chromatic component, the spots apjiear in positions where rays scattered 
from neighbouring elements of the fundamental lattice reinforce each other. 

(/>) A crystal irradiated with white radiation containing a monochro¬ 
matic component gives at the same time sharp Laue spots and diffuse spots. 
If a rotation photograph is taken with monochromatic radiation, the usual 
sharp spots appear, together with the diffuse diffraction. 

(c) As the crystal is heated, the diffuse spots increase in strength and 
the sharp spots become fainter. 

The positions of the diffuse spots can be explained by supposing that the 
crystal is broken up into a number of small approximately parallel elements. 
When monochromatic rays fall on an extended perfect crystal, the three 
conditions for diffraction must be rigorously obeyed if a diffracted beam is 
to be observed, and the beam is sharply defined. For a very small crystal, 
only a few atoms wide in each direction, diffraction is strong in any direc¬ 
tion for which the three conditions are approximately obeyed, and the 
diffracted beam is diffuse. Since the form of the diffuse pattern resembles 
that which would be observed if the crystal consisted of numerous small 
parallel elements which diffract independently, Preston and W. H. Bragg 
have used this analogy as a basis for analysing it*. 

This cannot, however, be the complete explanation. If the crystal were 
so broken up by the heat waves, the Laue spots and spots of the rotation 
photograph would also be diffuse. This is not the case; they are as sharp 
at high temperatures as at low, though diminished in intensity. It might 
be postulated that part of the crystal remains unchanged and gives the 
sharp si)ots, while another part breaks down to give the diffuse spots. 
Such a supposition is not as attractive an explanation of the simiiltaneous 
production of sharp and diffuse spots by the one crystal structure. The 
essential feature of the first way of explaining the spots is the supposition 

[ 61 ] 
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that the elements into which the crystal is brolcen down scatter in¬ 
dependently; the essential feature of the alternative explanation is that 
it takes into account the phase relationships between waves scattered by 
the atoms throughout the crystal, which remains a single structure though 
distorted by the heat waves. 

It is convenient to deal with the reciprocal lattice and express the 
experimental results in terms of it (see * conclusion ’ in Laval's paper). One 
example shown by Preston is that of silver Ka (0-66 A) radiation incident 
upon a heated aluminium crystal in a direction parallel to a cube axis. 
Aluminium has a face-centred cubic lattice with a ~ 4*09 A at 500° C. 
The reciprocal lattice is body-centred cubic, the side of the cube Joeing 
2/a, as illustrated in figure 1. The points of the lattice (200), (400), (111), 



• corners of cubes occntres of cubes 

Figure 1 


(311), etc. have kkl all odd or all even. These points represent Fourier 
elements of the distribution of electron density in the aluminium crystal, 
and are weighted so as to be proportional to the amplitudes of these 
elements. At the same time they represent the possible X-ray reflexions 
by the crystal. The construction for testing whether the conditions of 
diffraction are satisfied is to draw the familiar ‘ sphere of reflexion' shown 
in the figure, which has a radius of 1/A. If this sphere passes through a 
point of the lattice, there is a corresponding diffracted beam. 

The diffuse spots at high temperatures appear when the sphere of reflexion 
passes near points of the reciprocal lattice; this is merely an alternative 
way of saying that they appear where the three conditions for diffraction 
are approximately but not necessarily rigorously obeyed. At the same time, 
if the crystal is rotated, a sharp spot appears when the sphere cuts a point 
of the reciprocal lattice. As Laval has shown, the whole phenomenon con 
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be expressed by saying that the reciprocal lattice of the hot crystal con¬ 
sists of points, surrounded by clouds which are stroxigest near the points 
and weak between them. For instance, aluminium as shown by Preston 
gives diffuse spots corresponding to the section of these clouds by the 
sphere near (200) and (311). Laval has made a close study of the forms of 
the clouds around the points (002), (004) and (006) in the reciprocal lattice 
of sylvine. 

The perfect crystal at zero temperature has a reciprocal lattice con¬ 
sisting of points alone. If the crystal is slightly distorted at a given instant 
by a heat wave whose wave-number is n, any Fourier component of wave- 
number N is split up into a main component of wave-number N and a 
pair of ‘ghosts’ of wave-numbers NN — n. N and n are combined 
vectorially. The whole series of heat waves combines with each point of the 
reciprocal lattice and surrounds it with a cloud of ghost points, each of 
which represents a Fourier coefficient of the crystal structure. All such 
points l 3 ring on the sphere of reflexion give rise to corresponding diffracted 
beams. 

Since all possible heat vibrations of a simple lattice reciprocate into 
points which fill uniformly one unit cell of the reciprocal lattice, the com¬ 
binations of these vibrations with the Fomier elements of the crystal 
uniformly fill the whole reciprocal lattice. Monochromatic radiation is 
therefore scattered in all directions by the hot crystal. Three points are 
to be noted: 

(а) If there is equipartition of energy amongst the heat vibrations and 
the elasticity is constant for all wave-numbers, and if the amplitude of the 
vibrations is very small, the ghost points are to be w^eighted equally. This 
follows from the consideration that the amplitude of the diffracted ghost 
is proportional to the amplitude of density variation caused by the heat 
wave, and this again is proportipnal to the energy of the lattice. Under 
such conditions the scattering would be uniform and no diffuse 8|K>ts 
would appear. 

(б) The amplitude is proportional to the scattering F factor of the unit 
of the cell at each point. If therefore the unit of pattern is a rigid complex, 
such as an organic molecule, its F will be a factor modifying the scattered 
background and its character will be imprinted upon it. 

(c) At high temperatures the average amplitude of vibration of the points 
of the crystal lattice is an appreciable fraction of the distance between 
neighbouring points. When this is so, the reflected spectra become weaker 
especially in the higher orders (Debye effect). The longer heat waves are 
mainly responsible for the amplitude of vibration. Hence the energy of 
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each spectrum is reduced at high temperatures by passing into the energy 
of the ghosts, and, as the longer heat waves produce the greatest effect, it 
passes mainly into the ghosts which are nearest to each lattice point* 
Since the cloud is therefore most dense round each lattice point, one gets 
a stronger diffraction at high temperatures in directions corresponding to 
regions where the sphere of reflexion passes near the lattice point. The 
diffuse spots diffracted by the hot crystal originate in this way. 

The above treatment is only a qualitative version of the quantitative 
treatment by Debye and Waller, It is given to support the view that it is 
more direct to treat the effect as due to the modulation of the whole 
crystal by the heat waves, than as due to a breaking down of the crystal 
into elements by the heat waves. The essential point is that the former 
treatment accounts for both sharp and diffuse spots, whereas the latter 
cannot account for the sharp spots which appear at all temperatures. 
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Diffuse reflexions of X-rays by crystals 

By C. G. Darwin, F.R.S. 

(Received 5 March 1941 ) 

The straightforwaKl method of attack on the problem of the diffuse 
spots found by Preston consists in applying to them the work of Fax6n 
and Waller, or some such process. Such a method is purely inductive and 
would give all the information which can be extracted rigorously from the 
experiments. The method should certainly be worked out, as it might throw 
light on that very interesting subject, the short-wave limit of the Debye 
elastic waves. But Preston and Sir William Bragg have proposed an 
alternative analysis in which the atoms are supposed to stick together in 
small nearly rigid groups, and these groups are then displaced relative to 
one another through distances which impair the phase relations of the 
waves scattered by them. So far this description has only been qualitative, 
but if it should be verified quantitatively it wotxld suggest a different way 
of regarding the whole subject, and it is to this that I wish to draw atten¬ 
tion. It can best be done by analogy from a different subject. 

The prediction of the tides of a harbour is done by harmonic analysis. 
Astronomy provides a set of natural frequencies, and the height of water 
as a function of the time is analysed into the sum of harmonic terras in 
these frequencies, with experimentally determined amplitudes and phases. 
Such an analysis gives a complete prediction of the future height at any 
time, but it does not always give the best description of what is happening. 
For example we might apply the analysis to an estuary which diied out 
completely at half tide, and the method would still be applicable, yielding 
the lower half of the curve as a flat level, but the examination of the table 
of amplitudes and phases would in no way suggest this constancy of level 
for half the time. The method of harmonic analysis, though perfect and 
complete, may become uninformative. 

It seems possible that the same might be true of the harmonic analysis 
of the elastic waves in the crystal, but there is an important difference 
because with the tides we know both amplitude and phase but in the 
crystal only the amplitude, and the method of X-rays is incompetent to 
give any information about the relative phases of the various elastic waves. 
If the pure inductive analysis were carried to completion, it might be found 
that, by equipping each wave with an appropriate phase, the combined 
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waves yielded groups of atoms of the type proposed by Bragg. If the 
phases cannot be so chosen, then we may be sure that Bragg’s description 
will break down in some respect. If they can, there is still no proof of the 
correctness of his analysis, but it becomes a possibility well worth exploring, 
since it gives a very different picture of crystalline structure from that 
usuaUy adopted in atomic theories of the solid state. It might for example 
be interesting to examine whether there would be any difference in such 
phenomena as elasticity or the plastic yielding of metals when the typical 
strain displacements are regarded not as continuously variable from each 
atom to its neighbour, but as though the crystal broke up into small 
blocks each composed of a few atoms nearly rigidly tied together, with the 
strain imposed on the block as a whole. 

An objection may be felt against the suggestion in that it would seem, 
at first sight, that it would kill the ordinary Laue spots, but this certainly 
calls for careful examination. Without closer analysis it is not evident that 
the partial disorder of the small groups must remove so much of the long- 
range order as to spoil the Laue spots; only a thorough analysis of the 
relative intensities of the two types of spot could clear this up. The situa¬ 
tion may be summarized by saying that the method of Preston and Bragg 
is certainly a convenient half-way house giving the positions of the diffuse 
spots. If that is all it is, then it will break down by failure to give correctly 
the intensities or positions of some such spots, but if it is successful in 
giving them all, including the intensities of the ordinary Laue spots, then 
it becomes an important contribution to our ideas of crystal structure. It 
must remain a matter for trial whether the analysis should be made by 
building on the inductive process of Pax6n, or whether a new start hosed 
on the small groups of atoms themselves would he more profitable. 
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In 1937 Dr H. Wilman and I (Finch and Wilman 1937 ) first drew atten¬ 
tion to a new effect consisting in the occurrence of broad bands or areas of 
blackening in electron diffraction transmission patterns obtained from 
crystals of organic compounds such as long-chain hydrocarbons and poly¬ 
cyclic aromatic compounds. We found that the position of these diffuse areas 
corresponded to the arrangement and separation of the carbon atoms in 
the molecules. 

Subsequently, in collaboration with Dr A. Charlesby ( 1939 ), we were 
able to show that this diffuse-area pattern appeared to be due to molecules 
which, though orientated with respect to the beam in accordance with the 
crystal orientation, nevertheless bore no definite phase relationship to each 
other, and this pattern thus resembled that of a gaseous stream of orientated 
molecules. We found that this lack of phase relationship could be explained 
on the assumption that, due to thermal agitation, the individual molecules 
were displaced from their mean position in a random fashion, there being 
no connexion between the displacement of adjacent molecules. The expres¬ 
sion for the diffracted beam intensity can be written 




sin* Ml hn sin* Jfg kn sin* ifg In 
sin* hn sin^lcn sin* In 


+ iV S (-4 J, + B*) (1 - 008 ®^), 

p 

where A*-|-JS* is the structure factor for the complete unit cell, whereas 
^ is the structure factor for each independently moving group or 
molecule. 0 is the phase angle introduced by the motion of each molecule 
from its mean position and hence depends on the direction of the emergent 
and incident beams, as well as on the amplitude of motion. The factor 
(cos^fp is a thermal factor, decreasing the spot intensity at increasing dis¬ 
tances from the central spot. On the other hand, 1 — cos®^ increases with 
the distance. The pattern thus consists of a spot pattern modified by a 
thermal factor, and also of a diffuse area pattern corresponding to the 
orientation of the individual molecules in the crystal, the latter part of the 
pattern being such that the intensity near the central spot is very small, 
but increases to a finite limit on receding away from the central spot. 
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The calculation of the quantity (cos ^)* was carried out with certain 
aseumptiona (restoring force proportional to displacement, molecules vi¬ 
brating independently and using Maxwell-Boltzmann statistics) and leads 
to the value 


-^ / 167r*sin^0*!r\ 

(cos {5)2 = exp ^ - Y ) 

similar to that obtained by Debye in his initial work on strongly bound 
lattices. A different type of distribution law would not, however, alter the 
above conclusions. 

For true Bragg spots h, k and I must all be integers, and the resultant 
intensity of the spots will be proi)ortional to the square, JV*, of the number 
of unit cells. In certain cases (e.g. electron diffraction transmission patterns) 
not all three indices will be simultaneously integral, and the spot intensity 
will dejiend on the number N of unit cells to a power between 1 and 2. The 
diffuse pattern intensity will however be accurately proportional to N. 
The ratio of the intensity of spot and diffuse area patterns increases with 
increasing number of unit cells, and thus with increasing crystal thickness 
the diffuse area effect will become less clear. This presumably accoimts for 
the fact that the diffuse area pattern has not so far been obtained with 
X-rays. Nevertheless it is felt that, subject to suitable preparation of 
8 |)eciraen8, they should be observable. 

From a comparison between the patterns found by X-rays and electron 
diffraction the following factors emerge. 

(а) In electron diffraction the diffuse pattern is directly associated with 
the orientation of the individual molecules. This does not appear to be the 
case with the X-ray pattern. 

(б) Both effects depend on imperfections produced in the crystal lattice 
by thermal agitation. Depending on the strength of the intermoleoular 
forces the real physical units (molecules or blocks) of the structure will 
either move as virtually independent groups, or else as strongly coupled 
groups with strong mutual interaction. Where a diffuse pattern of molecular 
origin appears intermoleoular forces must be slight. Where the diffuse 
pattern on the other hand does not appear to be related to the orientation 
and structure of the molecules the inter-unit forces must be more appreciable. 
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The effect of thermal vibrations on the 
scattering of X-rays 

By M. Boen, F.R.S. and ELathlbbn Sarginson 
University of Edinburgh 

(Received 4 March 1941 ) 


The structures discovered recently in the background of La\ie photograplis 
show a striking dependence on temperature. After discussing theories sug¬ 
gested by Homan and Nilakantan, and by Preston and Bragg, it is assumed 
that there can be no other explanation of this phenotnenon tlion the effect 
of thermal vibrations, as first discxissed by Debye. Although there is an 
extended literature on this subject, it seemed worth while to reconsider 
the problem. Formulate are derived representing the Laue spots and the 
background for any crystal as function of its structure and of temperature. 
These formulae are simplified by applying them to the case of the throe cubic 
Bravais lattices; for the body centred lattices one obtains on expression for 
the position of the spots which is identical with that given by Bragg, but with 
an additional law expressing the dopondenoo of intensity on temperature. 
Approximate formulae are developed for all three cubic Bravais lattices 
which describe the position, shape, and intensity of the ‘extra spots’ in 
the vicinity of Laue spots. 


Introduction 

The general background of luminosity on Laue photographs is not 
structureless, as the theory of Debye (1914) predicts, but consists of more 
or less well-defined spots and streamers (Friedrich 1913; Wadlund 1938; 
Preston 1939; Raman and Nilakantan 1940, 1941; Lonsdale et ah 1940, 
1941). These * extra spots ’ differ from the Laue spots chiefly by the fact that 
they are not bound on definite positions of the crystal relative to the in¬ 
cident (monochromatic) beam, but exist for a continuous range of angles, 
though with decreasing intensity for increasing distance from the Laue 
spots. A conspicuous feature of the spots is the decrease of intensity 
with lowering temperature. 

It is this latter fact which indicates very strongly that the mechanism 
responsible for these extra spots must be the temperature movement of the 
atoms in the crystal, as considered in Debye's j^aper. There exist a number 
of publications (Brilloum 1922; Fax6n 1923; Waller 1923, 1928; Waller and 
James 1927; James, Waller and Hartree 1928; Jaunoey and Harvey 1931; 
Woo 1932; Ott 1935; Manguin and Laval 1939; Zachariasen 1940) which 
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contain corrections and improvements of Debye’s theory; some of them 
(Fax6n, Waller, Zaohariasen) derive the existence of maxima in the 
scattered radiation. Raman rejects these theories as inconsistent with his 
observations (although he uses a formula identical with that of Fax6n, for 
representing the extra spots of diamond) and suggests another hypothesis, 
namely, that the extra spots are due to a modulation of the lattice vibra¬ 
tions excited by the transfer of energy of momentum from the incident 
X-rays to the crystal. A third type of explanation, first suggested by Preston 
(1939), was recently developed by Sir William Bragg (1940) into a definite 
formula which represents the position of the extra spots for KCl fairly 
well. The assumption is that small groups of atoms produce their own 
diffraction patterns, apart from theLaue spots due to the crystal as a whole; 
a group of eight particles in the corners of a cube lead to the successful 
formula. 

None of these theories seemed to us completely satisfactory. To begin 
with the last one (Preston-Bragg), the assumption of very small groups of 
particles scattering independently from the rest is hardly reconcilable with 
other well-established knowledge about crystal lattices. Further, KCl is 
face-centred cubic, and neither the first neighbours (of the other kind) nor 
the second neighbours (of the same kind) form a cube. Lastly, the strong 
dependency of the intensity of the spots on temperature cannot be explained 
by such a simple model. 

Nevertheless, Bragg’s formula for the position of the spots seems to fit 
the observations so well that one would expect it to be the result of a more 
satisfactory theory based on the temperature movement. It is one of our 
aims to show that this is the case. 

Concerning Raman’s hypothesis, the only possible interpretation seems 
to be that the extra spots are due to an ordinary Raman effect enhanced by 
interference. Raman scattering has already been considered in the paper of 
Ott, quoted above, whore it is shown that it has no observable effect. As this 
theory is very complicated, we have reconsidered the question from the 
standpoint of Placzek’s (1934) quasi-classical theory and found that the 
change of polarizability due to atomic vibrations gives additional terms to 
the direct vibrational (Debye) effect, but with a small intensity, namely, in 
the ratio of Raman scattering to Rayleigh scattering (or of the square of 
the ratio of total polarizability to its alteration induced by the thermal 
vibrations). It is a secondary effect hardly observable. We have also con¬ 
sidered the effect of electrordo excitation waves (Ehrenfest 1939; Frenkel 
1931 ; Peierls 1932) on scattering and found it much too small. 

There remains only the vibrational theory. In spite of the considerable 
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number of publications devoted to it, we have reconsidered the problem 
because none of them reveals clearly the simple fundamental character of 
the ‘background’ scattering, the maxima of which are observed as ‘extra 
spots The majority of the publications are repetitions of Debye’s classical 
> treatment with some modifications and improvements. A few (Waller, Ott) 
are careful quantum-mechanical investigations, but not suitable for the 
discussion of the present problem because of too general assumptions and 
consequently too great complication. Ott considers simultaneously elec¬ 
tronic and atomic excitation levels; but it is well known from Placzek’s 
theory of the Raman effect (quoted above) that this is not necessary even 
in the optical region, and of course even less so in the X-ray region where 
the photons are extremely large compared with the acoustical quanta. 

For the purpose of describing the influence of thermal motion on scattering, 
one can replace the electronic action by a simple factor; but one has to use 
quantum mechanics for the calculation of the influence of the vibrations 
for obtaining the dependence on temperature in the correct form. 

We shall derive the law of scattering for any atomic system with a degree 
of accuracy sufficient for our purpose, and apply it to the case of an arbi¬ 
trary crystal lattice. The expression for the background scattering is then 
simplified for cubic lattices of the Bravais type. Debye’s approximation 
of the lattice vibrations by the spectrum of a continuous medium is of little 
use for the background scattering, as it depends explicitly on the real 
acoustical spectrum, the frequency being a periodic function of the wave 
numbers. For sake of simplification, we neglect the vector character of 
the elastic waves and asstune that the interatomic forces are acting only 
between first neighbours. In this way, we obtain a scattering law which 
represents the position of the maxima by a formula similar to that of 
Bragg, but gives also the dependence on temperature. In the vicinity of 
the Laue spots the position, shape and intensity of the extra spots can be 
described with the help of developments with respect to powers of the 
angular deviation of the crystal from its Laue position. In the present paper 
we give only the lowest terms of developments; in this approximation the in¬ 
tensity of the maxima turns out to change in a syrametrio way if the spots 
are moved through the Laue spot by rotating the crystal. Experimentally 
a distinct asymmetry of intensity is observed. Therefore, the next approxi¬ 
mation must be calculated. This and other improvements will be treated in 
a following publication. 
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1. Scattering of X-rays by an atomic system 

We consider a system of N atoms, which in equilibrium have the position 
vectors r*. (i = 1,2,..,,^) and are displaced by thermal motion to r^+%, 
where the displacements (| are considered as small. 

Lot the wave vectors of the incident and scattered beam of X-rays be 

K=^8, K' = y8', |8| = | 8 '|- 1 . (M) 

where A is the wave-length which is assumed to be practically unchanged 
by the scattering. Nevertheless, the small changes of frequency due to the 
interaotion of the light wave with the atom cannot be completely neglected, 
as they are responsible for the incoherence of the different components. 

We distinguish the different quantum states of the atomic vibrations by 
a quantum number n which stands symbolically for a whole set of quantum 
numbers to be defined presently. The system has, on account of the thermal 
motion, a certain probability to be in the state n. Under the action of 
the incident light wave it makes transitions to aU possible other states n' 
(lower and higher ones as well) emitting a radiation, the intensity of which 
is proportional | ^(n,n') |*, where ^ is the electric moment. This depends 
on the amplitude of the incident wave, properly retarded; for a crystal, 
small compared with the distance r to the observer, we can write, following 
Placzek, 

k 

omitting all effects of the vector character of the light wave, is the 
polarizability of the atom k which is in general a function of the positions 
Vfg and displacements of the other atoms. We assume it independent of 
the u^., which means neglecting the Baman effect, can be calculated with 
the help of the well-known dispersion formula of quantum theory where it 
is expressed in terms of the energy states and matrix elements of the 
polarizabilities of the atoms. We assume this calculation as performed 
and write 

a* «= Oo/fc, 

where ao is the polarizability due to a free electron and the atomic 
scattering factor. If we define 

k 


( 1 - 2 ) 
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and denote by the incident intensity, the scattered intensity for 

the transition can be written 


I f{n, w') I®, 


w|iere/(n, n') is the matrix element of/ for this transition and 


/ c® l\®l-fcos®^ 
\mc® rj 2 


{1-3) 


(1.4) 


is the scattering power of a free electron (Thomson factor). 

All these induced emissions correspond to slightly different frequencies 
(o±(o(n,n') and are therefore incoherent. We neglect w(n,w') as small 
compared with the X-ray frequency co; but we take account of the in- 
coherenoy by forming the total intensity 

(1-5) 

n n' 

We describe the quantum state of the vibrating system with the help of 
normal co-ordinates introduced by the linear transformation 






k 


(j=. l,2,...,3iV^), (1.6) 


where ej^ is the vector belonging to the proper frequency (Op normalized in 
such a way that 

S ~ italic^ ^kk*^xv' (1'^) 

k i 

The Hamiltonian becomes 


^ ^ (^'®) 

where is the conjugate momentum to The wave function of the whole 
system is a product of (normalized) wave functions of the oscillator 

tjr{n, i) = f{n^, Q f{n^, ^2)( 1 * 9 ) 


the number of factors being 3iV^ - 6 (for JV > 2); the symbol n replaces the 
set of single quantum numbers Wi, n^y ...» describing the states of the 
independent oscillators. 

Since the ^ are real (Hermitean functions), we have 

f{n,n') =/(n',»); (MO) 

S |/(n.n') I* - Zf{n,n')f*(n',n) = |/ |»(n,»), 


hence 
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the diagonal element of the matrix | / |*, and (1*5) becomes 



ft 

(Ml) 

We introduce the in (1*2) and obtain 



k 

(M2) 

with 


(M3) 

thus 

|/|»= 

(M 4 ) 


kk' 


The intensity (1*11) now becomes 



y = J^C S S At \r(n, 

n kkf J 

(M6) 


Most of the previous papers (quoted in the Introduction) treat this 
integral by developing the exponential function in a power series 

i 

and integrating term by term. The term linear in gy vanishes, the next one 

gives the factors ^ = SJ(n, n) Now since the potential 

energy of the oscillator ~ \kT is finite, becomes very large for small 
This fact prohibits the application of such an approximation method 
to crystals, for the frequencies of the acoustic branch approach zero for 
long waves. It is therefore unavoidable to evaluate the integral correctly, 
and this has been done by Ott; a new derivation is given in the Appendix. 
In order to apply Ott's formula, we write (M6) 

At. n mean 

W i 

where mean(e*A*S) £) d? - S 

ft J n 

according to (A. 11), Hence we obtain 



where 


(M7) 
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The temperature function appearing here (and in the following sections) is 
directly related to the averaged energy of the linear oscillator: 

= = (M8) 

The formula (M6) represents correctly the temperature influence on the 
scattering of molecules. Although this problem is interesting by itself, we 
shall not enter into a discussion here, but proceed to the treatment of 
crystals. One remark only has to be made. The centre of the system must 
be considered as fixed so that zero vibrations (translations) are excluded. 
This is physically evident and necessary in order to avoid infinite terms in 

(M7), as~-^->ooifw->0. 

0 ) 


2. Scattering of X-rays by a crystal lattice 


Let Ej, Eg, Eg be the basis vectors of the lattice, bj, bg, bg those of the 
reciprocal lattice. 

The cell contains several atoms i « 0,1, 2,... with the position vectors 
An arbitrary lattice point has the position vector 

= rjg + ZjEj-f (2*1) 


We consider a piece of the crystal similar in shape to the cell, containing 
71 ? SSI N cells, and use the cyclic boundary conditions (Born 1923). 

Let the second order terms of the potential energy be 


iS s 

fete kTv 


7-r 
kk' 
xy J 




here the coefficients satisfy 


' 1 ' 


'-V 


■ i • 

kk* 

ssz 

k’k 

, S 

kk' 



.yx. 

kl 

.xy. 


( 2 - 2 ) 


(2-3) 


since must vanish for equal displacements of all particles. The equations 
for small vjibrations 

n-n 


w*»nt«ib,+ 


S 

MtVv\ 


kk' 

xy 


= 0 


(2-4) 
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can be solved by the plane waves 

, gWff) 

Ufc=el(3)^f, (2-6) 

ik) = i'l?! + hiz + ?a = 'fi. 'fs int^ers, - i» < < Jn, 

7 t 


if ej[.(§) satisfy the linear equations 


where 




'M" 

xy 

- q - 


= S 


w 

xy 

. q . 

■ 1 ■ 
kk' 


4 'v(q) = 0. 




( 2 . 6 ) 


(2-7) 


The characteristic equation of (2.6) determines the proper frequencies 
(Oj(q). The 4 {q) are normalized according to 

:s 4{q) ■ ^v\q) = S 4^(q) 41(9) = ( 2 - 6 ) 

A! i 

We introduce ccmplex normal co-ordinates by 

{-<5)-SV»>.-;^-e{(j).ut. {2-9) 

Then (2*2) goes over in 

= (2U0) 

in 

The complex variables are not ordinary normal co-ordinates to 
which wave mechanics can be applied. They are not quite independent; 
for as ( 2 < 3 ) and ( 2 - 7 ) show, one has 


'k'k: 


-kk'- 

m 

kk" 

yx 


xy 

«= 

xy 

. q. 


. q. 


-q. 


hence 

and 


4(9)* ' 

1 ,( 9 )* 


4(-9). 

iA-q). 


( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 


In order to obtain real and independent normal co-ordinates, we split ij in 
real and imaginary parts, adding a factor 1/^2: 


1,(9) “ ^{%(9) + »S/(9)}. 


(2.14) 
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From (2*12) one has 

%(-q)=‘VM> Cj{-9) ==-^M)’ ( 2 * 16 ) 

Now we can choose the ^y(g), ^q) arbitrary for just half of the points of the 
total fundamental domain, - tt < ^ w (— ^ \n), for instance 

-n^qi^TT, —n^q^^n, O^gg^TT. ( 2 - 16 ) 

The total number of independent co-ordinates %(?), ^j{q) is then again 
- N for each branch as (2-10) goes over in 

% = ( 2 * 17 ) 

jg )Q 

where the accent at the summation sign means that the sum is to be 
extended over half the g-spaoe, as defined by (2* 16 ). 

The pair of variables i]j(q), ^j(q) is degenerate; but as we are not interested 
in theiMfpioval of this degeneracy by higher approximations, we need not 
pay attention to it and can form the total wave function as a product 

= Tl' 4 >{nj{q),yi,{q))x(^MWq))> ( 2 - 18 ) 

iQ 

where n^{q) and n^iq) are independent quantum numbers and the accent at 
the product has the same meaning as at the sum above in ( 2 * 17 ): restriction 
to half the ^-space ( 2 * 16 ). 

We form now the function/, ( 1 * 2 ), for the crystal; it can be written 


/ = 2 A Ce»'(K -K')r* gi(K^K')^ ( 2 * 19 ) 

or, introducing the normal co-ordinates ( 2 * 9 ) and using the abbreviations 

= (K^ K). ftj, Q 2 — (K K). ftgj Qz (^ ■ ®8> 

. (2,20) 

and (^Q) (2*21) 

/» ( 2 - 22 ) 
k I 

Thus |/j*» ( 2 - 23 ) 

kK O' 




with 


( 2 - 24 ) 
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We have now to replace the complex aormal co-ordinates by the real ones, 
as defined by (2-14). Ab these are only independent for half 
the g'-spaoe, as for instance defined by (2" 16), we must replace the product 
n in (2-23) by fl'- 

9 9 

Now since ^(-q) = we have 

j-j gijr(9) ei<W9)+i^gM =, jj'e«3‘(9)+i^9)l. (2-26) 

9 9 9 


Omitting for the moment the indices J, q and combining k, I into k, we 
write for abbreviation 




(2-26) 


Then + 


hence ^V + C 

with 

and the product (2'26) becomes 

j-j' gi.#*f(9) V e^kkii) {. 


(2-27) 


We can now form the weighted average of the (diagonal) matrix element 
of each factor independently with the help of Ott’s formula (see Appendix). 
If we add the omitted indices, we obtain 

A(9 ) = ^t^. (2-28) 

gy kT 

From (2-27) we get easily 
or, restoring the omitted indices 

-m(g)^(g) cW-'-«>+.Sf’!f%)ifi.(j)e-««-^'-«)]}. (2-29) 
Now this is a real and even function of q. We can therefore extend the 
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product in ( 2 * 28 ) over the whole jr*spaoe if we add a factor ^ in the exponent. 
Hence our product becomes 


where 


Qi 


We replace the summation over q by an integration 

N r+» 

^ sss 

Substituting ( 2 - 28 ), we obtain 
where > 

^ ” * .kA(?) 

io)f{q) 2 


( 2 - 30 ) 

( 2 - 31 ) 


( 2 - 32 ) 


( 2 - 33 ) 


The product ( 2 ' 30 ) becomes 

( 2 - 34 ) 

So we obtain 

s w; I / |*(n,n) = S^fc ( 2 - 35 ) 

n kk' IV 

Now the quantities % can be considered as small; the correct order of 
magnitude will be determined later, and here the remark may suffice that 
as is proportional to A“^, the ^ are j)roportional to and therefore 
small for sufficiently soft X-rays. 

Hence we develop the last factor and obtain for the double sum over 1 , V 


2 (1 + ' 4 -.. ( 2 * 36 ) 

IV 

Now 

( 2 - 37 ) 

where welbknown intensity factor of Laue which for n-*-cc 
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approximates a periodic Dirac function (period 2 n for each Q,). We cdiall 
assume that the crystal is big enough to replace ^niQ) ^(^?)- Then 

ir 

=^NfmiQ)^P{Q)+nH-Q)-^U-Q)]:^^ooth^ 

= iV S ^i(Q) ^P(Q) coth^^. ( 2 - 38 ) 

We write the result ^ «s + ( 2 - 39 ) 

where ^ represents the Laue scattering and the background scattering. 
In we can replace = (K' — K). in the factor of by 27 r/c„; from 
(K' - K). « 2 nK^ there follows K' — K == 27 r 6 ^, where 

is the point in the reciprocal lattice representing the Laue spot k. So we 
obtain 

= y^CN{2n)^S(Q)^Af,Ale-<^^^^i^^> 

kkr 

= ^CiV(27r)» S(Q) S gkOk' cos [2nh ^. (r*- r^.)]. (2-40) 

kk' 

For the background scattering we obtain 

kk" 

= J^ON 'LMk^kkiQ) 008 (s'-s). (Ffc-rfc,)J 

+8i» [x ~ ~ *■*')]) ’ ) 

where 

^fefc'(g) » ^*-*(3) = sm(g)^2/(3)+^r(3)-2’i'(3)}4^coth^^ I 

«’fc*( 3 ) - -«’*<*(?) = t'Sm( 3 ):Sf’J'( 3 )-^r( 3 )^l'( 3 ))^^cothte),| 

( 2 - 42 ) 

“ 2 

3 *“/fce'**. ( 2 - 44 ) 
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The texuperature influences the scattering in two rather difierent ways; it 
changes the atomic structure factor/j. into and it produces a continuous 
background of the Laue spots. 

We introduce now dimensionless quantities. We have 

Let (Oq be the maximum frequency of the vibrational spectrum, and 

Wj{q)=.^, /?/?)= (2-46) 

Then we have 

where is the atomic weight, 6 a numerical constant, and the bracket 
indicates the quadratic form with the coeflicient matrix 

f) = S HM epy{9) + eU(g) 4-y(9)] ■ (2-47) 

Similarly, the coefficient S) is expressed by a quadratic form of 8 — s' 
with coefficients which are obtained from (2*47) in changing the 

+ sign in the bracket into a sign. 

The constant b is given by (w^j mass of the hydrogen atom) 

h2 

if in (2'46) A is measured in A = 10“® cm. From (2*43) we get 

*‘(f) - 

The validity of our calculation depends on the question whether the 
development (2*36) is admissible, and this again on the question whether 
small. (2-46) shows that this is the case if 9 is high (hard 
material), A is large (soft X-rays) and the/(j^ are large (heavy atoms); further¬ 
more if oothlS/TWj(Q)]/Wf(Q) is small. The latter condition excludes the 
immediate neighbourhood of a Laue spot (Q^ ■= 2nK^, w{Q) =» 0) and very 


VoL 179. A. 


6 
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high temperatures (0/T< 1). If these conditions are not satisfied, higher 
terms of the development must be considered. 

We wish here to emphasize the im{K)rtance of the observation of the back¬ 
ground scattering as it depends explicitly on the elastic frequency spectrum 
{ejt(gf), Ci)y(fl')}. All other properties of crystals which depend on temperature, 
as, for instance, specific heat, thermal expansion, etc., are integrals over this 
spectrum and are therefore very little sensitive to the more delicate 
features of it; to this class of quantities belongs also the exponent of the 
modified structure factor. Just as the Laue scattering allows to determine 
the geometry of the lattice, the background scattering supplies in principle 
the means to check the dynamical theory of lattice vibrations. While for the 
integral properties Debye’s approximation is sufficient for all but the most 
accurate measurements, it is useless for the explanation of the backgrotind 
effect; for it consists in replacing the periodic functions 0 )^{q) by the aperiodic 
g, a process by which the most essential feature of the effect, its appearance 
in the neighbourhood of each Lane spot, is destroyed. We have therefore to 
look out for different methods in order to simplify and discuss the general 
formulae. This will be done in the following section. 

Here we add a few remarks about the exponent As it is an integral, 
one can use the Debye approximation for the three acoustical branches. 
Let us consider a cubic lattice and assume that no optical branches exist 
(simple lattice), then the index k can be dropped and j ^ 1,2,3 only. We 
replace the three frequencies 6>j(g) by one mean quantity cq (c mean velocity 
of sound). 

From (2*42) we get 

On account of the cubic symmetry and the normalization (2*8) we have 

I* ^(8'_8)« = -2(1-008#), 


where # is the angle of deflexion. 

Now we replace Ntig/(2w)® by ZNx^dxji^, where 

cK Q ^ ch 




dg 


^ Jo 




x^dz 


N 


then 
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is the number of vibrations in one branch. From (2‘43) we obtain 


(MI) 


where 


1 r* 

1 f jdj 

*Jo c«-r 


cothJgei£ = l+i<P(*). 


^(x) 


(2*62) 


0{x) is the function tabulated by Debye. We have written (2*51) in such a 
form that it can readily be compared with Debye’s formula ( 66 ''), p. 83 of 
his paper quoted above, — ^ coincides completely with Debye’s exponent 
M ; but as the intensity depends on the products of the form factors the 
effect of one kind of particles is given by/* ~ hence our exponent is 

in fact 2M, The absence of this factor 2 is a mistake in Debye’s paper, 
due to a wrong definition of the normal co-ordinates, and was corrected 
by Waller ( 1928 ). The agreement of our result with that of Waller is a 
check on the computations. 


3. Backobound scattering for otTBic Bra VAIS lattices 

We apply our general formulae to the three Bravais types of cubic lattices 
(s simple, / face centred, b body centred). It is well known that there exists 
a cell for each of these which contains one particle only. Hence all sums 
over k can be omitted. For further simplification we replace the three 
branches of elastic vector waves approximately by one scalar wave; then 
the tensor (2-47) has to be replaced by the scalar 


3 to(g) ’ 


(3-1) 

and we have the simplified intensity formula (2-41) 





(3*2) 

with (2'46) 



26(l-oosi»)^,_ 26(1- 008 #) ooth[^tt>(g)] 

©AV ”3@AV w(q) • 

(3-3) 


It is convenient to refer the lattice vectors not to the smallest (rhombic) cell, 
but to the cubic cell given by the vectors 


» (a, 0,0), Ba * (0, a, 0), Bg - (0,0, a). (3-4) 

6 -* 
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An arbitrary lattice point is given by {laj+ltag+lga,, where I,, 1,, 1, are 
in the three cases restricted in the following way: 


8: ij, ^8 integer; 

/: Zj, Za, Z, all even, or one even and two odd; 
b : Zj, Zj, Z 3 all even, or all odd. 


(3-5) 


a is not the distance of next neighbours, except in case a; if this distance is 
called Tq, one has 

a: To = a, /: r„ = a^2, b: = a^3. (3-6) 

The three quantities become rectangular components of the 

vector 

0 = <r{ 8 '- 8 ). <r==.^. (3-7) 


The frequency is a periodic function of the g^, given by, say, 

(o^(q) « - S - - S cos (Zg); (3-8) 

i i 

as <0 must vanish for g^ = 0 (translations), we have 

(3.9) 

i 

and we can therefore write 

w*(8) = 2 2 8in*%\ (3-10) 

We introduce now the last simplification that only the first neighbours 
contribute appreciably to (3*10). Then we have 

= 4<Pi(8m»| + sin* I* + 8in*|) 

a* 2^d3-[0OSg'i + CO8g', + CO8 9'3]}, 

= 4<Pj(sm* + sin* + sin* + sin* - *^— + sin* + sin* -*^— ) 

“ 2<Pi{6 - [oos (g, + g,) + cos (g, 4-gj) + cos (g^ + g,) 

+ 008 (g, - g,) + COS (g* - g^) + oos (g^+ 

- 40y (Bin*’j^|ii? + 8in*~ii±|?il»+8in*?^^ 

= 24>i{4 - [cos (gi + g,+g,) + cos (- g, + g,+g,) + cos (g, - g,+g,) + cos (g^ + g,—g,)]}- 
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These three expressions can be combined into 

w - w\q) « i{l -/(?)}, (ol == 2v0i, (3-11) 

where (Oq is the maximum frequency and v the number of first neighbours; 
we have 

s: /* ^(008 31 + 00852 +cos^ 3 ), 

/: p ^ I2y / - ^(cos 32 COB+ cos 33 cos 3 ^ + cos 3 ^ cos 3 a), ■ (3* 12) 

b: = 8, / = 0O83i COS32 COS33. 

The function {2/3w) ooth {^w) is monotonously decreasing. Hence there 
is a maximum of intensity where w(Q) has a minimum or f{Q) a maximum. 
f{Q) has absolute maxima of magnitude 1 at the Laue spots 

Qa = 27r^« (^a integer). (3-13) 

For a given direction of the incident beam these three conditions can only 
be satisfied for certain positions of the crystal. But if this position is changed 
the intensity distribution ^ will still have maxima given by the maxima 
of f(Q), and it is these which we suggest to represent the extra spots. 

We take the direction of the incident beam as a?-axis, 8 ( 1 , 0 , 0 ), and assume 
the crystal rotating around the y-axis, coinciding with its vector, through 
an angle then 

ai{aoos^, 0,a8in^), a 2 ( 0 ,a, 0 ), ajf-asin^i, O,aco80). (3*14) 

Let g, y, f be the components of s', 

+ 1 ; 

then we have = cr{(^ - 1 ) cosf sin 

Qi = 

Qh ^ o'{-(g-~l)sin0 + {;cos^i} 

If these expressions are substituted in (3*126), one has precisely Bragg’s 
formula mentioned in the Introduction; indeed, the first neighbours in a 
body-centred lattice form a cube. Bragg has shown by numerical calcula¬ 
tions that this function of y, ((being given by (3*16)), which he takes to be 
the intensity itself, has maxima which coincide fairly well with the observed 
spots for KCl. 

We shall not follow this direct but cumbersome way but develop a 
method for describing the position, shape and intensity of the spots by 
analytical development valid in the vicinity of a Laue spot, 


(3*15) 

(3*16) 
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4. BaCKGEOTTND maxima THE VICINITY OF LaUE SFOTS 


A Laue spot is defined by three integers, /Cj, Ag, which determine the 
Qa (3*13). Substituting this in (3-16), one has with (3*16) four equations 
for ^ and ^ which by elementary calculation lead to the following 
solution: 



For these arguments we have 

/,==!, ^,==0. (4-2) 

We now develop or / in a power series with respect to the positions 
relative to the Laue spot 

V-Vk=‘V> = 

The linear terms in this development vanish; for one has, for instance, 


but from (3-12) a: 


K 

ag, 


-isingi. 


/: 0 ~^ “ ~ J g 2 + cos Js). • • •. 

.. 3/ 

5: - —singj cos^g cosgg,... 


(4-4) 


(4.5) 


and these vanish for ga-Qa — 

Hence the development of/ begins with the quadratic terms: 

/= l + i{an7» + 2oijg^+Ojj^-2a^^-26^-c^*} + ..., (4'6) 

wher* «n-(s|.).. »«“ (i),' ) 
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We have to determine the extremum of / as function of ^ for a given 
it is given by the two equations 

d = + + = 0. 

a/ - 

aigV + aggi~6^+... = 0. 


From these we obtain ^ as functions of $5, namely 
®22 “ ^la ^11 “ ^12 


(4.11) 


^11^22 “ ^la ^11 “ ^12 

Since from (4*8) it follows by multiplication with iyo»^o addition that 

«ii7o + 2ai8Vo^o + «22fo-«?Vo-6?S)+— = 0, (4-10) 

the extremal value off is 

/o == l-i(aVo + f>Co + <^^)^+—> ( 4 - 11 ) 

and / can be written in the form 

/ = /o + i Mv -Vor + '2a,g(v - %) - ^o) + «*2(C - ^o)*} + • • • • (4-12) 

We shall perform the calculations with the degree of accuracy of the terms 
written out. We shall verify that we have to do with a maximum which, 
according to (4-9), moves through the Lauc spot = 0) if the crystal is 
rotated. This is exactly what the observations of the extra spots show. 

We have now to calculate the derivatives (4-7). 

Since (df/dqj^ ^ 0, we have 


-s 

ay ' 



/BQA 




1 

[^v L 

[WL’ ■ 

•' j 

1 * s 1 

' .i] 

1 / 

m 1 

m, 


L a/j' 





/ 


But from (4*5) it follows easily that 

where y is constant, different for the three lattices 


(4-14) 


«: r-i /: r = i. 6: r = i. 


.(4-16) 
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Hence {4-13) reduces to 



{^'L\ - 

\dr}dc), ~ ^ I h sf h sc I ’ 


These operations can be easily performed on (3*16). The result is 


«U = -yo-*j 

1 e 


aM = -rcr2( 

'i+^] 

cv 


a - 

®12 7^ ^2 » 

c = y(r*{(^,-l)*+f?}. 


Then by a simple calculation one finds from (4-9) 


% = VkCJ> I 


J -/o) 



(4-16) 


(4-17) 


« 


(4.18) 


(4-19) 


Here the coefficient y has the values (4.15). «?* can be written in the form 


The curves of constant w are ellipses with as centre and the principal 
axes 


J- 3 A ^ 3 I^Z^- 

2na 4 ~ r ’ ^* 2^0 V 'r ’ 


(4.21) 


the minor axis is inclined at an angle 

i/r = tei,n-^CJv, (4-22) 

into the T^-axis, that is, the meridian passing through the Laue spot. 

The displacement of the maximum against the Laue spot can be better 
described by using polar co-ordinates. If we put 

7 *“^* cos a*, g*-p>na„ 


(4.23) 
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we obtain from (4-18) 

% « ipj8in2a,.?, | 

» (/ff.-J/>Jcos2a,)^, /?, = V(l-p;)-l + ip» j 


(4-24) 


If we consider a set of Laue spots on a circle around the incident beam 
{p^ ■> const.), the displacement vector describes also a circle with radius 
and double 'angular velocity', the centre of which is displaced by 
but is extremely small for small(of the 4th order). 

Although the quantities which are the co-ordinates in a plane normal 

to the Laue ray, are the natural variables for this problem, there are other 
quantities used in the literature. One obtains a simple law for the angle x 
between the Laue ray and the extra ray + + + 

As the square sums of these two sets of direction cosines are both equal to 
unity, one obtains 

= -(ig+%*+fS)- 

On the other hand 

cos;^ = = US, + lo)+ +%) + C(C+So) 

= i-i(SS+^S+SS): 

hence ’=lo+Vt + U+ 

Here | has to be expressed in terms of f, where it is sufficient to use the 
first order approximation 

I = + 

Hence A!* “ g (>/» ?o + C + Co 

By introducing here the expressions (4*18) for T/q, one obtains after some 
reduction the simple result 

or with a= COB#, x — (1 = 28in*2?^- (4'26) 


This fomula has been derived by many authors (Fax 6 n 1923 ; Raman and 
Nilakantan 1940 ; Jauncey 1941 ; Preston 1941 ; Lonsdale 1941 ). It is, just 
as our general formulae (4*18), of a purely geometrical character and gives 
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little information about the physical mechanism; it is furthermore in¬ 
complete and has to be supplemented by another formula expressing the 
azimuthal displacement, such as (4*24). The physical assumptions are 
contained in our expression for the intensity of the scattered light. 

The total intensity of a spot is obtained by integrating the expression 
(3*2) over all tj, But one has to remember that this expression (3-2) holds 
only for directions of the scattered beam which are not too near to that of a 
Laue spot. Therefore the following formulae are valid only, if the centre 
of the spot has a certain minimum distance from the Laue spot, or ^ 
on the other hand, our geometrical formulae hold only for small that is 
for ^ < ^4max.- The following formulae hold therefore only in a limited region 
^min. lower limit is given by the condition that the total 

intensity of the extra spot is still smaller than that of the Laue spot, and 
the upper limit by the condition that the relative change of the frequency 
(o(Q) is small. 

The area of an ellipse of constant w is 


4n 


I A — 

\27ra/ y 


f<|; 


hence the total intensity of an extra spot 





where is given by (3-2), (3*3), so that 




rv a26(l -COST?)/ A sinh 0/T 

® 'J 30X2^ y^na) y' ' 6>^^®8inh idwJT' 

with (4*19) 






(4-26) 

(4*27) 


The formula shows the dependence on temperature (which besides from 
explicit appearance is also contained in ~ where ^{T) is approxi¬ 

mately given by (2-51)). The formula shows moreover hqw the total intensity 
of the extra spot depends on wave-length A, atomic weight /f, atomic dis¬ 
tance a, characteristic temperature 0, position of the Laue spot relative 
to the axis of rotation and the angle of rotation 

All these predictions of the theory ought to be compared with the ex- 
})eriment8, apart from the positions of the spot. We have not sufficient 
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material to do this ourselveB, and we hope that the experimentalists will 
do it. 

There is, however, one conspicuous feature of the observations which the 
theory in the present stage of approximation fails to account for, namely, 
the asymmetry of intensity produced by the rotation of the crystal. As our 
formulae are even in and ^ they predict a symmetric behaviour of the 
spots on both sides of the axis of rotation and for rotations on opposite 
directions. Therefore, it is necessary to develop the next approximation 
with resjiect to This and other improvements will be made in a following 
paper. 


Appendix 

We prove the formula of Ott used several times in the text by a method 
which is much simpler as the analytical calculations of Ott himself, namely 
with the help of Dirac’s density matrix. Let ... be any ortho¬ 

gonal normalized complete system of functions; let us denote the Hamil¬ 
tonian of any system by where ho) is a constant energy and Jf 

dimensionless. Then the density matrix is 

p(3.?'IA) = P = (A. 1) 

It satisfies evidently the ‘Bloch equation’ 

I--JO (A. 2) 

and is characterized as that solution for which 

p{i> ?' 10) = S flW) = %-3')- (A. 3) 

n 

Now we consider a linear oscillator with the amplitude put ^ = qyj{hl<o), 
then 

has the eigenvalues n-f The differential equation (A. 2), 
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has the solution (Mehler formula) satisfying (A. 3) 


pM\P) - (A. 5) 

as can be directly verified by forming the derivatives. 

The problem is to determine the thermal average of the function 
where is a constant: 

mean (e^^) = mean == 2 (A. 6) 

n 

where = J* (A. 7) 

being the (real) eigenfunction of the oscillator, Hamiltonian (A. 4), 
and the probability to find the oscillator, in the state n, namely 

-. E„^n+l (A. 8) 

S e-f^« 

n«»0 

Since for eigenfunctions of Jf (A. 1) can be written 

P(2. S'' I /?) » S ^tiq) f„(9). 


we obtain for (A. 6) with (A. 7) and (A. 8) 


where according to (A. 6) 


mean(e^^) = —— . ... , 

j_^p(q.9\fl)dq 


/>(9.9|/?)* 


tanli 

^{27r8inh^)' 


(A. 10) 


Substituting this in (A. 9), one obtains by elementary calculation, 

mean (e<^) = (A. 11) 

This is Ott’s formula which can also be written in terms of the mean oscillator 
energy 

mean (e<^) « e = • (A. 12) 



Effect of thermal vibrations on the scaMering of X-rays 93 


Bsfbbbnobs 

Born» M. 1923 AtonUheorie dea Festen Zuatandea, Teubner, Leipzig. 

Bragg, Sir W. H. 1940 JVtUure, Lond.^ 146, 500. 

Brilioum, L. 1922 Ann, Phya,^ Paria^ 17, 88 . 

Debye, P. 1914 Ann, Phya.^ Paris, 43, 40. 

Ehrenfest, P, 1929 Qedmkbuch fur Kamerlingh Onnea, p. 362, 

Fax 6 n, H. 1923 Z. Phya. 17, 266. 

Frenkel, I. 1931 Phya, Rev, 37, 17. 1276. 

Friedrich, W, 1913 Phya. Z. 14, 1082. 

Jahn, H. A. and Lonsdale, K. 1941 Nature, Lond., 147, 88 , 

James, R. W., Waller, I. and Hortree, D. R. 1928 Proc. Roy, Soc, A, 118, 334. 
Jaunoey, G. E. M. 1941 Nature, Land,, 147, 146. 

Jaimcey, G. E. M. and Harvey, G. G. 1931 Phya, Rev. 37, 1203. 

Lonsdale, K. 1941 Nature, Land., 147, 481. 

Lonsdale, K., Knaggs, I. E. and Smith, H. 1940 Nature, lAmd,, 146, 332. 

Manguin, C. and Laval T. 1939 C,R, Acad. Sd., Parts, 208, 1446, 1512. 

Ott, H. 1935 Ann, Phya., Paris, 23, 169. 

Peierle, R. 1932 Ann, Phya,, Paris, (4) B, p. 906. 

Placzek, G. 1934 Handbuch der Radiologie, vi, 2 , 209, 

Preston, G. D. 1939 Proc, Roy. Soc. A, 172, 116. 

Preston, G. D. 1941 Nature, Lond., 147, 358, 467, 

Raman, Sir 0. V. and Nagendra Nath, N. S. 1940 Proc. Indian Acad. Sci, 12 , 83. 

Raman, Sir C. V, and Nilokantan, P. 1940 a Nature, Lond., 145, 667. 

Ramon, Sir C, V. and Nilakantan, P. 19406 Curr. Sci, 9, 166, 

Raman, Sir 0. V. and Nilakantan, P. 1940 c Proc. Indian Acad, Sci, 11, 879, 389, 398. 

Raman, Sir C. V. €ind Nilakantan, P. 1941 Nature, Lond,, 147, 118. 

Siegel, S. S. and Zaohahasen, W. H. 1940 Phys, Rev, 57, 795. 

Wadlimd, A. P. R. 1938 Phys. Rev, 53, 873. 

Waller, I. 1923 Z, Phys, 17, 398. 

Waller, I. 1928 Z, Phys. 51, 213. 

Waller, I. and James, R. W. 1927 Proc. Hoy. Soc. A, 117, 214. 

Woo, Y. H. 1932 Phys. Rev. 38, I; 41, 21. 

Zaohariasen, W. H. 1940 Phys. Rev. 57, 597. 



The diffuse spots in X-ray crystal photographs 

By Sib William Bbaoo, O.M., F.R.S. 

{Received 20 June 1941) 

[Plat© 29.] 


The results of these experiments and of those in a previous paper 
(Bragg 1941 ) may be summed up in the statement that the positions and 
forms of the diffuse spots, so far as they have been observtHJ, correspond 
closely to the geometry of the true diffraction patterns of the crystal, as 
calculated from first principles. The reverse is partly true: the calculated 
pattern shows places where diffuse spots might have been found and are not, 
hut this does not negative the value of the correspondence that is observcMi. 

The question then arises; Why is it fxjtisible to use the diffraction formula 
to such effect ? The formula would be applicable if there were in the crystal 
a sufficient number of small crystalline groups acting with some indepen¬ 
dence of each other. Any other explanation must describe a condition 
which simulates the effects of small groups so far as these effects have been 
observed. 

The geometry of the pattern of difiFuse spots which is observed under 
certain conditions in X-ray crystal photographs can be derived immediately 
from the fundamental principles of wave interference. I have given 
examples in a previous paper (Bragg 1941 ) in which the calculated patterns 
for sylvine, diamond, and calcite were shown to correspond with observa¬ 
tions within experimental error. In what follows the diamond pattern is 
discussed in greater detail. The photographs used in illustration are due 
to Lonsdale and Smith. 

The method of calculation has been described in the paper already 
referred to, but, as the procedure is so direct, it is convenient to begin 
from first principles in this case also. 

In figure la, ^ represents a corner of the face-centred cube lattice 
of diamond; D\ D'", D'" are the neighbouring cube corners; jB, C, D 
are the middle points of the neighbouring cube faces; and ABCD is 
a regular tetrahedron. The length of AO, the perpendicular from 
A on BCD is 2-053 A, This perpendicular is part of one of the four^ 
trigonal axes. 

The figure represents the disposition of the crystal towards the incident 
ray (CuiCa, A 1-64) in a particular experiment. The point 0 being taken 

[ 94 ] 
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The diffuse spots in X^ray crystal photographs 

aB origin, the axis of « is taken to be the direction of the incident ray, 
pointing upwards in the figure. The axis of x is parallel to BC. The trigonal 
axis AO makes an angle of 2° with the axis of «: in the drawing the angle 
is made somewhat larger in order to avoid confusion of lines. 

The co-ordinates of various points in the lattice of which figure la 
shows a portion can be calculated. For instance, the co-ordinates of A are 
0 *000, 0-072, 2-062, and those of B are 1-267, O-TM, 0-025. The differences 
of co-ordinates are therefore T-257, 0-798, 2-027. 

The direction cosines of the incident ray are 0, 0, 1. Those of the scattered 
rays being taken to be Z, the ray scattered by A gains on the ray 
scattered by J5 by a length equal to h x T-267 + A: x 0-798 4 -(Z— 1) x 2-027. 
This direction can be represented by (A, k) ; and an {h, k) curve can be 
plotted which shows all the values of (h, k) for which the gain or loss is of 
any given amount. 

Thus in figure 1 the curve marked AB gives all the values of (A, k) for 
which there is neither gain nor loss. A may be said to be in zero phase 
with B in respect to this particular direction. The curve marked shows 
those values of (h, k) for which A loses a wave-length on B. In this direction 
A may be said to be in negative primary phase to jB. Various curves of 
this kind are showm; all lie within the circle + A* = 1. 

The AB and AC curves meet at A«« 0, = 0-676. At this point A, B 

and C are all in zero phase with each other and therefore with all other 
points in the plane ABCy and this for all values of A. If the rays are not 
monochromatic, they will generally include one of such a wave-length that 
the curves ADJ., AD% AD^X and AD'^'A for that particular value of A 
will all pass through this same point; unlike the AB or AC or similar 
curves, these curves change jx)sition if A is altered. At this point there is 
a Laue spot because all the scattering points of the crystal are there in 
phase with each other. 

In the region of the diagram close by tliis Laue spot there is an approach 
to uniformity of phase with respect to A = 1-64 A, and a diffuse spot is 
found there. The position of its maximum intensity can be calculated with 
accuracy in some cases at least, e.g. in the sylvine calculations (loc, oit.). 
In this particular case the diffuse spot has horn-like attachments, showm 
in the accompanying photograph (plate 29 a) by Lonsdale and Smith. 
They are found to correspond in position to overlapping portions of AD'X 
and AB curves on the one side and AD^X, AC curves on the other. To 
make this more obvious the values of (A, k) given by figure 1 have been 
used to calculate the relevant portions of the figure that should appear on 
the photographic film. The values of the co-ordinates of various joints are 
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caloulsstted from the equation z »■ Dhll\ y « Dhjl^ where D is the distance 
from crystal to film. The result is shown in figure 16 which is to be com¬ 
pared with the photograph. The centre of the black spot in the photo¬ 
graph corresponds to the point 0 in figure 16. The spot with horns is at 
the top of the photograph. Spots associated with the faces ABD^ and 
ACD are at the bottom oomei's; in figure 16 they are indicated by small 
circles. 


Aiy\ AD*% 



The correspondence is further illustrated by a comparison of the photo¬ 
graphs {plate 29 b, o, n) due to Lonsdale and Smith with the drawings 
of figure 2. In these the effect is due to Fe radiation for which A = 1 *935 A. 
The film is in this case perpendicular to the diffracted ray. Otherwise the 
conditions are the same as those of figure 1. The form of the horns changes 
remarkably when the angle of inoidenoo is carried through a very small 
range which includes the correct angle of incidence for the Fe ray. In the 
photographs the angles of incidence are 28^" 51\ 28"" 3' and 27'" 2r. In the 
first of the series the horns point downwards, but on the other side of the 
characteristic angle their direction is reversed. The accompanying figures 
show corresponding changes in the relative dispositions of the curves. In 
figure 2a the AB and AD'X (or AC and AD^X) curves intersect below the 
Laua spot. In 26 they all meet in the one spot and there is close coin¬ 
cidence for some distance above it. In 2c the coincidence is disappearing. 
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J-fonsdale and 8mith have taken other photograph?? in which the crystal 
is rotated about that trigonal axis which is normal to the plane ABO, The 
angle of incidence remains the same during the rotation, but the pattern 
of Lane spots and diffuse spots changes, becoming of course asymmetric. 
In i>articular the horns disappear, one of them much in advance of the 




<9*27"2I' 



other (plate 29 E). Correspondingly the calculated pattern shows that the 
coincidences of curves which have been associated with the horns dis- 
a]>pear in the same order. In figure 3 it is to be observed that only one of 
the coincidences remains. 

There ore other points of intersection or near intersection in %ure 3 
besides that of the assemblage in the neighbourhood of A 
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as slightly iimoourate, since the 1935 and 1939 measoranents new the 
helium boiling-point are in good agreement. Keesom and Walstra give a 
smoothing function of the form 

B = a-blT 



Figure 2. The upper figure shows three related potentials of form ^4 : = 2*6, 2*8, 

3*0 A and erj ^ 127-4 x erg A®. The lower figure shows the corresponding 
curves for BT^ as a function of 1/T. 

(with a, b equal to 11-07, 367-2 respectively if is in c.o./g.niol.)» and we 
shall accept this as the best empirical representation of B in this region. 
It is shown in figure 1 as the curve KW. 




The low4emperatufe properties of gaseous helium 111 

Before proceeding to a more detailed discuesion of the experimental data 
it ia desirabie to call attention to a few general facte about the theoretical 
results, to illustrate the importance of the potential constants r© and erg. 
The dependence of BT^ upon erj is well shown by figure 1, for if we regard 
the curves in relation to the T scale they correspond to potentials with the 
same but differing er§, neglecting the slight differences which exist in the 
f{<r) functions. At any chosen temperature the values of BT^ for the five 
potentials, when plotted against the corresponding values of give quite 
a smooth curve, suitable for interpolation. Similarly table 4 , m which the 
potentials are given in order of increasing erg, shows that in general the 
viscosity increases with erg as one would expect. 

The effect of varying the constant Tq of the potential whilst keeping erg 
unchanged can be shown by an application of the relations ( 19 ) and ( 20 ) 
which were deduced at the end of the last section. Thus in figure 2 three 
potentials are shown, each having the same value of erg as the potential A 
but with Tq equal to 2 - 6, 2 * 8 and 3*0 respectively; below are the corresponding 
curves for BT^ plotted as a function of 1 /T. The variable IjT has been chosen 
this time to bring out the close relation between the forms of BT^ and the 
potential. We see how in this I'onge of temperature J 5 T* depends almost 
entirely on the magnitude of the attractive potential. Figures 1 and 2 
indicate the difference in the roles played by r^, and erg, for whereas the 
depth of the minimum in J 3 T* is more or less determined by erg, the position 
of the minimum depends mainly on r^. 

Similar families of curves might be drawn for but as the minimum 
is absent the relationship with the potential is not so obvious. 


4. COMPABISON OP THEORETICAL AND EXPERIMENTAL RESULTS 

As mentioned already, only two viscosity measurements come within our 
range of calculation, and these have been given in table 4 . Other measure¬ 
ments have been made at 15 ° K and above, but even the calculation at 15 ° 
would require dj^ to be determined for values of g* at least as far as 100, The 
extent of the data for the second virial coefficient can be seen from figure 1, 
in which are shown the results of four sets of measurements. Of these, two 
fall within our range, namely the three points due to Keesom and Kraak 
(1935), and the five by Keesom and Walstra (1939). The later measurements 
appear to be the more satisfactory, as four of the points lie on a line roughly 
parallel to the theoretical curves, and Keesom and Walstra state that the 
fifth, at 2 - 05 ° K, may be in error by as much as 10 %. To be more precise 
it is only the earlier results at 2*6 and 3 * 1 ° K that one is tempted to regard 
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interpolated at the other points by linear interpolation of Underneath are 
the values of ql corresponding to 2, 3 and 6® K; ql{BM) refers specifically 
to BMt and ql(8) to the other five xK>tentials. Although de Boer and Michels 
did not calculate the viscosity from their potential it was easily done from 
data published in their paper. 

Table 4. Viscosity coeeeicients 
Values of TjT-'i in I0~® c.g.H. units) 



S' 

A 

BM 

S 

B 

C 

exp. 

1-64 

— 

—. 

— 

— 

— 

— 

2*60 

20 

1-64 

1-61 

1 - 6.6 

1*83 

1*92 

214 

(2*80) 

30 

IS7 

1-37 

1'39 

1-62 

1*69 

1-74 

(1-77) 

4-23 

— 

— 


— 

— 

— 

1*46 

60 

114 

M2 

— 

118 

1*26 

1*33 

(1*33) 




qlS) 


g*(max.) 




2-0 

1-44 

1-37 

4*0 





30 

216 

2*06 

4*6 





6-0 

3-00 

3*43 

0*0 




It is necessary to explain the values denoted by g^(max.) in the above 
table. They represent the values of at which the integrand 
in formula (16) has its maximum value; they vary a little of course for the 
different potentials, but the figures given are fairly representative. The i)eak 
in the integrand is well defined, and the function falls off quite steeply on 
either side. It is instructive to make a comparison with the function 
A which forms the integrand in the formula for BT^, This is most 

often a function without a well-defined peak, and its value when q is zero 
is 0 or 1 according to the behaviour of It is, however, possible to define 
a value of at which A begins to fall sharply, either because of the 

exponential or because A is changing rapidly from positive to negative, 
wliich occurs when is about 15 to 20, For instance, when q\ is 3*6 the fall 
occurs when is about 3-0; when ql is 7-2 (about 10® K) there is a well- 
defined peak centred about 3-0. Comparing these with the values of g®(max.) 
in table 4 we see that the range of most effective in determining i;(T), at 
say 2® K, affects B{T) most strongly at a much higher temperature, between 
5 and 10® K or even higher. For this reason the values of if and B at the same 
temperature are far from comparable as regards the influence of the inter¬ 
atomic potential. More could be added on this point, especially on the 
relative contributions of etc., but we hope that its bearing on the 

interpretation of experimental data is clear enough. 
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verging aa q inoreaaea, whereas the steeper barrier associated with S* is 
shown by a more amative value of ^o* As q decreases the differences in the 
n^ative parts of the potentials soon dominate the phase constants. 

From the constants in table 3 were derived the functions J and for 
the various potentials.* A good deal of interpolation among the was 
necessary, particularly as is not a very smooth function, and also some 
extrapolation in estimating the contributions of 6^, higher 

values of q. However, the much more extensive table of phases available 
for 8* was a useful guide in making the extrapolation for the other potentials, 
and the A and Q'^ functions are not likely to be seriously in error, even for 
the highest value of q. The values of BT^ and should be much less 
affected by any error in extrapolation owing to the exponential term in the 
integrands. 

The results of the calculations for the second virial coefficient are shown 
in the lower half of figure 1 , where the full curves represent B as a function 
of jg for the potentials 8\ A, BM, 8 and C, The BM curve is taken from the 
paper of de Boer and Michels ( 19396 ); that for S' has been revised at one or 
two points since it was first given in I and it is now more regular. A tem¬ 
perature scale has been added, based upon the relation ( 12 ) between go and 
T wi^ fo fo 2*946. This is applicable to all the cufves except BM, for 
whi^n fo is equal to 2*874A and therefore the numbers on the T scale should 
be increased in the ratio (2*946)^ :(2*874)*. The BM curve ceases at about 
8, A and C continue to ll^K and 8' to beyond 20 ° K. It must be 
added that the C curve is only approximate, having been estimated by 
comparing the values of A for 8 and (7. 

In calculating JBT*, consideration had to be given to the possible existence 
of discrete states. An indication of this is given by the behaviour of 5^ as 
q tends to zero; the fact that tends to zero for 8, B and C shows the absence 
of any discrete state for these potentials, but for 8' and A it appears to tend 
to TT, which would correspond to one such state when L is zero. In fact, for 
these two potentials an energy level was found, the values of q\ being 0*043 
and 0*003 for 8' and A respectively. For S' the extra term (15) contributes 
about 12 % of BT^ at 1 ° K and 1*3 % at 7° K; the corresponding figures for 
A are 1 % and 0*1 %. It is not certain whether BM has any discrete state, 
but q\ would certainly be so small as to be negligible. 

We turn now to the viscosity. The values of lyT”* at 2 , 3 and 6 °K, as 
calculated for the various potentials, are shown in table 4; also the two 
experimental results of van Itterbeek and Keesom ( 1938 ), with values 

* In order to save space, tables of J and Q'^ have been omitted, but they will be 
made available to anyone who wishes to consmt them. 
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Buokmgham and Sullivan 1938 ). In several cases cheeks w«e obtained by 
usuig both methods, with satisfactory results. 


Table 3. Phase constants 
potentiak 


L 

9 

8' 

A 


B 

a 

0 

0*066 

2797 

3*333 

0*439 

0*355 

0*067 


0*279 

1*910 

1*433 

0*866 

0*683 

0*248 


0*668 

1*330 

0 988 

0*683 

0*580 

0*331 


1116 

0*40 

0*333 

0 149 

0*095 

-0*138 


1-673 

--0*363 

-0*371 

-0*395 

-0*436 

-0*593 


2*789 

-1*37 

(-1-33) 

-1 411 

(-1*46) 

(-1*57) 


3*718 


-2*17 

-2*22 

-2*24 

-2*32 


4*958 

--3*27 

-3*22 

-3-26 

-3*266 

-3*31 


6*135 

-4*36 

-4*16 

-4*17 

-4*18 

-4*21 

2 

0-668 

0*007 

(0*01) 

(0*008) 

(0-008) 

(0*007) 


M16 

0*164 

0 131 

0 110 

0098 

0*071 


1*673 

0-43 

0 439 

0*345 

0 313 

0*216 


2-232 

0*655 

0 563 

0-449 

0*415 

0*283 


2-789 

0 435 

0*435 

0-334 

0*308 

0*185 


3*718 

-0*06 

-0*036 

-0 113 

-0*137 

- 0*333 


4-958 

-0*92 

-0*84 

-0*90 

-0*916 

-0*97 


6-136 

(-.1*76) 

-1*645 

-1*66 

-1*69 

-1*73 

4 

1*673 

001 

0019 

0018 

(0*017) 

0*013 


2*789 

0*199 

0*19 

0-16 

0*135 

0 100 


3*718 

0*41 

0370 

0-313 

(0*28) 

(0*20) 


4-968 

0*26 

0*316 

0-21 

0*196 

0*09 


6-136 

-0*20 

-0*13 

-0*17 

-0*19 

-0*24 

6 

3*718 

0*103 

— 

0*064 

— 

— 


4-968 

0-20 

0*20 

0*18 

0*16 

0*09 


6*136 

0*31 

0*30 

0*27 

0*19 

0*16 


Note, Values in heavy type ware obtained by numerical integration of the wave 
nation; those in ordinary tj^ by mechanical integration. Values in brackets are 
interpolated. 

The phases for 8^ are taken from paper I* The calculations for J3 
and C were considerably simplified by the fact that all four potentials were 
chosen to be identical within the zero of V{t), The functions Fj^ in this 
region are therefore the same for all of them, and need to be evaluated once 
only. As it is a process of trial and error to find the proper function which 
remains finite as the origin is approached, much labour was avoided by this 
device. The outward integration was carried out separately for each poten* 
tiol, usually from the first point of inflexion, at which each function was 
properly joined to the common solution. 

The effect of the common potential barrier is most noticeable in the 
phases when q is equal to 6 * 136. There it is clear that the curves are con- 
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where 


/V Q v ^ |2X(®-)-3i*— L —1 . 

— w=i — 

-(i.+2)(i;+l)cos(i£-<i+,)Bin*t (17) 


is the viscosity cross-section in units of (rjq)^. e is a quantity small 
compared with unity and will be neglected. The sum over L is again for 
even values only. 

These results may be summed up very concisely by stating that 


B(T)T*^F{qliiV)A 

q{T)T-*^G(qlriV),i ' ' 

with the same interpretation on the second variable as in (11). It is now 
clear that when BT^ and have been found as functions of T for one 
potential F, they have in fact been found for a family of such potentials. 
Thus, let us consider another potential F' obtained from F by changing 
^0 to fg and e to e(ro/ro)*, and suppose that at the same time the temperature 
scale is changed to T\ where 


(19) 

As a result = q^ and (rJD^F' «* r§F, and therefore the functions F and 0 
are the same for both potentials. Indeed JBT* for the potential F' is obtained 
from the corresponding function for F merely by a change in the tem¬ 
perature scale, applying the relation 

B(T')(Ty ^ B{T)TK (20) 


Similarly, for These relations are most useful in interpreting the results 
of calculations, and we shall return to them shortly. 


3, Ncmjsbioax, bbstots 

We are now in a position to present the results of the calculations which 
have been made. The first and most arduous stage of the work is the deriva¬ 
tion of the phase constants and table 3 contains those phases which have 
been obtained directly by solution of equation (9) for the potentials 8\ d, 
8, B and G, details of which have already been given. A large proportion 
of the phases were evaluated by numerical integration of the wave equation, 
more particularly those for the smaller q values, and the remainder 
by mechanical integration using a differential analyser (Massey, Wylie, 
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This solution is zero at the origin and behaves asymptotically like 

8 in{g<r-hiJ, 

heing a constant. It is clear from (9) that dx.y besides being a function of 
L, depends upon and the form of rg F(<r); in fact we may write symbolically 

(H) 

remembering that when we are dealing with potentials which all have the 
same form/((r), the second variable reduces to erg. 

The temperature may be introduced most naturally by defining a quan» 
tity such that^ 

gg-(47rWrg/Aa)/cT. (12) 

The quantities BT* and are expressible in terms of l^he con¬ 

stants <Jjr. Thus for the second virial coefficient, on the assumption that 
helium atoms obey Einstein-Bose statistics, we have 

where A - (1/^) S (2i+1)^. (14) 

L 

The sum over L, for these statistics, is restricted to even values of L. This 
formula is complete if no discrete energy states exist, otherwise further 
terms must be added. Thus, if (9) has a proper solution when i> = 0 and 
has the negative proper value — gf—corresponding to a polarization mole¬ 
cule with zero angular momentum—the term to be added to the right-hand 
side of (13) is 

h^N 

Turning to the viscosity, we have 

^ (16) 

* This is equivaient to measuring energies in terms of the temperature unit kT^ 
a natural procedure when dealing with temperature-dependent properties. In the 
formulae which follow, (13) and (16), it would be logical to express the integrals 
with {qjquYf i.e. EjKT as variable. For purposes of computation this is indeed very 
convenient, but one finds that the dependence of B(T) and iii(T) on the potential 
constants is more easily demonstrated when g* is kept as the variable. Incidentally, 
q is To times the parameter k which is more often used. 
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forward by Margenau, and are esaentiaklly theoretical* The earlier one 
was a mo^cation of the Slater-Kirkwood potential which included not 
only an term, as in (2), but also a term in this has been allowed for 
in making an estimate of /?. In M the unusually large value of is partly 
due to the fact that it has been artificially increased to allow for a small 
exponential term, negative in sign, which should otherwise be included. 
It is a coincidence that this agrees with the value given for 8M. The value 
1'39 for c was deduced by Margenau from the observed 8i)eotrum of '/* 
values, modified to give the correct polarizability. The potential HER was 
derived by Hirschfelder, Ewell and Roebuck from the second virial and 
Joule-Thomson coefficients at relatively high temperatures; the classical 
formula for B{T) was used, with an approximate correction for quantum 
effects. For comparison an earlier potential due to Lennard^Jones is 
included, also based upon experimental data for B(T) but for which the 
classical formula was used without correction. 

Although we have carried out detailed calculations for the six potentials 
8t 8\ Bid, A, B,C sufficient for the purpose in hand, it must be emphasized 
that the conclusions arrived at about the values of erj and c are not yet 
satisfactory, because of the inadequacy and lack of self-consistency of the 
experimental data. However, the theoretical results, and the technique 
evolved, will be immediately applicable when further sufficient observations 
of B(T) and 7/(T) are completed. 


2. The roRMiri^s for B(T) and r/(T) 

The method of calculating B{T) and ij(T) has been described in I, and 
therefore we shall merely restate the formulae as briefly as possible in a 
slightly different form more suitable to the present purpose. The wave 
function representing the collision of two helium atoms, each of mass M 
and with relative kinetic energy E, can be reduced to the sum 

= S 0 ), (8) 

L 


where is the finite solution of the equation 


d(T* 



A* 




(9) 


in which V{<r) is the interatomic potential in reduced co-ordinates, and 

(4jr»Jlfr8/A*)i?. (10) 
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An indication of the differences in form between the chosen potentials 
is given in table 2 , which includes some numerical values of —/(o') for the 
three forms (la), ( 2 a) and (3a), for values of cr between 0*7 and 1 * 6 . The 
parameters a, p and a have been chosen so that the forms correspond very 
closely to those of the potentials 8, A and BM respectively. As a matter of 
interest values have been included for the Morse potential, for which 

/(<r)== + 


Table 2. Potential forms : —/(or) 


<r 

{!«) 

(2a) 

(3a) 

Morse 

0*7 

30*6 

40-8 

65-2 

42-2 

0-8 

6*04 

5-29 

6-92 

7-27 

0*9 

-0-301 

-0-274 

-0-224 

-0-071 

1-0 

-1-0 

-1-0 

-1-0 

-1-0 

1‘2 

-0-550 

-0-640 

- 0-668 

-0-463 

1-4 

-0-235 

-0-226 

-0-248 

-0-130 

1-6 

-0-107 

-O-lOl 

-0-116 

-0-036 

a (or s) 

13‘5 

13-5 

12*0 

13-5 

fi. 


0-20 

— 

— 


It is interesting to find that between 1*0 and ()*7 the form (3 a) with 
rises more steeply than either of those with an exponential. The difference 
might hardly show itself in low-temperature calculations, but if the poten¬ 
tial constants were being derived from high temperature data there would 
be a tendency for a difference in form to be compensated for by a small 
difference, perhaps 1 or 2 %, in r 0 . To illustrate the effect of decreasing 
slightly, we find that the BM potential, which contains does not rise 
above 8 until r has reached 2*3 A, or cr is approximately 0*79, and this in 
spite of a value of e 12 % larger. 

In the other direction the form with falls off more slowly than either 
(la) or ( 2 a), and this is a difference which becomes significant at a low 
temperature. It means that if the three forms were associated with the 
same potential constants, the values of B(T) calculated from them would 
be increasingly negative in the order (2), (1), (3), as a consequence of the 
increasing attractive potential. Again such differences could be com¬ 
pensated for by slight changes in the potential constants, as in fact we have 
tried to do above by a slight modification of erg. The Morse potential with 
the same a of course falls off more rapidly than any of the others. 

The opportunity has been taken to include in table 1 the details of several 
other potentials which have been suggested by various authors, but which 
are not used explicitly in these calculations. 8M and M have both been put 



The hw^temperatme properties of gaseous helium 109 

chosen potentUiils as closely as possible over the range of most interest. This 
we do by defining a standard form /•(^r), and fitting each potential ^(a) 
to one having this form by a suitable choice of e* to be associated with 
/*(<r). A simple criterion for e* which seems adequate is that the areas under 
the potentials ^(cr) and €*f*{<r) should be equal between suitable limits 
of say 1-0 and 1*4, which include the most effective part of the attractive 
field. Then if is the same for both potentials, they may be regarded as 
practically equivalent as far as the derivation of low-temperature properties 
is concerned. It will be shown later that this equivalence partially persists 
even when is not the same for the two potentials, provided that a change 
of To for either potential is accompanied by a change of e or e* which keeps 
erj or invariant. 

The result of introducing these ‘equivalent potentials* is that with each 
potential in table 1 is associated a value of e*rl, which may differ from the 
value of erg, and the magnitude of this difference shows how significant is 
the departure of the form of the potential from/^l^r), which provides the 
basis of comparison. Another way of looking at the matter is to say that, 
whereas the values of erg in the table constitute a satisfactory scale by which 
to compare the attractive part of the potentials if the differences in form 
between them can be neglected, the values of e*rg give, as it were, a modified 
scale which compensates for the variations in form. 

It is convenient to take as the standard form/*(cr) that which is common 
to the potentials A, B and (7, with a and J3 equal to 13-54 and 0-193 respec¬ 
tively. The other constants for the potentials equivalent to those we propose 
to use are given on the right of table 1, and it will be seen that the differences 
between erg and e*rg are small compared with the variations among the 
potentials themselves. This shows that the differences in form are certainly 
secondary to the differences existing between the potential constants. 
Further evidence on this point will be given in the last section. 

In addition to e*rg the van der Waals constant c* has been included in 
the table, this being derived using the relation, easily derived from (6), that 

c*/rg « e*rg/0-6358. (7) 

In calculating c* it has been assumed that in all cases r^ has the arbitrary 
value 2-943 A. It should be noted that the values of c or c' given in table 1, 
being the actual coefficients of r^*® regardless of the value of are not 
strictly comparable and therefore not suitable for purposes of interpolation. 
The values of c*, however, based on constant values offi and can be used 
for interpolation, though we prefer to use €*rg, with precisely the same 
results. 
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FiGUjtB 1. (Upjior figure.) Helium potential in reduced oo-ordinatesr <t — r/2‘945. 
The BM potential is modified by changing from 2*874 to 2*946 and e from 14*04 
to 13*37, erl being unchanged. (Lower figure.) Second virial coefficient. Full curves 
represent results calculated from potentials ^own above, assuming Bose-Kinstein 
statistics. Experimental points; x Holborn and Otto ( 1926 ). □ Kijhoff, Hiin and 
Keesom ( 1928 ). 0 Koesom and Kraak ( 1935 ). + Keeeom and Walstra ( 1939 ). 
-Keesom and Walstra’s smoothing function.-Keyes’s smoothing function. 
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all of the form (2 a) beyond the point at which F(r) iu zero, this point being 
the same as in and 8 *; within the zero the continuation of each is assumed 
to be the function S. Thus^l, J5, (7haveeffectively the same values of a and r^j 
as 8 and 3 ^ (the trivial diiferences arise from the slight shift in the minimum 
due to the fi term), but differ in the values of e beyond the zero. /? has been 
fixed somewhat arbitrarily at 0*193; though smaller than some theoretical 
estimates, it probably represents a reasonable average value. This choice 
of potential greatly simplifies the numerical work, and as the departure 
(tom a consistent form occurs only in the repulsive region it is not likely 
that the conclusions from low-temperature calculations wiU be appreciably 
affected. Finally, the potential BM is the one derived by de Boer and Michels 
(1939a) from gas data above 60® K; it is a potential of form (3a) with a equal 
to 12. The potentials 8\ A, BM, 8 and G are depicted, as functions of <r, 
in the upper half of figure 1; B is not shown, but it lies close to 8, though 
slightly above at distances beyond the minimum. 


Table 1. Helictm potentials 
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cm.® 

cm.* 

e*rj 

c* 

-S' 

(1) 
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2*947 

16*34 

142-0 

1-92 

143-9 

1-70 

A 

(2) 

13-54 

0-193 

2-943 

14-69 

127-2 

1-50 

127-2 

1-60 

BM 

(3) 

( 12 ) 


2-874 

14-04 

116-0 

1-58 

119-0 

1-39 

S 

(1) 

13-50 

— 

2-947 

12-68 

109-3 

1-48 

110-8 

1-31 

B 

(2) 

13-64 

0-193 

2-943 

12-24 

1060 

1-25 

100-0 

1-26 

C 

(2) 

13-54 

0-193 

2-943 

9-80 

84-9 

1-00 

84-9 

1-00 

other potentials: 








SM 

(2') 

12-73 

(0-338) 

2-768 

21-20 

162-5 

1-48 



M 

(2) 

12-90 

0-338 

2-806 

19-01 

149-6 

1-39 

160-9 

1-78 

HBR (3) 

( 12 ) 

— 

2-885 

13-19 

109-8 

1-622 

111-3 

1-32 

LJ 

(3) 

( 12 ) 


2-916 

10-12 

80-0 

1-24 

87-1 

1-03 


S 

Slater ( 1928 ). 



HER Hirschfolder, Ewell and Roebuck (1938 a). 


LJ 

Lonnard-Jones ( 1931 ). 


BM de Boer and Michels (1939 a). 



8M 

Margenau ( 1931 ). 


M Margenau ( 1939 ). 





From table 1 it will be seen that these six potentials cover a wide range 
of values of erj, and are at intervals which make interpolation of results 
derived from them quite practicable, assuming that the small differences of 
form have a negligible influence. In order to show that these differences 
are indeed a factor of secondary importance it is helpful to introduce a set 
of potentials which all have the same form, but otherwise represent our 
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accurately»as it can be regarded as introducing a second-order term in the 
van der Waals force. This means that the form function can be considered 
as fixed, to a sufficient degree of approximation, from values of a and fi 
derived fifom theory and experiment in previous investigations* and our 
efforts are then directed to the accurate determination of e and In this 
way the factors in the interaction to which low-temperature phenomena 
are sensitive are separated out. If e and Tq can be determined from low- 
tempOTature data* then observations at high temperatures can be used to 
fix a more precisely. 

In this paper we are concerned only with the low-temperature part of 
this programme. For reasons which will be clearer later it is convenient to 
choose as the two independent constants to be determined, not e and 
but erg and r^. Ideally, the procedure in determining these constants would 
be to calculate B(T) and 7i{T) for a number of suitably chosen potentials, 
all of which have the same form, approximately correct, but differ in the 
values of erg and Vq. Comparison with an adequate range of experimental 
results should then suffice to fix the best values of the constants. It would 
only be necessary, in fact, to make detailed calculations for potentials with 
an arbitrarily fixed value of r^, as results for other values of r^ can be derived 
by dimensional arguments. 

Two modifications of this procedure were found to be necessary to meet 
difficulties introduced by scarcity of experimental data, and the amount of 
work involved in a very thorough investigation. First, although the low- 
temperature data make it possible to pick out very precisely the value of 
erg for the potential giving the best agreement with experiment, it is much 
more difficult to assign close limits to the value of itself. It is necessary 
to fall back on the van der Waals constant c, which satisfies the relation 

c/rg « erg/{l - 6/a-f y?(l - 8/a)}. (6) 

As c is known within fairly close limits from theoretical and other investiga¬ 
tions, it is possible to deduce r^ by means of ( 6 ) once erg is known. It may be 
noted in passing that c does depend somewhat on the form parameters 
a and /?; also that when a, are fixed, c/rg is simply proportional to erg. 
The second point is that, in order to reduce the quantity of numerical work 
required and to make as much use as possible of previous work, the potentials 
used do not exactly satisfy the condition of having the same form. 

The properties of the potentials chosen, six in number, are summarized 
in table 1 . The potential denoted by 8, which is the well-known Slater- 
Kirkwood potential, has the same form as which was used in paper I 
and has a value of e 30 % greater than S. The three potentials A, JB, C are 
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A third expreasion which has often been used is 

F(r) - b'r-*-cW-*, (3) 

where the exponent a is usually put equal to 12. This oan be modified like 
(1) by the addition of another term. 

There is another and more useful way of writing these funotions which is 
baaed upon the position and depth of the potential minimum. Suppose the 
minimum of V{r) occurs when r is equal to rg, and F(rg)i8equalto —e.Then 


if r is expressed in units of rg, 

V{r) -= (4) 

in which <r = rjrQ, and/(cr) is a function of <r which has the following forms 
for the potentials (1), (2) and (3) respectively: 

/((t) =a { — +atr-•}/(a — 6), (1 a) 

f(ar) * j-l(6 + 8/?)e-««'-« + l(l+y?/(T*)jy{l-6/a+Al-8/a)}, (2o) 

/(«r) => (- 6o-*+ 8(r-*)l (a — 6), (3 a) 

in which a = arg and fi = d/crj. (5) 

It will be convenient to refer to / as the ‘form of the potential’, and to the 


constants which occur in / as the ‘form parameters’. By contrast the 
physical quantities rg and e will be called the ‘potential constants’. It will 
be seen that (la) and (3a) both contain one form parameter, respectively 
a and a, whereas (2 a) contains two, viz. a and fi. The formulae show that 
a and a are alike in function, and they are also alike in magnitude; thus as 
mentioned already a is usually put equal to 12, and for most simple non¬ 
polar molecules a certainly lies between 12'5 and 14. As for there is 
evidence that for gases other than helium its value is fairly constant and 
close to 0-150, but for helium itself theoretical calculations suggest a larger 
value, even as large as 0-250. Some typical /(<r) functions are given in 
table 2, which will be discussed later. 

The separation of the interaction into a form function involving two 
parameters a and and scale factors for energy (e) and nuclear separation 
(fg) is especially convenient for our purpose, which is to use the available 
experimental ^ta about the virial coefficient and viscosity of helium gas 
at very low temperature—below 10°K—to obtain information about the 
helium-helium interaction. These low-temperature phenomena are not very 
sensitive to the form of the repulsive part of the interaction, and therefore 
to the value assumed for a. Neither need the value of be specified at all 
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The tipper limit of temperature which has been considered is much less 
than in the previous paper^ being 11 ^ K for the second virial coeffioienti 
denoted by B{T), and 5® K for the viscosity coefficient ^y(T). This was found 
to be adequate to give decisive information about the attractive part of the 
potential, provided that the experimental observations are sufficiently 
numerous. Actually the data at present available are limited to eight 
observations for B(T) between 2 and 4 3° K, and two for i;(T) at 1‘64 and 
4*23° K, though of course results at higher temperature give indirect 
assistance. We should say at once that the virial coefficients lead to con¬ 
clusions in marked contradiction to those indicated by the viscosity 
coefficients, but as the observations are so scanty, especially for the viscosity, 
it is not yet necessary to assume that the theory which has been applied is 
insufficient. The exact position will be made clear later. 

We shall begin by discussing the helium potential, and follow this with 
a brief statement of the formulae used for J5(T) and 7i(T), the results of the 
calculations and an analysis of them. 


1 . The heuum potential and low-tempbbatdre phenomena 

Several ways of representing the interatomic potential by an analytical 
function have been suggested at various times, and one which is particularly 
well known in connexion with helium is that having the form 


V (r) (1) 

Here the negative term has the form indicated theoretically for the leading 
term of the van der Waals energy, and the energy of the short-range 
repulsion is represented empirically by the exponential, r is the distance 
between nuclei. A modification of ( 1 ), which has further advantages and 
forms the basis of the present work, includes the second v>n der Waals 
term; thus 

7(r) = —cr^® —cir“®. (2) 

Theoretical estimates of all the constants o, ft, c and d have been made, and 
we may mention the following: 

a = 4'6 A“^ (Slater 1928 ), 

ft « 770 X UH* erg (Slater 1928 ), 

c 1*37 X 10 "^* erg A® (Baber and Hass 6 1937 ), 

d == 2*4- 3-0 X erg A® (Page 1938 ; Margenau 1939 ). 
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Some earlier calculations of the second virial and viscosity coefBcients of 
gaseous helium have been extended, using as before the exact quantum 
formulae* A brief discussion of the atomic interaction, which is expressed 
in the form 

F(<r)=»e/(<r), 

where <r = rjr^, is the atomic separation when F ia a minimum, and 
/(I) = 1, is followed by the results of the new calculations and their inter¬ 
pretation* Several interactions, with widely varying values of erj, have 
been employed, and inferences about the actual interaction are made by 
interpolating the available experimental data, a method particularly suit¬ 
able for interpreting future results. 'The rosvilts of some calculations by 
de Boor and Michels have been incorporated. It is found that the present 
data for the second virial coefficient, between 2 and 4*3® K, indicate for 
erj a value about 122 x 10~^* erg A*. Though the separate determination of 
and e is not likely to be v^ery precise unless calculations are extended to 
temperatures much beyond the present limit (11® K), the aB8^lmption of a 
probable value for the first van der Waals coefficient leads to the values 

Tq s= 2*93 A, « = 14*2 X erg. 

The influence of possible variations in the function /(<r) are discussed and 
shown to be of secondary importance, and these results ore based on a 
reasonable form for /(<r) with two parameters. 

Compeurisons are also made with two viscosity measurements below 6® K, 
but the inferences from these are not all in agreement with the evidence 
from the equation of state. 

In an earlier paper (Massey and Buckingham 1938, later referred to as I) 
the results were given of some calculations of properties of gaseous helium 
at temperatures below 30 ® K; in particular, the second virial coefficient, 
which de^nes the equation of state at low densities, and the viscosity 
coefficient. The hope was that a comparison of theoretical and experimental 
results might lead to further information about the potential of the helium- 
helium interaction, and as the preliminary investigation showed this to be 
likely, the calou^tions have since been considerably extended. We intend 
in this paper to describe the more recent work, and to discuss its bearing on 
the helium potential. 
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The diffuse spots in X-ray crystal photographs 

former arrangement the local figure is reversed when the crystal is rotated 
about BC through the position of perfect reflexion (Lonsdale and Smith 
1941; Bragg 1941). The curvilinear triangle points in the opposite 
direction, but the spots are still found at the centres of the sides. 


Refbuekoks 

Bragg. Sir W. 1941 Proc\ Roy, Soc. 179, 51, 
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The diffuse spots in X-ray crystal photographs 

There i8 a triple point of intersection of the curves drawn in the figure at 
A =a 0, i « 0-9T5. This does not imply a general agreement in phase of all 
the centres in the crystal, but only that all the centres in any one plane 
parallel to AD'D** are in zero phase with each other. The AD curve must 
pass through the intersection of the AD' and AD** curves because D lies 
in the plane AD'D''. At ± 0 * 58 , h — 0-5o there are Laue points; and 
there are diffuse spots close by. At the diffuse spot A is very nearly in 
negative primary phase with C, !>'' and and not far from being in zero 
phase with B and D. That is to say the conditions are nearly right for 
reflexion of the Cu ray by the set of planes parallel to ABD. 



Fioube 3 

The {h, k) diagram changes in an interesting way if the crystal is rotated 
about BC from the position shown in figure la to that of figure 4 a. The 
reflexions from the cjleavage plane now face the other way. The ellipses in 
figure 4 have changed their positions and the whole diagram has a different 
appearance. Especially the small curvilinear triangle formed by the AB, 
AC and ADA ellipses, now^ at the bottom of the diagram, is crossed by the 
A D% AD"A and A curves in a different way. The coincidences along 
stretches of the curves have disappeared. These last three curves cross the 
sides of the curvilinear triangle at high angles of intersection. 

Correspondingly, it has been found that in this arrangement of the 
experiment there are no honm: there are triangular arrangements of well- 
defined spots (plate 29 f). These are found to agree, within experimental 
eiTor, with the positions of intersection just referred to. Also as in the 
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The low-temperature properties of gaseous helium 

The curve K is another empirical function suggested by Keyes* as a 
suitable representation of all the available data between 2° K and about 
050 ° K. The function chosen for this purpose has the form 

for which it happens that the constants can be conveniently determined by 
a least squares method; the numerical values of a, 6, c are 65 - 98 , 296 * 6 , 124*9 
respectively. The low temperature end of the curve is based mainly on the 
data between 2 and 4 * 3 °K, and in this region the curve lies close to KW. 
Over the chief range of observation, about 60 - 600 ° K, the representation 
is quite good, but in the intermediate range a few points lie some distance 
from Keyes’s curve, notably those in the neighbourhood of 16 ° K. Another 
point at 23 * 2 ° K, due to Nijhoff, is considerably off the line, but it is also 
scarcely compatible with the two measurements near 20° K. How much of 
this discrepancy is due to inflexibility in Keyes’s function and how much to 
experimental error it is hard to determine on such limited evidence, though 
we may note that it is much easier to reconcile the theoretical results with 
K than for instance with a curve passing near the points roundabout 15 ° K. 
Only further experiment will decide whether a preference for Keyes’s 
function on such grounds would be justified. 

This short discussion of the present results of experiment leads at once 
to a comparison with the theoretical curves, and the inferences which can 
be drawn about the constants of the helium potential. From these meagre 
experimental results it is not possible to reach any definite conclusions 
about the values of both e and r^,, but it will be seen below that reliable data 
will determine erg within close limits without necossarily giving much idea 
of the values of the constants separately. Whether low temperature data 
can determine r^, precisely is doubtful, because the flat minimum in the BT^ 
curve does not discriminate very well between different values of r,^. The 
discussion which follows deals mainly with the second virial coefficient, but 
as we rely almost entirely on the K W curve, the conclusions depend upon 
the validity of this curve. Actiially these are not inconsistent with what one 
would expect on other grounds, and with the help of a theoretical value for 
the van der Waals constant c, quite reasonable values of Yq and e are derived. 
However, the measured values of the viscosity coeflBcient suggest quite 
different results. 

In figure 1 the experimental BT^ points are based on the T scale at the 

♦ Wo are indebtesd to Professor Keyes for the details of this function, which at 
tho time of writing have not been published, and one of us (R. A. B.) has also had the 
benefit of discussion with him about it. 
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top of the diagram, and this, as descsribed earlier, is drawn on the sup¬ 
position that is 2-945 A. As we have as yet no reason to prefer one value 
of Tq to another, this choice is clearly quite arbitrary and we may at will 
extend or contract the T scale, with the consequent displacement of the 
experimental points relative to the theoretical curves. Thus, as i® 
portional to rgT, an extension of the T scale would correspond to a larger 
value of Tq and a contraction to a smaller value; in the iSrst case the KW 
curve would be brought closer to BM, in the second to A, We could 
indeed find values of which would bring KW into partial agreement 
with either of these two curves, hut it would not be a very sensible pro¬ 
cedure as it means forcing the observed data to conform to a potential 
with a preconceived value of erg, nor does it give a good fit. It is more 
reas^mable to begin by assuming veuious rg, and finding for each the value 
of erg most likely to accord with KWy by interpolating between the 
potentials S\ A, BM and S, 

The method of interpolation is quite simple. First a series of KW curves 
are plotted as in figure 1 on different temperature scales corresponding to 
the chosen values of r^; then for any suitable value of q% BT^ can be plotted 
against erg (using the data in table 1), and the value of erg ajjpropriate to 
each K W curve read off. Alternatively we may use the ‘ modified erg scale ’ 
by plotting BT^ against e*rg. The values of c* and e*rg derived by inter¬ 
polating on this scale should contain a rough correction for differences 
in/((T). 

The results of following out this procedure are shown in the table below, 
which contains, first, the interpolated values of erg obtained from the actual 
erg values for the potentials involved, and secondly the values of c* and 
erg* derived from the alternative procedure. The values are mean values, 
as each interpolation was repeated for five values of T, viz. 2'65°K, 4-24° K 
and three intermediate temperatures. This is roughly the range on which 
the KW curve is based. As an indication of the amount of variation the 
erg for Tq equal to 2*8 is the mean of five values between 121*6 and 123*8, 
the trend being for erg tp increase as T increases. It will be noticed that as 
Tq rises from 2-7 to 3-0 A the change in erg is really quite small, especially in 
comparison with the diversity of values displayed in table 1; moreover the 
differences between erg and e*rg are slight. On the other hand the rise in c* 
is considerable, mainly because of the rg factor. 


^0 

2*7 

2*8 

2-9 

3*0 

A 

moan int. erg 

126-3 

1230 

12M 

119*6 

10-18 


1-060 

M96 

1*359 

1*538 

erg A* 

ft e ^ 

126-6 

123-7 

122-2 

120*7 

JO-18 ^j.g 
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The position now is that some additional information must be forth¬ 
coming if e and are to be determined separately. An obvious solution of 
the difficulty would be to assume that c* may be given the value 1*39 x 10 
which was found by Margenau for the first van dor Waals coefficient. It is 
indeed unlikely that c* should deviate far from this value, and as a result 
fairly close limits are placed upon r^. The following table shows how the 
potential constants vary if Tq is between 2*90 and 2*90 A: 


^0 

t. r,, 

e* 

c* 

2-90 

122-2 

14-53 

1-359 

2-93 

121-7 

14*18 

1-411 

2-96 

121-3 

13-84 

1-465 


This gives a clear indication that is close to 122 x 10 erg A^, and 
is 2*93 A or slightly less. The corresponding value of 6* is slightly greater 
than for de Boer and Michels's potential. 

It is unfortunate that we have not precise experimental evidence about 
the position and depth of the minimum in BT\ as that would provide a 
direct method of estimating erg. The depth of the minimum, it has already 
been pointed out, depends essentially upon erg, small variations in /(cr) 
being neglected. Moreover the theoreti(jal data is sufficient to allow an 
interpolation similar to that already made at points inside the minimum. 
Whether the position of the minimum can bo found experimentally with 
enough accuracy to do more than oonfirm an estimate of Tq obtained on 
other grounds is rather doubtful. In fact, to fix r„ at ail precisely it is 
probably necessary to consider B{T) at the Boyle point and higher tem¬ 
peratures, unless, as we have done above, one makes use of external evidence 
for the value of c. 

The only guide we have as to the minimum is Keyes s curve, which gives 
- 733 for the minimum value of BT^] from this we should infer by inter¬ 
polation that is about 124*0. Conversely, if is 122*0 the corre¬ 
sponding minimum is -710. This is quite good agreement, but without 
knowing what uncertainty attaches to Keyes's function in this region it is 
difficult to add any other comment. As a further example we may take the 
potential AT, and judging by the values of c* and f:rg it seems unlikely that 
it would lead to a minimum value for BT^ of less than — 850; within the 
minimum the BT^ curve probably lies slightly below that for S\ This 
suggests that the attractive part of the potential is exaggerated. 

It may be unreasonable to expect exact agreement in the values of e*rg 
deduced from BT* at the minimum and from observations at lower tem¬ 
peratures ; for instance it would not be so if the form A which has been adopted 
were seriously in error. We may recall the similarity in the curves for the 
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potential V(r) and for BT^y shown in figure 2. If, as T decreases, the experi¬ 
mental curve for BT^ rises more steeply than the theoretical one which gives 
the correct minimum value, then the fault may be that the form /(cr) does 
not tend to zero rapidly enough. This would show itself in a tendency for 
the interpolated to decrease steadily with decreasing temperature of 
observation. It is doubtful whether the present experimental curve is 
accurate enough for any tendency of this sort to be considered significant. 

This completes the analysis of the results for the second virial coefficient, 
and if the discussion has been rather detailed it is not because any air of 
finality surrounds the numerical results but rather that the procedure is 
one which is easily applied to fresh experimental data as it comes to hand. 
With regard to the viscosity an exactly similar procedure can be followed 
if the data is available, but at present we need only draw attention to the 
fact that the best agreement between theory and experiment appears to be 
given by potential C of table 1. A glance at figure 1 shows that this is hope¬ 
lessly at variance with the evidence from B(T). For consistency the ob- 
setved 7j{T) values should lie between those for potentials A and BM. It 
may be noted that the magnitude of 4 has a considerable influence on the 
calculated 'ri{T) near P K, as in the region wliere <Sq is small or zero the main 
contribution to Q'^ comes from As increases, so does and in con¬ 
sequence ^(T) becomes smaller. 

Between 15 and 30° K good agreement with experiment was obtained 
in I, using the potential S', The position is clearly very unsatisfactory, and 
there is need of furtlier experiments, particularly between 2 and 15° K. 
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The scattering of neutrons by deuterons and the 
nature of nuclear forces 

By R. a. Buckingham, Ph.D.* and H. S. W. Massby, F.R. 8 . 

University College^ London 

{Received 21 March 1941) 

The theory of the scattering of neiitrons by deuterons has been, worked out 
for neutrons with energy in the range 0-11*5 MV. Tt is asstunod that the 
interaction energy of all fundamental particles is the same, and calculations 
have been carried out assuming throe types of such interaction—*-an ordinary 
unsaturated force, an exchange force of Majorana-Heisenberg type, and a 
‘mixed’ exchange force involved all exchange operators. The space- 
dependent part of the intoraction is taken to bo of the form Ae with the 
constants A and a as determined by Present and Rarita from a study of the 
binding energies and collision properties of the light nuclei. To obtain differ¬ 
ential equations for the functions de^iribing the relative motion of neutron 
and deufceron Wlioelor’s method of resonating group structure was employed. 

The resulting integro-differential equatioiis, which include exchange of 
particles as well as exchange forces, wore solved miinoricaily. An exact 
solution of the deuteron internal wave equation for the exponontial inter¬ 
action wm used throughout. 

Results for the total elastic cross-section, calculated with exchange forces, 
agree well with the observed values, but ordinary forces give, for 2 2 MV 
neutrons, a cross-section 1-5 times too Iarg<?. The calculated angular dis¬ 
tribution, in relative co-ordinates, is very much more uniform for exchange 
forces than for ordinary force.s. For 2*2 MV neutrons this difference is so 
marked as to bo easily dtJtectable by experiment, and it is deduced that the 
measurements by Baraohall and Kanner of the angular distribution for such 
neutrons are compatible only with the assumption of exchange forces. It is 
pointed out that the result that ordinary forces lead to a much loss iinifonn 
angular distribution is likely to be a general one, iudopendeiit of the detailed 
accuracy of the theory. 

The experimental investigation of neutron and proton collisions offers at 
first sight the simplest and most direct method of examining the nature of 
nuclear forces. The angular distribution of protons projected by impact of 
neutrons certainly depends very markedly on the nature of the forces 
acting, provided the energy of the neutron is sufficiently large for those 
colliding particles with one quantized unit of relative angular momentum 
to pass sufficiently close to affect each other appreciably. Unfortunately, 
this energy is somewhat larger than that of the only convenient source of 

* Exhibition of 1861 Senior Research Student, 
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neutrons, homogeneous in velocity, at present available. These are the 
neutrons of energy 2*2 MV resulting from the reaction 

A detailed discussion of the elastic collisions of these neutrons with protons 
has been given in a previous paper (Massey and Buckingham 1937 ), and the 
effects specific to the nature of the forces were found to be so small as to be 
almost beyond the limit of experimental detection (Dee and Gilbert 1937 )- 

In view of this it is important to consider the possibility of arriving, from 
other collision experiments, at some more definite decision as to the nature 
of the fundamental nuclear fox'ces. Experiments on the scattering of high- 
energy jirotons (15 MV) in hydrogen would give decisive information, but 
these also are as yet impracticable. The next ty]:>e of collision, in order of 
simplicity, is that of neutrons with deuterons and, from the experimental 
f>oint of view, this has much to recommend it, Hi us, because of its low binding 
energy, a deuteron is a comparatively large structure and neutrons of 
2*2 MV energy, jiossessing one unit of quantized angular momentum relative 
to the centre of mass of the deuteron, pass sufficiently close to its structure 
to interact quite strongly. An angular distribution of projected deuterons 
departing markedly from the form characteristic of collisions in which s 
state interactions are alone involved should therefore easily be observed. 
This is what is required, for the nature of the nuclear forces should be most 
apparent in p-atate interactions, as for neutron*proton collisions. On the 
other hand, it is not jiosaible to develop the theory of noutron-deuteron 
collisions to the same degree of accuracy as that for neutron-proton impacts, 
and some uncertainty must always attach to its predictions. In this paper 
we calculate the angular distributions and effective cross-sections for 
elastic collisions between neutrons of 2*2 MV energy and deuterons at rest, 
with as high degree of accuracy as is possible in dealing with the three-body 
problem. Theoretical values have been obtained using fundamental inter¬ 
actions of ordinary and of exchange types, so the possibility of distinguishing 
between these types by collision experiment can be thoroughly examined. 

The method and a large number of the numerical tables required in the 
calculation can be made use of to deal with the closely similar problem of 
the collisions between protons and deuterons and it is hoped to extend the 
work to this case when circumstances permit. 
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1. THJE PirNBAMBNTAl^ LAWS OF FOBOE 

We assume that the interaction of a neutron and proton ia the same as 
that between two neutrons and can be represented, for particles 1 and 2 , by 

where V{Ti^) is a function of = Itj —taj only, is the Majorana 
operator interchanging the positions but not the spin co-ordinates of the 
two particles and the Heisenberg o^wator interchanging both positions 
and spins, m,hyW and b are pure numbers subject always to the condition 
m -h A -f + 6 = 1 . Further, if a; is the ratio of the magnitude of the interaction 
between particles with opposite and with same spin respectively, we have 

m — h-\’W — b^x, ( 2 ) 

The value of x may be determined from the known energies of the bound 
and virtual states of the deuteron and is usually taken to be 0*6 (Motz 
and Schwinger 1940 ). 

This still leaves two of the constants undefined and we consider three 
special cases in detail: 

I. Ordinary force type : m - 0 , h — 0 , tv = |( 1 4 x), b = J ( 1 ~ ^r). This is an 
unsaturated type of force, a combination of an ordinary force and a spin 
dependent type. The choice of constants agrees witli available ex]>ertmental 
material concerning the deuteron and its validity cannot be precluded by 
arguments based on the necessity for saturation in heavy nuclei until it 
can be shown that multibody forces or other phenomena are not efi'octive 
in this resf>cct. 

II. Majorana^Heiaenberg force: w = 0 , 6 = 0 , m — j^(l +x)j h ^ |(1 —x). 
This is a saturated exchange force of the type originally suggested and is 
the exchange analogue of I. 

III. General interaction : m. A, t*?, h all finite. To fix completely all constants 
they were chosen so that, in the differential equations of relative motion of 
neutron and deuteron, no ordinary force appears. This requires A = 2w, 
m =« 2b, giving 

m ^ 2b — J (1 +3a:), h === 2w ^ j^(l — 3a:). 

It remains to fix the potential function This was chosen to be of 

the form 

F(r) =: (3) 

with a 1-73 x 10 ”"^®cm., A ==* 242me*. 

The constants are those found by Present and Rarita ( 1937 ) to give the 
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best representation of the binding forces of the light nuclei consistent with 
the observed scattering of neutrons and of protons by protons. 

Recent developments of meson field theory (Frohlich, Heitler and Kemmer 
1938 ) have suggested that the best form for V{r) is 

V(r) = 

and the discoveiy of the quadripole moment of the deuteron (Rabi, 
Ramsey and Zacharias 1939 ) has shown that the potential energy cannot 
be regarded as exactly spherically symmetrical. However, the departure 
from this symmetry is not very marked, and its influence on the scattering 
phenomena will probably not be large except at such high energies that 
states with two units of quantized angular momentum become effective. 
We have therefore continued with the forms ( 2 ) and (3) with which the 
work was commeticed before the development of meson theory. 

2 . General theory 

The most suitable method for dealing with the collision problem is that 
of resonating grouj^ structure introduced by Wheeler ( 1937 ) and we follow 
this throughout. 

Two somewhat different modes of treatment may be used, depending on 
whether or not the concept of isotopic spin is introduced to distinguish the 
identity of the particles. If it is employed, an interchange of two particles 
involves an interchange of all three sets of co-ordinates (position, spin and 
i 8 otoj)ic spin), and the complete wave function must be antisymmetric for 
interchange of any two of the three particles concerned. Alternatively the 
two neutrons are treated as particles distinct from the proton, only two sets 
of co-ordinates are involved in an interchange and the complete wave 
function must be antisymmetric in the co-ordinates of the two neutrons only. 
We use both methods and they are not found to produce substantially 
different I'esults. The two cases will now be discussed separately. 

Case (a). Isotopic ,spin included. We distinguish the particles by the 
numbers 1 , 2 , 3. The two spin functions for particle 1 , say, are denoted by 
a(l), P{1) resi>ectively, and the two isotopic spin functions for the same 
particle by a(l), 6 ( 1 ), the first corresponding to the state in which particle I 
is a ])roton, the second to that in which it is a neutron. 

A wave function representing a group structure (in tlie sense used by 
Wheeler ( 1937 )) in which pariicles i, 2 form a deuteron (in its ground state) 
can be written in the form 

m»( 12,3) = $i(T2,3)or(T2,3)/>{a3), 


(4) 
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if we asaume separability of spin and isotopic spin co-ordinates. Here 
3) is a function of position, symmetrical (as indicated by the —) in 
the particles 1, 2, o'(T2,3) is the spin function also symmetrical in the par¬ 
ticles 1, 2, and 3) is the isotopic spin function antisymmetricol with 
regard to the same two particles. Given this, it is now possible to construct 
a properly anti 83 rmmetric complete wave function for the three-particle 
system in the form 

¥^(123) u»(12,3) 4-«;(23,1) + w;(31,2), (5) 

which we adopt as the basis of our theory. It is next necessary to examine 
how the function w is to be determined. 

Since we are dealing with a system in which the two particles bound in 
a deuteron have opposite isotopic spins, we write 

p(f^,3) = 2 l{«(l)6(2)-«(2)fe(l))6(3). (6) 

The total spin quantum number s of the system may be f or ^ according 
as the spin of the third particle is the same or opposite to that of eacli 
particle comprising the deuteron. We therefore have 

o'(T 2, 3) = a(l)a(2)a(3), quartet state, (s » |), (7) 

= a(l)a(2)/?(3), doublet state, (8) 

For 9 ^( 12 ,3) we now make the approximation of supposing the presence of 
the third particle to be ineffective in polarizing the deuteron pair so that we 

may write _ 

94(12,3)-;^(12)F(12, ^3), (9) 

where unperturbed deuteron wave function for the relative 

motion of particles 1 and 2 in the ground state and F(12, - 3) is a function 
of the position of the third particle relative to the centre of mass of the 
other two. 

In this way we are left with one unknown function which may be used to 
describe the scattering. For, if we obtain a solution for F which has the 
asymptotic form of a plane wave of unit amplitude and the corresponding 
scattered wave (in the relative co-ordinates), the square of the amplitude of 
this scattered wave gives the required intensity of elastic scattering. To 
derive the differential equation for F under the assumptions (6), (6) and 
(S)» (^) we proceed as follows. 

The function W must satisfy the wave equation 


[T -h ^^12) -h 1^(23) +1^(31)] ¥" - (E,, + E^) W, 


( 10 ) 



128 


R. A. Buckingham and H. S. W. Massey 

where is the energy of the ground state of the deuteron (— 2*2 MV), 
that of the motion of the incident neutron relative to the deuteron (f of 
that of the neutron in the * laboratory* system in which the deuteron is 
initially at rest), and the functions are of the form (1). T is the operator 
representing the kinetic energy of the motion, that of the centre of mass of 
the wliole system having been separated out. It may be written in the form 

or in either of the two alternative forms differing from (11) only by cyclic 
interchange of the variables. M is here the mass of a neutron or proton, 
and Vfg, Vfg 3 are La])lacian operators in the relative co-ordinates of par¬ 
ticles 1 and 2 and of particle relative to the centre of mass of the other two, 
respectively. 

Substituting the form (5) for performing the exchange operations 
included in the functions 'f", multiplying both sides by 0'{12,3)p(12, 3) 
and summing over the spin and isotopic spin co-ordinates, gives the equa¬ 
tions: 

Doublet: 

[T-Ea-E„+V{]2) + {w- ih) {F( 13) + F(23)}] <4(T5,3) 

= -m){F(13) 9^(23,1)+F(23) 95(13,2)}. (12) 

Quartet: 

[T-E^- E„+ F(12) + (w>+6) F(23) + (M> + 6“W-/t) F( 13)]95(12,3) 

= [T~Ea~E^ + V(2S) + (w + b) V{12) + (w+b-m-h) F(13)]95(23,1) 
+ (m + A) {F(12) - F(23)} 95(51,2). (13) 

For the doublet state it is now a simple matter to derive the differential 
equation for F(12, —3). It is first convenient to introduce a more explicit 
notation for the various co-ordinates. The position vectors to the various 
particles from a fixed origin will be denoted by r,, r*, r,. Then we write 

R = ri-rj, r = i(r,-|-r,)-ra. 

We note also the relations 

r,-rg-r-iR, ti-rj^r + iR, 


r, - i (r* + r,) - ir •+ }R, r* - i(ri -f r,) * Jr - JR. 
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Substituting the form (9) for (j> in (12) and using the faet that 

Wj A’W = EdXiR). (14) 

gives 


Lr67r*3f ~ ) (^'’(1 *• + iRI) + I *• - iR I )}J ^’(r) x{R) 

= (w-P){l''(|r + |R();V(|r-iRj)l’(-Jr-JR) 

+ F(|r-JR))^>(|r + lRj)i’(-Jr + |R)}. ( 16 ) 

Multiplying both sides of (14) by xiE) and integrating over R space gives 
finally 

(V2 + i;*) J(r) = {•2w-h)U(r)F(r) + (2m-h) jQ{r,r')F{r')dr\ ( 16 ) 


where 




U 


3** 

Idn^M 


Jl,YWPF(|r+iR|)rfR, 


1 UttW 

^ = 3/^2 - (|)®a;(«) 1'(<) xO’). 


(17) 

(18) 


M = ll2r'4-r|, t’=|lr' + 2rl, i = §|r-r'l. 

and we have changed the variable of integration from R to r' = - ir- JR. 

A similar integro-diflerential equation may now bo obtained for the 
quartet case but is more complicated owing to the presence of terms involving 
T on the right-hand side of (13). When we carry out the same ojwations as 
those which led to the derivation of (16) from (12) wo obtain, on the right- 
hand side, a term 

Jx(i2)7’;^(|r-iR|)i’(-ir-JR)dR, (19) 

which may be thrown into the same form as the right-hand side of (16) in 
the following way. 


Taking 


T 


( 20 ) 
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then 

Jx(12) 7’;t(23) W - l)dR 

= -^jA;(12){Via;<(23))^’(23, -l)dR 
-|x(12)x(23){V|3., .F(23, - l)dR, 

= *‘^?Jx(12){«^-F(23)}y(23)/’(23. -l)dR 

- J{Vi3,iX(12)x(23))J’(23, -l)rfR, (21) 

where we have transformed the first integral by use of (14) and the second 
by Green’s theorem. 

Changing the variable of integraMon to r\ as in (16), the right-hand 
terms become 

{tf [J| “S” 

Now 

16 4 ^2 
vMa:(w)x(»^)} * -9 A:0’)“-^„i(«A:(«))+9A:(w)^2(*'>:0’)) 

4 . 

9 dn dv uv 
IG/r^ildr 

“ - tx(«) X(«) { - S^?<, + F(v) + 4F(tt)}] 

+^x'(«)a:'(v)~. (23) 

for the functions x satisfy the deuteron wave equation (14). Hence 

Jx(R)r;t(|r-iR|)i’(-ir-|R)dR 

(24) 
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Using this result we find, for the quartet case, 

(V* + fc*) F(r) =^(2w +2b-m-h) U(r) F(t) 

+j\(2m + 2h-w-b) Q{t, r') + P(r, r') + N(r, r')} P(r') dr', 

(25) 

where 


P 

N 


IQn^M 

W 

16 ^M 



[^X(w){l'(«) + U(i))};v{«) + 


A* 


a:'(w) 



, (26) 
(27) 


Case (h). Neutron and proton treated as distinct particles. We now no longer 
include the isotopic spin co-ordinates so, distinguishing the neutrons by the 
numerals 1 and 2, the appropriate wave functions for the two cases are: 

Doublet: 

W =: 12-*[{a( 1) a(2) ;6?(3) + a(l) /?(2) a(3) - 2y^( 1) a(2) a(3)} ^4(23,1) 

~{a(2)a(l)y?(3) + a(2)/?(l)a(3)--2y^(2)a(l)a(3)}^ (28) 

Quartet: 

2~ia(l)«{2)a(3)[<4(23,1)2)]. (29) 

Proceeding exactly as before, we find the following equations: 

Doublet: 

(V* + A*)P(r) = (2w-6 + im-A)f/(r)P(r)+Jj(2m-A + J?^-5)$(r,r') 

- iP(r, r') N(r, r')j P(r')dr'. (30) 

Quartet: 

As for case (a) (26), 

Summary of equations obtained. For each case considered the integro- 
differential equation derived for the function F can be written in the form 

(V» + P) F{v)^aU(r)F(T) 

+ J[/9e(r. r') + r {P(r, r') + A'(r, r') j] P(r') dr’. (31) 

It is convenient to summarize the values taken by a, fi, y for the quartet 
and the two doublet cases (doublet (a) including isotopic spin, doublet (6) 
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treating neutrons and protons as distinct), for the three types of force 
considered. Tiiis is done in table 1 . 


Table J 


nuclear force 
assutiitid 

t otal spin of 
colliding systoins 

a 

p 

y 

I 

quartet 

2 

-1 

1 


doublet (a) 

l+a: 

-i(l-x) 

0 


{(>) 

i{l + 3 a;) 

! 

! 

“4 

If 

quartet 

„ 1 

2 

1 


doublet (a) 


1 + 

0 


if>) 


i(l + 3 a;) 

“J 

in 

quartet 

0 

1 

1 


doublet {a) 

0 

lil + Sx) 

0 


{b) 

0 

1(1 + 9 a:) 

-4 

aa used by 

quartet 

- ix 

1 + IiC 

1 

Wlieolor (1937) 

doublet (h) 

h' 

1(1 

-4 


X is the ratio of the force between two nuclear particles when their spins are 
anti-parallel to that when they are parallel. 

In this table we have also included the values of a, y which arise when 
the interactions between the fundamental particles are tliose assumed by 
Wheeler ( 1937 ). 

It will he noted that the constants satisfy the condition that, if the 
‘ potential' terms 

U{r)F(r), jQ(r,T')F{r’)dr', 

_^Jjp(r,r’)+(|-')jr(r,r')jf(rVr', 

were all eq\iivalent, then all the equations would be the same, 

Oahuhtum of the scattering. To determine the scattering we seek a 
solution of the equation (31) which has the asymptotic form 

Then, distinguishing doublet and quartet cases by indices respectively, 
we have, for the intensity of elastic scattering per unit solid angle about 0 , 

/(«)- (32) 

and for the total elastic cross-section 

Q = f I{0)mi0dd. 


(33) 
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Here 6 is the relative angular oo-ordinate. To obtain the angular distribution 
of projected deuterons in the system of co-ordinates in which tfce deuteron 
is initially at rest (‘laboratory’ system) we write, if & is the angle the 
direction of projection makes with that of the incident neutron, 


J{0) = 4/(20)008 0. 


(34) 


J ( 0 ) is the required distribution function jier unit solid angle in this system. 

To evaluate g^{0), g^{0) we expand the functions F, Q, P, N in harmonics, 
so that 

rF{T) = X;/,(r)P,(ooBd), 


where 


and 


^(r,r') ’ 
jP(r,r') 
N{r,r'), 
9,(r,r') 


I l,{r,r') 

[<,>(r,r') 

2nrr' j Jf^(co8 ^)Bin ('idi> I P(r, r') 

I iV(r, r') 


COS^ : 


r.r 

rr' 


(35) 


We then have, using the orthogonal property of the harmonics, 


(36) 


The right-hand side of this equation vanishes as r ->0 so the asymjitotic 
form of the solution can be written 


/, -- sin (kr - Ptt + 5,). (37) 

It then follows in the usual way (Mott and Massey 1933 ) that 

g{S) = ^S(2i+l)(e«»<-l)i^(co8d). (38) 

The problem is then one of determining the phases by numerical integra¬ 
tion of the equation (36) for the various cases which arise. For our purposes 
it is only necessary to consider the cases with 2 = 0 , 1 as higher order phases 
are negligible except at neutron energies beyond 10 MV. 
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3* NiTMKIUCAI. CALCITLATIONS 

Cakulaiion of poterdial fuTiction and kernels. The functions U, jp/, aU 
involve the solution x of the deuteron wave equation (14). Using the 
function (3) for F, x found in terms of Bessel functions (Massey and 

Mohr 1935 ) and the normalized solution for the ground state is given by 




47r*3fi4o*\‘ 


with n = 0*7084, A and a as in (3). 

This function was tabulated at suitable intervals by using the series ex* 
pansion to calculate the Bessel function at various points and then inter¬ 
polating. Its form is illustrated in figure 1 . For large r 

X - 0*9389r-ie-~«*s^»i2% (40) 

a result made use of in calculating qi, pi, n, for large r, r'. These numerical 
values are given with 10 *'^® cm, as unit of length, and tliis unit will be 
used henceforward. 

To calculate U we now have, using (3) and (17), 


IGn^M 


1 = J r'®{x(^’')}*oxp|-~(r®4’ir'®-rr'«)*|dr'da:, 

* ^ j/Hx(r')}HO(r~ir’)-a{r + ir')}dr', {. 


where 


Q(y) ==; ia). 


Using the tabulated values of x, U was evaluated for various r by numerical 
integration. The resulting function is illustrated in figure 1 . 

The evaluation of the kernels q^; p^, pi, Hq, was also carried out 
by numerical methods. At various suitably chosen points in the r, r' plane 
the integrals (36) were evaluated numerically either by Shovelton’s or 
Gregory’s method. Intermediate values were obtained by interpolation 
along linos in the rr' plane parallel to the main diagonal (through the origin), 
to the r, r' axes and in other directions, care being taken that interpolation 
in different directions gave the same results. Over 760 numerical integra¬ 
tions were necessary to obtain sufficient points adequately to determine the 
kernels but the work was greatly reduced by being made as systematic as 
possible. 
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Contour lines illustrating the magnitudes of the various kernels are given 
in figure 2. It will be seen that of the kernels for I equal to 0, and have 
considerably greater range than qQ, For small values of r, r\ and are 
comparable and Hq much less, whereas for large r, is negligible and pQ 
and n 0 comparable. However, Pq and are always combined with opposite 
signs (equation (36)), and as has the larger factor it is the dominant term 
at large distances, is so small everywhere as to be efi'ectively negligible, 
and the main contribution for small r, r' arises from Pi in those cases when 
a and y are not zero. It will be noted also that, while the diagonal values of 
Pi have the same sign as for certain other values of r, r\ Pi changes sign. 



Fkutke 1. Nonnalisr.o(i doutoron groundHtat(5 wave function. Curve (I), x(r) normalized 
and curve (II) ‘ordinary* potential C’(r), an *“^7“ ^6** cm.*, occurring in 

interaction with a deutoron. 

Solution of the equations. The procedure adopted depended largely on the 
particular case concerned. For ? = 1 methods based on the usual pertur¬ 
bation theory quickly gave the desired results, but for I ^ 0 other methods 
had to be employed so we discuss the different cases seimrately, 

Z = 0. Doublet {a). Mixed excJuinge forces. For this case, which is especially 
simple as a = 0, use was made of an approximate analytical expression for 
the only kernel concerned in the form 

q^ir^r') ^’ (43) 

with // = 6*56, b = 1*25. 
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Using this expression for the equation (36) can be solved to give 

/o = sin (kr + S^) — sin (44) 

where 

cot ^0 ™ {46^(62 + P)* 4- /t{ — +15/>*P + *f k^)}j( 16fc6®//), (46) 

Equation (44) provides at once a very satisfactory approximation to the 
doublet wave function, which can be improved hy a simple iteration process. 
The function/® is inserted in the integral on the right-hand side of (36), 
which then becomes a second order differential equation, soluble by the 
usual numerical methods. Suppose the solution with the same initial 
gradient as/® is/^: a repetition of the process with /^ iti place of/® gives a 
further approximation to the exact solution which is rapidly attained with 
sufficient accuracy after two or three such approximations. For doublet 
equations the final solution invariably lies between /® and /^ and the 
convergence is therefore quite stable. 

In particular this method has been applied when k is equal to 0*075 and 
0*50. A knowledge of the differences between the values of Sq given by (44) 
and those finally obtained for these values of k —differences which do not 
exceed 0*10 radian—makes it easy to apply a rough coneetion to the 
approximate results given by (44) for intermediate values of k. 

Other doublet stales. For all doublet states other than the one just con¬ 
sidered, the equations are complicated either by the presence of a term in 
i/(r)/o(r), or by a kernel W'hich is not uniformly negative or positive. It is 
not then possible to obtain a good ajiproximation by the simple method used 
above. However, when Z = 0 the doublet solutions do not differ very mucli 
among themselves, and it is sufficient to take the solution for tlio doublet 
(a) state, with type III forces, as the basis of an iterative process to find a 
more aticurate solution for any other doublet equation. This presents no 
numerical difficulty. 

In a few cases detailed calculations have been made to derive S^; in 
particular, the doublet (a) phases for tyjie I forces and k equal to 0*076 and 
0*50, and also the doublet (b) 7 )ha 8 e for tyjie III forces and k equal to 
0*20. These phases appear to be slightly larger than the doublet (a) 
for type III forces and the corresponding value of k. 

Quartet state, Mixed> exchange forces. Considerable difficulty was mot 
here at the outset. Because of the and the terms the kernel is not 
uniformly negative as in the doublet equation first considered; it is indeed 
large and negative for small values of r and r\ but later changes sign and 
the positive tail is appreciable out to distances of 8 — 12 x 10 *^^® cm. 


10-7 
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Some preliminary investigations disclosed that the solution differs very 
markedly from those for the corresponding doublet states, which were 
therefore valueless as a first approximation. Moreover, it turns out to be 
largo in the region where the kernel is positive, and the product ^(r,r')/(rO 
thezi has the effect of a repulsive field which is more than sufficient to 
counterbalance any attraction at the shorter distances. An instability 
is thereby introduced which makes solution by iteration difficult and 
slowly convergent. 

An insight into the behaviour of the solution for kernels of this type w as 
obtained by lepresenting the kernel by the approximate form 

—a > y? 

and examining the resulting solution which is expressible in analytical 
terms. If we give to a, values of the order necessary to make the repre¬ 

sentation reasonable, leaving tlie fourth parameter y variable, then tan^^ 
can bo written as 

A'(7-ro)/(y-ri). 

where A^ are new constants depending on h as well as a, yff, /*. The 

change in the phase as y increases from zero is quite remarkable, mainly 
because y^ and y^ are in general very nearly equal. Thus, assuming that 
7o < Jv that, when y is zero or small, is very close to tan~^ an 

angle which in general lies between 0 and 7r/2, if ft is positive. In the other 
limit when y>yi, tan^o is again nearly equal to but is less than its 
initial value by n. This is because Sq must vary continuously as y increases, 
and as y increases to y^, (Jq falls to zero and subsequently takes on negative 
values, the final value being between — and —n. A similar change occurs 
when y()> yi4 but the initial value of Sq is between In and tt, and the final 
between 0 and - Moreover it is clear that when y^ y^ is small compared 
with either y^ or y^, the change from the positive value of tan^ to the 
negative takes place very rapidly, and except in the neighbourhood of y© 
and yj, is close to one or other of the two ‘steady ’ values differing by n. 

Now although in the case of the quartet equation the kernel cannot be 
represented very satisfactorily by an expression as simple as (45), yet it 
appears that, for equations of the type we have been considering, there do 
exist two stable forms of solution which differ in phase approximately 
by n, and which correspond to the doublet and quartet functions. Thus the 
doublet solution has a positive corresponding to a kernel for which y is 
small or zero, whereas the quartet has a negative such as would foUow 
from a kernel with y greater than either y^ or yi. In both instances in which 
the phase has been determined with precision for type III forces, when 
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Jc is 0*2 and 0*5, the difference is very close to tt, as it should be if this 

interpretation is correct. The marked difference in the forms of the two 
solutions for k equal to 0*2 is clearly seen in figure 3. 



distance (cm. x 10 *■*). 

FiOUiiK 3. Functions r/o(r) for radial motion of neutrons of 1*86 MV energy relative 
to deuterons at rest, with zero relative angular momentum and each possibility of 
total spin. Exchange forces of mixed type liave been assumed in deriving the func¬ 
tions, which ore normalized to unit amplitude at inlinity. 

It is now evident that one must proceed from an initial approximation of 
the right type in solving the quartet equation. In general, when faced with 
a keniel of the ‘quartet type’, it is not possible to decide at once whether 
the solution is one with positive or with negative Sq. Not much assistance 
is to be gained by using the analytical solution obtained from (45), because 
the crudity of the approximation to the exact kernel leads to some ambiguity 
in allotting a value to y. This is rather serious if, as in the e^se of our quartet 
equation, the hidicated value of y is in the region of and y^; then a rela¬ 
tively small error of judgment in fixing y may lead to an initial solution with 
quite the wrong characteristics, and the subsequent iteration process Mill 
converge very slowly, if at all. 

Although the details of the methods finally adopted for solving the 
quartet equation Mdll be reserved for a later paper, we shall describe briefly 
one practicable method which was actually used. In this the equation (36) 
is first replaced by 

g+*■/ . J"'{«.+P.+ (I -1) dr'. 


(46) 
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the infinite range of integration being curtailed to one which is finite. If 
is not too large, say of order 4—6, it is possible to solve (46) in the range 
from 0 to Rq by replacing it by a set of finite difference equations, which may 
be solved to five a function p zero at the origin and defined at a number of 
equidistant points up to Rq. Numerical integration of (46) can then be 
applied to extend this function to (> Rq). Next the function /® is used 
as a first approximation in solving the equation 

g+i-y=(«) 

P is introduced into the integral and an iterative process used to determine 
a consistent solution of (47), sayThis is again extended by numerical 
integration to R^, and the process repeated until further increase in the 
upper limit to the integral produces no appreciable change in the solution. 

Provided that i?j, R ^,... are suitably chosen this process gives a steady 
convergence to the exact solution required. If Rq is taken to be not greater 
than about 4 it is apparent from figure 3 that the function P may not be 
very different whether the final solution is one with positive or negative Sq. 
However, when the part of the kernel between Rq and R^ (about 6) is intro¬ 
duced in the course of solving (47), the main modification to p is in the 
region Rq-R^, and this gives the first indication of the final form of the 
solution, according as whether/^ tends to lie above or below/® in this range. 
Further extensions of the range show more and more conclusively which 
tyj.>e of solution is the proper one. Unlike the doublet case the convergence 
is such that the functions/®,/^/®, ... form a sequence which tends to the 
final solution from one side only, and the convergence is in general slower 
than for the doublet. However, as usual in such processes, some experience 
allows the work involved to be much curtailed, since the final solution can 
be anticipated in some degree. 

As already mentioned has been determined precisely for Ic equal to 
0-2 and 0*5, assuming mixed exchange forces. The rough rule which has 
been discovered, that the difference — is nearly equal to tt, enables 
to be estimated with almost equal precision for any other value of k for 
which 8 ^ is known. 

Other (jmrtet states. The method outlined above for the solution of the 
quartet equation in the particular case of mixed exchange forces, is equally 
applicable for other types of force, when terms in U{r) may be present in 
the equation for f{r). One such case lias been worked out in detail, assuming 
ordinary forces (type I) and k equal to 0*2, and the value of 8 ^^ though still 
negative, is somewhat smaller in magnitude than the corresponding phase 
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assuming mixed exchange forces. It seems reasonable to assume the 
difference between and for other tyjies of force does not defiart very 
far from tt, hence rough estimates of for other values of k can be made 
as before. 

Z = 1 . Forces of type IIL These are characterized by having a =« 0 : the 
initial approximation for /j used to calculate the kernels on the right-hand 
side of (36) was then the plane wave 


y’J = cos kr 


sin kr 


The a|)proximate value of say is then given by 

jJ/S(r)[A</,+r|^>i + (^-®)«ij]/S(r')rfrdr'. 

It was verified by accurate solution of the equations by iteration, carried 
out for k 0*2 and 0*5, that the value of iy is itself quite a good approxima¬ 
tion and this was used to obtain results for other cases. 

Forces of type /, Here the initial approximation f\ used for/j is the proper 
solution of the ec|uation 

Normalizing this solution to have the asymptotic form 

/y-sin (It- jTT-f <^5), 
the first a])proximation to is given by 

Accurate solution of tiie equations by iteration fur k ^ 0-2 and k = 0*5 
showed that this is a good initial a})f)roximation capable of use for other 
cases. 

Forces of type 11. For the quartet cases these offered a more difficult 
problem but the case k - 0-2 was solved by a trial and error procedure. 
The doublet states can be dealt with in the same way as for type I forces. 

Numerical values of the phases. In table 2 the values of and are given 
for several values of k and several ty|)es of force, including ordinary forces 
(type 1), Majorana-Heisetiberg exchange forces (type ll), mixed exchange 
forces (type III), and the forces assumed by Wheeler ( 1937 ). In the table 
the values obtained by exact numerical solution of the differential equations, 
as described in the present section, are in heavy type. Those phases 
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derived by use of the i>ertuj*bation methods described in the same section, 
which were found to 5 deld results in agreement with the more accurate 
methods when both were tried, are indicated by enclosing brackets. The 
remaining Sq phases, In ordinary type, have been estimated by noting certain 
regularities of behaviour between the phases accurately calculated and 
relating these with expectations based on the approximate kernel (43). 
Of these the principal one, to which attention has already been drawn, is 
the close proximity of the difference — to n. Use can also be made of 
the fact that is slightly greater for the doublet (b) state than for the 
doublet (a), and slightly greater for ordinary forces than for exchange forces. 


Tablk 2. Phases in scatteking of nktttrons by deitteroks 



. type of 


II 

III 



total forces 

I 

(M-H 

(‘mixed ^ 


k 

spin 

(ordinary) 

exchange) 

exchange) 

Wheeler 

0-076 

quartet 

— 

-0-30 

-0-390 

— 


doublet (o) 

2-79 

2-78 

2-782 

— 

0-20 

qiinrtot 

- 0-750 

-0-92 

- 0-922 

-0-02 



0-57 

0 17 

0 25 

0-24 


doublet (a) (5fo 

2-32 

2-27 

2-273 

2-27 


<^1 

0-16 

(0-00) 

(0-00) 

(0*00) 


doublet (6) <5^, 

2-4 

2-36 

2 36 

2-36 



(-0-01) 

(-0-10) 

(-0-11) 

(-0-09) 

0-40 

ipjartet 

-1-38 

-1-61 

-1-61 

-1-61 


-Si 

(1-05) 


(0-64) 

(0-60) 


doublet (a) 

1-70 

1-60 

1-606 

1-60 



0 73 

-0 03 

(0-00) 

— 


doublet (6) 

1-8 

1-72 

1-72 

1-72 


<51 

(0-43) 

(-0-21) 

(-0-27) 

(-0*14) 

0-60 

quartet 

-1-03 

- 1-88 

- 1-879 

-1-88 



1-22 

— 

045 

(0-39) 


doublet (a) 

1-46 

1-34 

1 337 

1-34 



0-92 

- 0-05 

0-02 

— 


doublet (6) 

1-58 

1-46 

1-46 

1-46 



(0-50) 

(- 018 ) 

(-0-23) 

(-0-07) 


All i)hasea in }iea\'y type have been obtained by precise iiiethods of integratiiig 
the differential eipiations. The phases in brackets wore derived by jjortmbation 
methods. For type ITI forces the doublet (a) for k equal to 0*2 and 0-4 were 
derived from the analytical approximation (45), with correction for the error in the 
kernel; all other in ordinary type have betm estimated by empirical rules relating 
the phases for different staters and different types of force. 

t Note added in^proof, 11 Atigmt 1941. Since these results were obtained, the 
accuracy of the numerical evaluation of the kernels has been increased in the course 
of an extension of the work to proton-deuteron collisions. As a result it appears 
that the quartet dft , Si phases as given in table 2 are slightly too vsmall in absolute 
magiiitudc. The difl’emnces are unimportant, particularly for the lower energies. 
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No detailed calculations of for exchange forces of type II, or those 
assumed by Wheeler, have been made, but it is probable that they are nearly 
the same as for the other forces. In fact it has been assumed throughout 
that the phases are the same as for the mixed exchange forces. A rough 
check has been carried out for k ^ (^2 by using for the kernels the values 
they have for the type III forces, and then carrying out the integration of 
the differential equation with the constants a, (i, y appropriate to a ty})e II 
force. It was found that the resulting solution is not very different from that 
for the type III force, so partially confirming our assumption. 


4. (Comparison with experiment 

Angular distribution. It will be noticed immediately that for all neutrons 
in the wide energy range considered (0*25 to 11 *5MV), the phases cal¬ 
culated on the assumption of exchange forces, of either type, are much 
smaller than the corresponding ones for ordinary forces. Also the quartet 
Si phases, which have the same sign for all types of force, are generally 
larger than the corresponding doublet phases. As the phases are practically 
indej)endent of the type of force assumed it follows that the general fonn 
of the angular distribution can be expected to be rather similar for all types 
of force, but to exhibit a much wider variation for ordinary forces. This is 
clearly revealed in the angular distributions calculated for neutrons of 
1*85 MV (ifc = 0 * 2 ) and 11 *5MV (k — 0-5) energy, assuming the three types 
of force, and illustrated in figure 4. 

At the lower energy, backward scattering ( 6 ^ >90°) is stronger than 
forward but the reverse is true at the liigher energy. The transition from 
one kind of distribution to the other occurs at the energy such that 
passes through the value — and for which is very close to Jtt as 

The general conclusion that exchange forces lead to more uniform 
scattering is independent of the inclusion or otherwise of isotopic spin (thus 
differences between doublet (a) and doublet (b) do not appreciably affect 
the weighted mean cross-section), and of the ty{>e of exchange force assumed. 
It is therefore probable that an experimental investigation of the scattered 
intensity at neutron energies of 2 MV or higher would provide very valuable 
evidence about the nature of nuclear forces. At present the only evidence 
of this kind is given by the preliminary experiments of Kruger, Shoupp, 
Watson and Stallmann ( 1938 ) and the recent investigations of Barschall 
and Kanner ( 1940 ), all using D-D neutrons. The results obtained by the 
two groups of workers do not agree, as Barschall and Kanner find that the 
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angular distribution (in relative co-ordinates) is nearly uniform over the 
angular range investigated (70-120*^), but the other workers find a distribu¬ 
tion far from uniform. 



Fuiuhe 4. Calculated angular diatributiona (in relative co-ordinat<5s) for coilisionB 
of noutronR with deutorons. assuming various types of nuclear force; curves I, 
ordinary forces; curves H, Majorana*Heisenberg exchange forces; curves UI, mixed 
exchange forces; a, calculated assuming isotopic spitis; 6, treating neutron and 
proton as distinct; +, observed points obtained by Kruger and others (1938)* 
adjusted to agree at 90^’ with III. Upper curves: k = 0*5, neutron energy = ll-S MV. 
Lower curves: k 0-2, neutron energy 1-86 MV. 

Referring to figure 4 we see that, assuming the more recent work, that 
of Barsohall and Kanner, to be correct, there is strong evidence in favour 
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of the reality of exchange forces. Thus both types of forces II and III give 
only a small variation in scattered intensity over the 70“ 120 ® range, whereas 
ordinary forces give an extreme variation of at least 2:1 in this range. On 
the other hand the results of Kruger, Shoupp, Watson and Stallmann 
included in figure 4 also, do not agree with any of the calculate distributions. 
In view of this unsatisfactory position it is very desirable that further 
experimental-results be obtained. 



energy of incident neutron in MV (laboratory system) 

Fiuuke 5. Calculated total elastic cross-sections for collisioas of neutrons with 
deuterons. la, assuming ordinary forces and isotopic spins; It, assuming ordinary 
forces, but different identities for neutron and proton; III, assuming mixed exchange 
forces, with or without introducing isotopic spin. observed cross-sections with 
range of exjwimental error (Aoki 1939). At neutron energies below 1-85 MV the 
shape of the curves 1 has not boon determined, but must tend to near eq\iality with 
in at the zero energy limit. 

Total elastic cross-sectimi. The total cross-sections Q^y calculated by 
substitution of the phases given in table 2 into the formula (38), are illus¬ 
trated in figure 5 as functions of the neutron energy. At low energies, to 
the accuracy of our calculations, there is little difiFerence between the values 
derived from the various types offeree, as in this range alone is important. 
At liigher energies, when becomes appreciable, the cross-section cal¬ 
culated on the assumption of ordinary forces is larger than those derived 
from exchange forces owing to the more rapid rise of in the former case. 
As we have not calculated for type I forces for neutron energies below 
1'85MV the shape of the cross-section curve for this case is not known for 
such energies. However, as it tends to near equality with the corresponding 
curve for exchange forces as A -> 0 , it is highly probable that it must exliibit 
a maximum at some energy between 0 and 1-85 MV. 

On the scale of figure 5 the difference between the curves for forces of 
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type III, calculated with and without the assumption of isotopic spin, is 
inappreciable. For forces of type II the cross-section, at energies beyond 
1 MV or so, is loss than for forces of type III but, as we have not calculated 

phases for it « 0*4 and Jc — 0-5 for this case, it is not possible to include 
an appropriate ouiwe in figure 5. However, for neutrons of energy 1 ' 86 MV 
we find that forces of type II give a cross-section of 2-105 x 10 *“^ cm.® 
(assuming isotopic spin) and of 2*07 x 10“®^ cm.® (assuming separate identity 
for neutron and proton). 

For D-D neutrons, has recently been measured by Aoki ( 1939 ): by 
using neutrons emitted in various directions relative to the deuterons 
incident in the D-D reaction he obtained values of for neutrons of three 
different energies, 2 - 1 , 2-4 and 2-8 MV. His results, included in figure 5, 
agree very well with the values calculated for exchange forces, but are 
considerably smaller than those calculated assuming ordinary forces of 
type I. Again we have evidence tending to favour exchange forces. 

The most recent observed value of (jfo thermal neutrons is that of 
Carroll and Dunning (unpublished hut quoted by Motz and Schwinger 
1940 ), who find Qq to be 5-7 x 10“®* cm.®, without allowance for the effect 
of molecular binding. As allowance for this requires the inclusion of a 
reduction factor of between 1*5 and 2-0, there appears to be good agreement 
with the value of 3-3 x 10-“®* cm.® which is obtained by a short extrapolation 
of our results to zero energy and which is independent of the nature of the 
forces (see also figure 6 ). 



t^netgy of incident neutron in MV (laboratory system) 

Ficukk 6. CJaloulated zero order elastic cross-sections for collisions of neutrons with 
deuterons assuming mixed exchange forces with different ranges. with range 
l*73x 10”'® cm.; II, with range 2-16x 10"*® cm.; Ill, with range 3*24x 10”^® cm.; 
Ij, tlie first order cross-section, assuming a range of 1-73 x 10"*® cm. Observed low 
velocity limit of lies between points A and li. 
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Variation of range of fundamental interaction. The effect of an alteration 
of the range a of the fundamental interaction (3) on the total cross-section 
^0 be approximately determined os follows. If the deuteron wave func¬ 
tion X can be easily calculated for a particular value of a it is not difficult 
to find the quantities //., a which make the approximate kernel (43) a good 
representation of the actual gp kernel for this case. All that is necessary is 
to use X to calculate by numerical integration a few of the diagonal elements 
of the kernel matrix, and then to adjust /i and a to give the best fit at those 
points. By using (45) a good approximation to the phase may quickly 
be obtained, and it is reasonable to expect that will again be nearly 
equal to The derivation of Q^y when is small, follows at once. 

Further simplification is introduced by choosing values of a for wliioh 
( 47 rW/a% 2 )* is I and f, for then, in accordance with (39), x obtained 

quickly from tables of (x) and J| (^) respectively. 

In this way we have found the following values of //, a for these values 
of a, in addition to 1*73: 


(4n*Mla*h*)i 

a 


a 

0-40 

1-73 

^6-66 

1*25 

O-SO 

2-162 

--3*225 

1 05 

0-75 

3‘244 

-0*90 

0*76 


The exosB-sections Qq derived from these constants for the increased values 
of a are illustrated in figure 6 . At the lower neutron energies (< 1*5 MV) 
the total elastic cross-section is effectively equal to the zero order cross- 
section and in this range the cross-section is greater the greater the 
interaction range a. It will be seen that the low velocity limit of the cross- 
section for the range 1*73 x 10“^^ cm., used in our detailed calculation, falls 
within the limits obtained in the recent experiments quoted by Motz and 
Schwinger ( 1940 ). The experimental uncertainty is due to the correction for 
molecular binding being known only to he between 1*5 and 2*0. The other 
ranges appear to give too large values at the low velocity limit. 

At the higher energies the order of the Ql for difi'ei ent a changes over, but 
in this region Ql, the contribution from becomes important, as will be 
seen from figure 6 . Since Ql at its maximum is certainly of the same order 
as tt^, its effect may well be to preserve the same order in the Qf& at high 
energies as at low. 

6. COMPABISOK WITH PREVIOUS THEORETICAL RESULTS 

Although no estimates of di phases for neutron-deuteron collisions have 
been published previously, a number of calculations of zero order phases 
have been carried out under various assumptions. 
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Schiff ( 1937 ) used an approximate method to calculate the low velocity 
limit of the cross-section assuming forces of type II and for the particle 
interaction: 

V(r) = 2e (48) 

with 36MV for A, 2^69 x 10 "^^ cm. for a, and for x (in ( 2 )) the value 0*4. 
He used an exponential approximation for;^'(r) and found to be (Ml x 10 “®^ 
cm.®, which is 2-3 times too big. As it is difficult to estimate the accuracy 
of his approximation owing to the use of a co-ordinate system unusual in 
collision problems, it is likely that much of the discrepancy can be traced 
to the inaccuracy of tlie method used. 

Ocliiai ( 1937 ) used a method somewhat similar to that of Schiff' but 
embodying the relative co-ordinate system ‘natural ’ for collision j)roblem 8 ; 
he also assumed forces of type II but with 

V(r) = Ae(49) 

and30*3MV fori4, 2-69x 10^^®cm. fora, 0*58 fora:. Using a similar approxi¬ 
mation for he evaluated and for neutrons of 0 , 0’5and 1 -OMV energy, 
and the values he gives for 6^ agree very well with ours. Thus for these 
energies lie finds that is equal to 4*14/:, 0*420 and 0*576 respectively, 

whereas our results are approximately 4*4Ar, 0*481 and 0 * 66 . For he 
obtains phases greater than ours by n, i,e. his 8^^ and 8^ are nearly equal, 
whereas our 8^^ jihasos are greater than the by about n. This difference 
has no effect on the scattered amplitudes. 

Fliigge ( 1938 ) derived the equations ( 12 ), (13) and carried out numerical 
calculations of 8^^ He assumed an exchange force of type III with x equal 
to 0*5, and a function T'^(r) of the same form as did Ochiai, hut with 28* I M V 
for A and 2*81 x 10 ^ cm. for a. Representing x approximately by a func¬ 
tion also of the form (49) he solved the equation (12) by an ingenious method. 
His Jesuits for 8^^ agree very closely with ours; thus for neutrons of 2*1 MV 
energy he obtains 8^^ equal to 2*1 radians, which is to be compared with our 
result of 2*22 for the same energy. For some reason Fliigge erroneously 
assumed that quartet zero order scattering is forbidden by the Pauli 
Principle and made no attempt to determine 8^. 

Finally, Motz and Schwinger ( 1940 ) have calculated the low energy limit 
of Qq for exchange forces of types II and III. They have taken V(r) to be of 
the form (49), with 36MV for A and 2*24 x 10 “ ^® cm. for a; for the II 
forces the quantity x has the value 0 * 6 , but for tyj)e 111 they assume that 
m ^ h ^ - 1-78, 6 = — 1*35 and tv « 2 * 00 , Motz and Schwinger set up 
equations to calculate the scattering by a method which introduces exchange 
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effects in a different way to the method of resonating group structure, and 
they obtain equations for the functions F^(r), F^(r) which diffei- from ours 
in the omission of the terms involving the kernel N and also the contribution 
to the kernel P arising from For the type 11 forces they find a limiting 
cross-section of 4»57 x 10"*^ cm.* and, for type 111, 6*91 x cm.®, both 
these values being considerably larger than that observed (see figure 6 ). 

It is important to decide how far our theoretical results are reliable in 
view of the complexity of the problem. The omission of the kemel N as 
made by Motz and Schwinger does not seem justified, as has l)een remarked 
by Wheeler { 1937 ), and any method based on the variation principle cer¬ 
tainly in chides it. The kernel N and tlie terms in P containing x' arise from 
the nec^essity for satisfying certain orthogonality conditions which are not 
satisfied in a method such as that used by Motz and Schwinger. A similar 
situation arises in the theory of electron scattering with inclusion of ex¬ 
change, as first ])ointed out by Feenberg ( 1932 ) and discussed by Mott and 
Massey ( 1933 , p. 153). It is of interest, however, to examine how the 
phases would be modified if Motz and Schwinger’s equations were assumed. 
We may do this by using in ])lace of our kernel P the kernel 

the numeri(^al values of which can be derived from our (calculations of F by 
omitting the terms involving x'. The general effect of this, together with 
the omission of tlie kernel Ny is to change the sign of the contribution of the 
exchange forces to (J,. Moreover the contributions from P' are usually greater 
in absolute magnitude than those from P + {E^JE^f~~5j'S)N, It appears 
from an approximate numerical int(?gration that the phases for ordinary 
forces remain considerably larger in absolute magnitude than the corre¬ 
sponding ones for exchange forces, though in all cases, apart from doublet (a), 
the phases are changed in sign. As the absolute sizes of the various phases 
appear to be practically the same as for our calculations it follows that Motz 
and Schwinger’s equations would lead to the same general conclusions as 
those used in our investigation, but the derivcjd angular distributions would 
be the approximate mirror images of those we have found. This assumes 
that to the first approximation the phases given by the Motz-Schwinger 
equations will differ only by the addition of n to our 8 ^ phases, a result 
which follows from the discussitm in § 2. However, the numerical results 
given by Motz and Schwinger for the low velocity limit of do not agree 
with this, and, until it can be decided whether the discrepancy is due to the 
interaction iT assumed by them, it must remain uncertain how far the 8 ^ 
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phases will be modified by the omission of N and the substitution of P' 
for P, It remains true, however, that the angular distributions on the 
assumption of ordinary forces will show more variation than those derived 
from exchange forces, whatever their detailed shape. 

A possible source of inaccuracy in our calculations, as in the work of aU 
other authors on the subject, arises from the neglect of the polarization of 
the deuteron by the inciident neutron. It is difficult to estimate the effect 
of this, althougli Ochiai ( 1937 ) has obtained some evidence that, at least 
for the ^0 phases, it is unimy)ortant. The fact that we obtain good agreement 
with observed total elastic cross-sections over the range from 0 to 2 MV 
seems to confirm this. 

The agreement of our results with those of Ochiai and Fliiggo, where they 
ore comparable, suggests that the 8 q phases are not very sensitive to the 
shape assumed for the potential function F(r), but this is less likely to be 
tnie for the di phases. The general differences between ordinary and exchange 
forces will probably })ersi 8 t, however. It is clear that more experimental 
infonnation is urgently required as there is some prospect of deciding at 
the same time the validity of our theory and the reality of exchange forces. 

We are indebted to the Government Grant Committee of the Royal 
Society for receipt of a grant which enabled us to employ the very skilled 
professional services of the Scientific Computing Service to carry out many 
of the complex arithmetical operations involved in solving the integro- 
differential equations for the quartet functions. It is a pleasure to acknow¬ 
ledge the special interest, far in excess of professional requirements, which 
Dr Comrie and Dr Hartley of the S.C.S, have taken in the work. Finally, 
one of us (R.A.B.) wishes to thank the Royal Commissioners of the Ex¬ 
hibition of 1851 for the award of a Senior Studentship during the period in 
which these calculations were carried out. 
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The behaviour of visual purple at low temperature 

By E. E. Broda and C. F. Goodkvis, F.R.S. 

The Sir W, Rantsay and Ralph Forster Laboratories of Chemistry, 
University Colleye, London 

{Received 21 April 1941) 

Visual purple is soluble and stable in a mixture of glycerol and water 
(3:1). At room toniperatiiro the Hpectrum of such a solution is identical 
with that of the aqueous solution. At —73'' C the }ioak of the absorption 
curve is higher and narrower than at room teniperat urc, and it is shifted 
towards longer waves. 

The product of iihotodecompoaition at — 73“^’ 0 has a spectrum in- 
dt^pendent of pH and is at low tt;mperatures thermostable and photostable, 
but at room temperature it decomposes thermally to indicator yellow. The 
primary product appears to be identical with transient orange. 

The quantiun yields of the photoroaction at low and at room temperature 
are of the same order. 


Introdttctiok 

Numerous studies have been devoted in recent years to the absorption 
spectrum and photochemical kinetics of visual purjile, the chromoprotein 
contained in the ‘rods’ of the retinae of veHebrates. In this paper are 
described experimental studies at low temperatures up to the point where 
they were interrupted by the war. 

Previous to this work only aqueous solutions of visual purple have been 
prejmred and conscHiuently no solutions could be investigated below 0*^ C. 
It has now been found possible, however, to extend the range for experi¬ 
ments on visual purfde solutions by the use of a solvent consisting of 
75 % glycerol and 25 % water by volume. Such solutions assume glass- 
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like consistency at the temperature of solid COjj and remain perfectly 
homogeneous and brilliantly clear. Even at liquid^air temperatures no 
crystallization occurs, although a great number of minute cracks due to 
the contraction of tlie mass scatter the light and prevent spectroscopic 
investigations. 

While small amounts of any other organic solvent soluble in water to 
some extent, e.g. alt?oliol, ether and chloroform, bleach aqueous solutions 
of visual puqjle and })roduce 'indicator yellow \ even large quantities of 
glycerol do not harm the chromoprotein. The peculiar toleration of visual 
puri)le for glycerol recalls results obtained with ‘ serum protein ’ (Spiro 1 903), 
The stability of aqueous solutions of tliis protein against denaturation was 
decreased by the addition of univalent alcohols, especially of lugher mole¬ 
cular weight, but was intireased hy polyvalent alcohols, e.g. glycerol, 
mannitol, ghicose, galactose and lactose. 


The ABsoRmoN spectrum 

Experiments were carried out to determine whether visual purple belongs 
to the wide class of coloured organic substances, the absorption curves of 
which sharpen on reduction of temperature. 

Experimental 

The spectroscopic determinations were carruKi out in a room illuminated 
with ruby light with a Hilger Spekker photometer. The light beams were 
produced by an iron 8j)ark, and filtered through an acid quinine sulphate 
solution in order to eliminate ultra-violet and violet light. Hypersensitive 
panchromatic Ilford plates were employed, and the use of a strong metol 
developer facilitated short exposures. No appreciable decomposition of 
visual purple occurred during the s]:>ectrographic detenninations.^ 

The visual pury^le solutions were prex>ared from frogs’ eyes as described 
by Lythgoe ( 1937 ). Enough glycerol and water were added to the buffered 
solutions to obtain a mixture containing 75 % glycerol and to fill the all-glass 
opti(^al cell 6 cm. long and 2-7 cm. wide. The optical density of the solution 
so t)btained at 500m// was of the order 0-2 cm. The cell was fixed into a 
rubber-lined brass box lagged outside with asbestos. The box served to hold 
the mixture of solid carbon dioxide and alcohol, thus keeping the tem¬ 
perature in the cell at — 73° C. Two holes facing the cell ends were drilled 
into the walls of the box so that the light beam could pass; the diameter of 
the holes was slightly less than that of the cell. One of the two walls provided 
with boles was detachable and could be screwed to the rest of the box, 
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after the cell waa fitted in, in order to hold the cell firmly in position. The 
rubber lining on both holed walls of the box acted as washers. 

In order to x>revent condensation of water vapour on the faces of the cell, 
glass cylinders closed with small plates of optical glass were fixed with tap 
grease coaxially to each end of the cell and supported by joining them to the 
metal box with apiezon grease. The optical glass plates were sealed to the 
cylinders with apiezon, and heated electrically by means of wire spirals 
wound around the cylinders. The cylinders were kept evacuated during 
experiments. In this way all glass faces remained j)erf‘ectly clear. The com- 
parison beam passed through a cell containing solvent only. It was not 
cooled, but preliminary tests showed that the zero of the spectrophotometer 
was maintained when the cel! in the box, filled with pure solvent, was 
cooled. 

Mist was formed near the cold box, but a ])owerful fan operating towards 
the light beams disi)ersed it and prevented interference with the beams. 

Results 

The first measurements showed that the spectrum of visual purple in 
glycerol-water solution at room temperature is identical with that of a twin 
solution diluted with water to the same strength. Furthermore, it was found 
that the spectrum remains unaltered by cooling the solution down to - 73° 
with exclusion of light and wanning up again to room temperature. 

In figure 1 the 8 X>ectrum of a solution (pH (rO) at room temperature 
(curve 1 ) is compared with that at -73° (curve 2 ). Curv-^e 1 comprises 
densities both in water and in glycerol-water. Tlie influence of thermal 
contraction, which is very nearly 10 %, was eliminated by subtracting 10 % 
from the density values obtained at the low temperature. 

Curve 2 is not only narrower and higher than curve 1 , but the peak is at 
about 515 m// instead of at 505 m/^ . A similar shift in the position of an 
absorption peak on cooling was observed with solutions of diphenyl-polyenes 
(Hausser, Kulm and Seitz 1935 ) and of yS^-carotone (Bowden 1934 ). On the 
other hand, solutions of porphyrins and related compounds, including 
oxyhaemoglobin, show a shift in the opj)osite direction (Hartridge 1921 ; 
Hellstrom 1931 ; Conant and Kamerling 1931 ). It is remarkable that the 
spectra of the compounds with the shift to shorter waves are of one particular 
type; they all show sharp maxima and steep thresholds. The meaning of the 
difference in the shape of the bands has been discussed by Arnold and 
Kistiakowsky ( 1932 ) and by Goodeve { 1939 ). 

It is uncertain whether the peak of curve 2 is as smooth as shown in 
figure 1 , as the iron spark in this region is not very rich in lines. 
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Figubk 1. Tho absorption spectra of vistial purple and its products (pH 
Curve 1, visual purple at room temperature in water x x x , in glycerol-water □ □ □• 
Curve 2, visual purple at — 73'". Curve 3, primary deooraposition product at —73''. 
Curve 4, secondary decomposition product at room temperature. 


InTKRMMPIATE products of BLEACHmO 

The photodeeoinposition of visual purple at room temperature proceeds 
in several stages (Dartnall 1936 ; Lythgoe 1937 ; Wald 1937 ; Lythgoe and 
Quilliam 1938 a, 6 ). The primary product (‘transient orange’) is photo* 
stable, but undergoes a thermal change, which at room temperature is rapid 
enough to make its detection difficult . The spectrum of transient orange is 
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independent of pH and the intensity of its light absorption is not much 
below that of visual purple (at their respective maxima). The thermal change 
leads to a yellow compound, the absorption spectrum of which changes 
with pH, and which, therefore, has been termed 'indicator yellow’. It is 
possible that water takes part in one or both of these reactions (Lythgoe 
andQuilliam 1938a). 

Lythgoe ( 1937 ) has shown that the orange colour of a freshly bleached 
solution of visual purple is stable over a period of minutes, if it is kept neftr 
0 ° C. The frozen retina as well as frozen solutions of visual purple are more 
or less photostable, and no transient orange is produced (Kiihne 1879; 
Garten 1906; Dartnall, Goodeve and Lythgoe 1938); but, as under these 
conditions crystalline water must have separated from the protein, these 
observations have no bearing on the reaction mechanism proceeding in 
aqueous solution. 


Procedure 

To determine the intermediate reaction products at low temperature the 
cell was illuminated with white light by means of a 4 W lamp fixed in the 
optical axis of the cell at a distance of 8*5 cm. from the centre of the cell at 
the opiJosite end from the spark. The spectrum was taken before and at 
intervals during the illumination, with interruption of the latter. At the 
end of each experiment the eell was warmed up to room temperature, and 
the spectrum taken again. 


Results 

On irradiation at low temperature the 8 f)ectrum smoothly changed fiom 
that of curve 2 to that of curve 3, figure 1, indi(?ating that a chemical change 
had occurred. The primary produ( 3 t did not undergo further change after 
2 hr. in the dark or on continued illumination. Figure 2 shows how the 
change on illumination at low temperature comes to an end. When, however, 
the primary product was warmed up to room temperature in the light or in 
the dark, it was destroyed very quickly and gave way to a secondary (final) 
decomposition product represented by curve 4, figure 1 and by curves 4 
and 5, figure 2. 

In figure 3 the absorption spectra of visual purple solutions (from different 
preparations) at VS*" C are shown for pH 6*0 and 9-0 and also of the primary 
and secondary decomposition products at these two pH values. This pH 
range is the one in which the greatest effects of pH on the final product of 
visual purple occur (Lythgoe 1937 ). Results are given for the range 510* 
550 m/*, which is near enough to the maximum of the i)rimary product, but 
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where there is little influence of the ‘yellow impurities* always present in 
visual purple solutions (Lythgoe 1937 ) and accurate comparison between 
different solutions is possible. As the concentration of visual purple solutions 




500 525 550m/i- 


Fioube 2 


Figubk 3 


FiaTXBE 2. The changes of absorption in the region 610-660 m/t shown in greater 
detail than in figure 1. Curve 2, before illumination. Curve 2a, after illuinination 
for 3 min. Curves 3, 12 min. A A A ; 72 min. # # #; and 87 min. + + +. Curve 4, 
after warming up to room temperature in the dark. Curve 6, 8 hr. later. 

FiatJKE 3. Comparison of solutions of different pH (— 73*^). The results for the Wo 
solutions are brought to a common basis by superimposing the curves of the un- 
illuminated solutions at 527 m/i. Curve 2, before illumination, O O O pH 6*0, 
S 4 i pH 9 0. Curve 3, after illumination, + + + pH 6 0, w m w pH 9*0. Curve 4, 
after warming up, • • • pH 6*0, I I » pH 9*0. 


cannot be determined otherwise than through their optical densities, all 
density values of one solution had to be recalculated so that the densities 
of the unbleached solutions agreed at one wave-length. As will be seen from 
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figure 3 no appreciable difference is found between the two solutions. The 
maximum of the absorption band of the secondary (final) reaction product 
(not shown in the figure) which is in any case well below 500 m/i, was 
however shifted to shorter waves at pH 9*0. 


Discussion 

A comparison of the behaviour of the primary and final reaction products 
of visual purple at low temj)erature with the corresponding products at or 
near room temperature, i.e. transient orange and indicator yellow respec¬ 
tively, shows sufficient resemblance to make it unnecessary to postulate 
the presence of any new species. The primary product at low temperature 
is photostable and has a spectrum which is independent of pH, both cha¬ 
racteristics of transient orange. Furthermore, the maximum of its absorp¬ 
tion curve is on the shorter wave-length side of that of visual purple {at the 
same tem|>erature) and is nearly as high as the latter. 

Likewise, the shape of the curve of the final reaction product in the low 
temperature work and the effect of pH on it show that this substance is 
indicator yellow. 

The difference between the maximum at room temperature and that at 
-73'^C is much greater with transient orange, about 30 m//, than with 
visual purple, about lOm/e; consequently, the difference in hue between 
illuminated and unilluminated solutions at low temperature is small and 
when at first a test tube containing cooled solution was exposed to daylight, 
and the colour examined with the naked eye, it was erroneously believed that 
no change at all had taken jdace and that visual purple is photostable at 
low temperature. 

The stability of transient orange in cooled glycerol opens up possibilities 
for its closer study. It would be particularly interesting to decide whether 
the loosening of the chromophore-protein bond occurring on bleaching 
(Wald 1937 ) is due to the primary or to the secondary reaction, and, thus, to 
elucidate the nature of the transition transient orangeindicator yeUow. 
As was first shown by Wald, indicator yellow can be extracted from its 
aqueous solution with organic solvents and separated from the protein. 
Attempts made here to extract at low temperature transient orange from 
glycerol-water with ethyl ether were unsuccessful. Extraction from this 
extremely viscous liquid, however, meets with great experimental diffi¬ 
culties; attempts to extract night blue from cooled glycerol-water with 
ether, and vice versa, were equally unsuccessful. 



168 


E. E, Broda and C, F. Qoodeve 


Rates of reaction 
Procedure 

The quantum yield of the primary reaction at low temperature was 
estimated by comparing the velocity of the photoreaction with the velocity 
in the same experimental arrangement and with the same light source at 
room temperature. At low temperature the progress of the reaction was 
measured through the percentage of primary imctiou product produced. 
At room temperature, owing to the instability of the primary reaction 
product, the progress of the reaction haito be measured by determining the 
optical density of the illuminated solution after the dark changes had come 
to an end, i.e. after the transient orange was completely decomposed. 

Results ** 

It was first found that by exposing visual purjde solutions in water and 
glycerol-water to daylight in a test tube that, at least at room temf)erature, 
both bleach at an equal rate. Althougn accurate measurements in glycerol- 
water could only be completed at low temperature (figure 2) it emerged 
clearly from i)reliminary tests that the velocity of the primary reaction is 
about of the same order as at room temperature. The quantum yield is not 
far from unity over the range 20 - 60 '^ C (Dartnall, Goodeve and Lythgoe 
1938) and from the above it follows that it is also of the order of unity over 
the wider range of temperature from - 73 ° C. 

The seoondaiy (thermal) reaction, on the other hand, has a considerable 
temperature coefficient at room temperature (Lythgoe 1937; Lythgoe and 
Quilliam 1938 a, 6) and is immeasurably slow at — 73 ° C. 

Our sincere thanks are duo to the late Dr R. J. Lythgoe for his interest 
and help, to Professor A. J. Allmand, F.R.S., for his kind hospitality at 
King’s College, London, to Miss S. J. Hooper for the preparation of visual 
purple, and to the Rockefeller Foundation for a financial grant. 
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The velocity of diffusion in a mixed gas; 
the second approximation 


By S. Chapman, F.R.S., Imperial College, Lotulon 
AND T. G. (JowuNo, The University, Manchester 

(Received. 22 April l!t41) 

The general equation of diffusion in a mixed gas in non-uniform motion, 
in the presence of forces imparting differential accelerations to the two con¬ 
stituents, and of gradients of composition, pressure, and tomi>erature, has 
boon carried to a second approximation. This adds nine now terms to t>»e 
expression for the velocity of diffusion, and each term involves as a factor 
a new ‘ second order ’ diffusion coefficient. All the new torms depend on the 
gradients of the mean motion of the gas, and vanish if this is uniform. One 
of the new terms is proportional to the space gradient of the tensor that 
expresses the rate of distortion of th(' gas; two other terms include parts 
involving the second space differential coefficients of the mean motion. The 
other portions of the two latter terms, and tho rt^maining six terms, detieiul 
on products of the velocity gradients and tho factors that appear in the 
first-order diffusion equation, namely the giadionts of composition, pres¬ 
sure, and temperature, and tho relative accelerations of the two types of 
molecule. 

Tho expressions for the nine new diffusion coefficients are extremely com- 
I>Hoat©d, and have been evaluated only approximately. 

The new terms in the velocity of diffusion are with one exception negli¬ 
gible compared with the first-order teniis, at pn^ssures above 10“® atm., 
except possibly in shook waves whore the mean velocity of the gas alters by 
an appreciable fraction in a distance equal to the mean frcf' path. 

Tho excepted term is tho one which de|K^nds on the gradient of the rate- 
of-distortion tensor; in certain oircuinstances this is comparable with, 
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though amalte than, the first-order pressure-diffusion term. It materially 
reduces the rate of diffusion in a stream of mixed gas flowing under pressure 
along a fine capillary tube. 


1. Iktrodtjotion 

In the mathematical theory of nun-unifprm gases (cf. Chapman and 
C'owling 1939), successive ax)proxiination 8 to the velocity-distribution 
function / are sought. The first afiproxirnation, has the same form as 
Maxwell’s velocity distribution function for a uniform gas; later af^proxi' 
mations to/add successive further terms.... 

The first additional term,/^^^ in the case of a simple gas, has two parts, 
one prox)ortional to certain combinations of the gradients of the velocity 
(jomi)onents, the other x)rox)ortional to the temperature gradient; these 
terms lead to the usual expressions for the viscous stresses in a non-uniformly 
moving gas, and for thermal conduction in a gas whose temperature is 
non-uniform. In the case of a mixed gas,/^^^ includes similar terms, and also 
others which are proportional to the gradients of concentration and pressure, 
and to the external forces acting on the molecules; the additional terms 
modify the equation of thermal conduction, and all the terms except those 
depending on the velocity gradients lead to corresponding terms in the 
equation of diffusion. 

The second additional term, is much more complicated than /^^\ 
Burnett (1935) has determined completely, for a simple gas; partial 
expressions had previously been given by Maxwell (1867), Enskog (1917), 
and Lennard-Jones (1923). A simplified approximate derivation for 
a simple gas is given in Chapter 16 of our book. 

The expression for/<*^ for a mixed gas has not hitherto been determined. 
As in the case of a simple gas, it contributes terms which 8uj)plement those 
given byfor the stress-system and the heat-conduction. The coefficients 
will be even more complicated than those of viscosity and conduction , given 
by in the present state of theory and experiment on gases, it does not 
seem worth while to evaluate them. However,/^^^ also includes terms that 
enter into the expression for the velocity of diffusion, and we have recently 
considered in what way the ordinary equation of diffusion is modified 
thereby. This work is briefly described here; we use the relatively simple 
approximate method which was applied to the case of a simple gas in 
Chapter 15 of our book. With one exception (cf. §2 (2)) we also use the 
same notation (of. § 5 ) as in that book, to which we refer for numerous 
details (section or page references being given). 
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2. The general equations 
We write /i<“ - Cj. ^ + DJ C\. «I„ + B[ C\: e, 

o 1 

/ 1 ^> = +D',C,.d,,+ B:,t\t\:e,j 
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( 1 ) 


(cf. J 5 *l ( 3 )), wherein, departing from the notation of our book (p. 19 ), 



namely the velocity-gradient tensor, instead of the symmetrical part of this 
tensor. The suffixes 1 and 2 refer to the tw^o constituents of the mixture. 
We also write 

/f ( 3 ) 

The ordinary equation of diffusion is derived from (p. 144 ). An addi¬ 
tional velocity of diffusion, derived fromwhere (cf. p. 142 ) 


Cf-€^ = ^ 


_ + D 2 )}dCi 

+ {w| + nj Wg /jj (J>1 + Dg)} dCg 

= + «,n2/,g(0i«+<P?>)} dc, 

+ I^iK) + », Ng /g, (<Pi»+dfg 

- jD2m'>+wr>)+j2Af?^mdc2 ( 4 ) 


(uee pp. 141 (6), 86, 136 ( 5 ), 137 ). 
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Since I> = Ci>(C), the only terms in the curly brackets which make 
non-zero contributions to the last two integrals are tliose of odd degree in C. 
The terms of odd degree in ^f^are as follows (see pp, 138 (3,7), 139, 261): 


„ f(o) ^ ‘ pa) _ 2j-f (72 ^^ W ^ 

+i';<V {§ (rf„)-e.rf„j+(c,/|) (r.c. 




m^nbr y 


The terms of odd degree in are obtained by changing the suffix 1 in 
(5) into 2, save that the seventh and eighth tenns become 


\ * 0r /' ^ * '\n^dn^ dC\} p^ 


^^10 f, I 




The terms of odd degree in 4- are 


^ + D\ C \. di,) BTC : Ij 
+ Ji[BiC\€,;e(4'C\|^ + D'C.d„)j 
+ ~ + D\C,.d,^ : Ij 


( 7 ) 
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3. The nine new diffusion terms 

The terms in which involve the factor do not contribute to the 
diffusion velocity, by virtue of 8-31 (9) (loc. ciL). The other terms in 
contribute the following nine parts to the diffusion-velocity: 


?T 

(«) 

(b) 

' ’ ^’\m\hr) Srj’ 
(d) 


, „ av ° 
(e) ^ 

if) 

.0 

ig) T>gdn-^^ 

?p ?■ 

ih) 

ii) Aa,;-e- 


( 8 ) 


The factors /)„, 1\, ...in these therms may be calied ‘second order diffusion 
coefficients’. Each term in (5), after the first, oorresxKinds to one term in 
(8), the order of corresponding terms in the two ex]>re8sionH being the same. 
The terms of (7) contribute to a^nd Dg alone. 


4. ApPROXIMATK KVAlrlTATlON OF THK SKCOND ORDER 
DIFFUSION COEFFICIENTS 

The functions A\ B\ IV and B occurring in the integrals giving the 
diffusion ( 5 oeffieients are considered in Chapter H of our book. They are 
expressible as infinite series: the formulae for successive terms in these 
series rapidly increase in complexity, and usually only the first one or two 
terms are considered; fortunately the series converge rapidly, so that 
results numerically accurate within a few per cent can thus he obtained. 
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We have evaluated the second-order diffusion coefficients using one-term 
approximations to B\ D' and D, and two-term approximations to A\ 
A high order of accuracy is not to be expected, but the order of magnitude 
is ah that is required for most purposes. The details of the calculations will 
not be given. 

Our approximate expressions are as follows: 


(a) 

J>a 

“ 3 pp n,o»2o ‘ 

^ 2 T 

aDyX 
dT /’ 


J ) 


^Id - 



1 /,, 

3 pp 

^10^20 


dT , 

{c) 

4 


A* l> 

T 

? 9 



pp 

^10^20 ^ 



(d) 







pp 





(e) The coefficient Dg can be divided into three parts, D', /)", and 
corresponding respectively to the parts of the sixth term of (5) involving 
dB'jdT and dA'jdC^y and to the contribution from We find 

^ ~ T pp niongo ' 


The approximation to D'c is complicated, but when the molecules 1 and 2 
are of nearly equal mass, and have identical fields of force, it is of the form 


^^‘~2 + 32 pp ^BTf’ 


where A is a number which depends on the law of intermolecular force; for 
molecules whose interaction is proportional to it is tabulated on p. 172 
of our book. 

The calculation of like that of the J -term Dg in Dg, is more com¬ 
plicated than that of the terms arising from (cf. Chapter 16 of our book), 
but its order of magnitude can be inferred without an exact calculation; for 
Maxwellian molecules Dg vanishes, and in general it is comparable with 
Dg, which has the same property. 

(/) We similarly divide into parts i)/, Df, the first corresponding to 
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the part of the seventh term of (5) involving dB[jdny, and the second to 
the rest of this term. If the molecules are mechanically similar, 


// ::::: 

and in more general eases this equation will give the order of magnitude 
of DJ. For mechanically similar molecules Iff vanishes to this degree of 
approximation, and in more general cases it will he a numerical multiple 
of /iDjf/p; the numerical factor will depend on the concentration ratio. 

(g) We divide int() parfys , D", the first two corresponding to 
the parts of the eighth term of (5) which involve I)[ and respectively, 
and the third arising from We find 

D' =2 ^ ^12 

^ pp ^io^^ao 

which differs from only by a numerical factor: and 1)^ are likewise 

similar to Iff (in fact D" = — D;). 

(h) The coefficient Dj^ vanishes to our degree of approximation; it is in 

general a numerical multiple of the numerical factor varies with 

the concentration ratio. 

(i) The magnitude of the coefficient will be similar to that of for 
molecules of nearly equal mass and identical fields of force 




4 — 3 ^ n(m.2 — 
2 + 3^ pp 




5. Discussion of thk skcond-okdkr diffusion tkhms 
The new terms in the diffusion equation involve d, defined by 

^ ~dr ’ 

and dig, defined (p. 140) by 

d,, . .-d„; 

dr np dr pp ^ ^ 


np 
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also (p. 138) 


Do/an 2d(T/l) dT 

D(\0r,l"* 3 ~® ar’ 


a*"-' 


— e.rf 


12 " 


3 np 


c A 


. I, 

pp i 


e.(F,-F^) + lA(F,-F^) 


(Consequently all the new terms depend on the velocity-gradient, and vanish 
if the mass-velocity Cq is uniform. This makes the corresponding difiFusion 
velocities difficult to observe, since the presence of turbulence, oven to a 
slight degree, is sufficient to mask diffusion. The terms (c) and (d) involve 

^, and (i) involves — .6, both of which are combinations of the second 

dr ' ^ 0r 

space derivatives; otherwise, the terms involve cinly products of the first 
space derivatives of Cq, multiplied by F, — Fg or by the first space derivatives 
of T, or p. We proceed to compare the terms with the first-order terms 
in the diffusion velocity, derived from/^^\ 

The term (a) may be compared with the thennal diffusion term iii the 
ordinary equation of diffusion, which is 

_ d -7\ 

the ratio of (a) to this term is of order 


n^m^m2 

pp 




If m, C, I denote respectively the mean molecular mass and speed, and the 
mean free j)ath, then p = nm, and p and are respectively of order 
nmC^ and IC. Hence the ratio is of order lA/C, and therefore the term (a) is 
comparable with the ordinary thermal diffusion term only if A is so large 
that the mean velocity of the gas alters by an appreciable fraction of the 
velotdty of sound in a distance equal to the mean free path (p. 271). Hence, 
except possibly in shock waves, the term (a) can be neglected at pressures 
above 10"® atm. Diffusion in a shock wave is, in any case, not important 
lor the separation it produces; but it may have an effect on the propagation 
of the wave, like viscosity and thermal conduction. 

The other jaecond-order (or diffusion terms which do not involve 
second-order space-derivatives of r,j are likewise negligible cx)mpared with 
analogous first-order (or/^^^) terms, save in similar extreme conditions. 
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The importance of the terms involving second-order derivatives of can 
conveniently be estimated by considering a simple particular case. 


t 5 . Diffusion in the non-unifobm RB0Tn4iNEAR 

MOTION OF A MIXED GAS 

Consider a mixed gas in non-uniform but purely rectilinear motion; let 
the direction of the motion be that of the z-axis, so that Cq has only one non¬ 
zero component, We suppose that Wq is a function of x and y, so that 
viscous forces operate; the motion therefore requires a pressure gradient 
in the z-direotion. If, as we shall suppose, the temperature is uniform, this 
implies a z-gradient of p, and also, in order that the equation of continuity 
may be fulfilled, of Wq, There being no motion in the x and y directions, the 
pressure does not depend on x and y (if we ignore the weight of the gas). 

dA d — 

Thus the Cartesian components of ^ and ^. e are respectively 

Of* w 

dhvQ d^W0 0Vq 
dxdz* dydz* dz^ 


and 


1^0 iv*«, j-i?!!"" 

Gdxdz’ Idydz’ ® az» • 


Since Wgp or Wgp is independent of z, and p is independent of x and y, 


d^WQ ^^'odlogp ^ dwQdlogp 

dxdz"^ dx dz ’ dydz^ dy dz * 

and the velocities of diffusion corresponding to these terms are negligible 
under noimal conditions, involving, like the terms considered ^rlier, 
products of derivatives of and p. Similarly, dHo^ldz^ is the sum of a negli¬ 
gible product of derivatives and 


W0 d^p 

p 0z*' 

Again, if the motion is steady, the z-equation of motion is 


Vol 179. A. 


0^0 dp -- , 0*«^* 


It 
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a 

Henoe the last component of dfdr.e is 


2 // 


(dp 


dWa 


dz-^f^o-dz 


/ 2/t\ p fdz 


1 dp 

2/1 dz 


p dz^ 


api^roximately, sinco w^/C is in general small. The ratio to this of 
d^p / — dp 

is of order ^^» which is in general small; henoe, since the coeffi¬ 

cients are of the same order, the diffusion velocity arising from the dAjhr 
terms is in general small compared with that arising from the 2 -component 

A 

of 3/0r.e. The lattqus 


D^dp ^ 2-^An(m^-m^) ^ 
2pdz 2 + 3J pp dz * 


In the circumstances of this problem, the only term in the fitai order 
diffusion velocity is that depending on the pressure gradient, namely (p. ,244), 

% 

dp 

Yp 

The second order term is of opposite sign to this, and its magnitude ls smaller 
in the ratio (2 - f-4)/(2 + 3^). This ratio is less than unity, but is not small, 
so that the second order term in this case makes a significant contribution 
to the diffusion velocity. This, however, is because in the present problem 
dpjdz is itself proportional to /t, for given velocity gradients, so that the first 
order pressure diffusion term depends on a product of and p. The 
diffusion is important only if 3 log p/32 is of the same order as duiQ/dz in 
ordinary diffusion experiments, i.e, in flow in very fine capillary tubes, or 
at very low pressures. 

The likelihood of a significant second-order contribution to the pressure 
diffusion term in these circumstances was indicated to us by Professor R. 
Peierls, and it was in consequence of this that we undertook the present 
investigation. The factor (2-|.4)/(2-!-3i4) is or 0*437 for rigid elastic 
spherical molecules; for Maxwellian molecules, interacting according to the 
inverse fifth power of the distance, it is 0*346. These values are only approxi¬ 
mations, which in any case refer only to a gas mixture in which the molecular 
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]iia6seB are nearly equal and the molecular interactions all follow the same 
distance law. For this case the numerical factors are probably correct 
within 10 or 16 %; hence the second approximation reduces the ordinary 
pressure diffusion by between \ and | its magnitude. When the two mole¬ 
cular masses are very different, the value of the numerical ratio of the 
to the/^^^ term may be very different from (and perhaps less than) that 
for the case of nearly similar molecules, hero considered. 
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The polymerization of olefines induced by free radicals 

By C. J. Danby and C. N. Hinshklwood, F.R.S. 

(Received 6 June 1941) 

The rate of photolysis of the simple aldehydes at 300 ° is in general reduced 
by ethylene, propylene or i«o-butylone, and many molecules of the olefine 
may imdergo an induced polymerization for each quantum of light absorbed 
by the aldehyde. A similar polymerization is induced by photolysis of ketones, 

Tlie kinetics of these interdependent processes have been investigated by 
Combining presstire measurements with chemical analysis at each stage, the 
rates of olefine polymerization and of aldehyde photolysis being indepen¬ 
dently determinedL V 

The experimental results accord with a mechanism in which large radicals 
are built up by the successive addition of olefims molecules to the primary 
radioala from the photolysis of the aldehyde or ketone. When the polymer 
radicals contain approximately three olefine molecules they undergo one of 
two alternative processes, either breaking down by regeneration of a methyl 
radical which begms a new polymerization chain, or giving inactive pro¬ 
ducts. The former Hransfer process’ explains how the chain length of the 
reaction may be large, yet the molecular weight of the product comparatively 
small. Certain differences between acetaldehyde and propionic aldehyde are 
explained by the fact that the ethyl radicals from the latter may regenerate 


la-a 
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in the course of the reaction cycle methyl radios of slightly greater re¬ 
activity, 

A quantitative comparison of the various reactions shows that on 
ascending the series of alkyl radicals their reactivity towards both aldehydes 
and olefines diminishes only slowly. On ascending the olefine series, how¬ 
ever, the rate of polymerization rapidly decreases. Tliis depends not upon 
a lowered efficiency of reaction of the primary radicals with the olefines, but 
rather upon a greater tendency of the more complex polymer radicals to be 
transformed into products wliich do not continue the reaction cycle. 

The polymerization of ethylene may be induced in a variety of ways: for 
example, by excited mercury (Olson and Meyers 1926 ), or by free radicals 
from the thermal decomposition of metal alkyls (Taylor and Jones 1930 ), 
or of azomethane (Rice and Sickmann 1935 ). In the present work the 
polymerization of the lower olefines induced by free radicals produced 
photochemioally from aldehydes and ketones has been studied. The 
aldehyde-olefine system is particularly suitable for an investigation of the 
polymerization mechanism, since not only is the rate of formation of 
the reaction-inducing radicals determinable, but also information about 
their subsequent fate can be obtained by measuring the effect.of the olefine 
on the photolysis of the aldehyde. 


Experimental method 

The method of investigation was in general to expose mixtures of aldehyde 
or ketone and olefine to ultra-violet light. In the absence of light, or of 
aldehyde or ketone, the olefine is unchanged, but when photolysis occurs 
the olefine is polymerized. The rates of photolysis and of polymerization 
were independently measured. In the presence of sufficient olefine the 
aldehyde photolysis takes place with a drop in pressure due to the induced 
polymerization. After a known time the pressure change in the reaction was 
measured and the partial pressure of unchanged aldehyde determined by 
chemical analysis. The amount decomposed gave the initial rate of photo¬ 
lysis (p). The rate of olefine i)olymerization (<r) was obtained by adding this 
value to the observed pressure change during the same time. The pressure 
increase at any early stage of the acetaldehyde photolysis corresponds 
exactly to the amount of aldehyde decomposed, os measured by analysis 
(Danby 1940 ). 

Reactions were carried out at 300® in a cylindrical silica vessel of about 
150 c.c. capacity provided with plane parallel windows and supported in 
a horizontal electric furnace also with quartz windows. It was connected 
to a capillary mercury manometer, to reservoirs containing the various 
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reactants and was evacuated by the usual system of pumps. Provision was 
made for the collection and analysis of gas samples. Temperatures were 
measured by a mercury thermometer calibrated against a Pt/Pt-Rh 
thermocouple and potentiometer. The light source was a Hanovia mercury 
lamp which was focused on the reaction vessel by a spherical silica flask of 
water. The intensity was frequently checked by measurement of the rate 
of photolysis of pure acetaldehyde and was found to be almost constant. 
The aldehydes and ketones were purified by fractionation, the olefines by 
distillation between traps cooled in liquid air, only the middle fractions 
being taken. To avoid possible obscuring of the windows of the reaction 
vessel by high molecular weight products only initial rates of reaction were 
measured. 

The analysis for aldehyde, by which the reaction was to a great extent 
followed, was based on the method of Friedemann, Cotonio and Shaffer 
( 1927 ), which depends on the fact that while the aldehyde-bisulphite 
oompmmd is not attacked by iodine in neutral or acid solution, it is rapidly 
decomposed if the solution is alkaline. To estimate the partial pressure of 
aldehyde in the reaction vessel at any instant its contents were shared with 
a large evacuated gas pipette attached to the apparatus by a ground joint. 
The aldehyde in the pipette was absorbed in excess n /10 sodium bisulphite 
solution and the excess bisulphite removed by titration with iodine. The 
solution was then made alkaline by addition of about 1 g. of solid sodium 
bicarbonate and titrated with n/100 iodine. This estimates the bisulphite 
which was in combination with the aldehyde. With a knowledge of the 
volumes of pipette, reaction vessel and dead-space the partial pressure of 
aldehyde in the reaction vessel at the moment of taking the sample can be 
calculated. This method has been found to give excellent results with pro¬ 
pionic and w-butyrio aldehydes as well as with acetaldehyde. 

Analyses of the gaseous products were made with a Bone and Wheeler 
apparatus, the samples being passed through a coil cooled to — 15® to remove 
any unchanged aldehyde or condensable hydrocarbons. Higher olefines 
were estimated by absorption in 85 % sulphuric acid, which will remove all 
except ethylene (Davis and Schuler 1930 ). The latter was absorbed in 
saturated mercuric acetate solution, and carbon monoxide in ammoniacal 
cuprous chloride. The average carbon chain length of the saturated hydro¬ 
carbon fraction was determined by combustion. 

Reaction rates are expressed throughout in terms of millimetres of gas 
reacting in 7 min. 
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Characteristios of the induced folymerization 

Experimental observations can be accounted for by assuming that the 
photolysis of acetaldehyde at about 300° takes place essentially by reactions 
( 1 ), (2) and (3) of the scheme below (p. 173) (Leermakers 1934 ; Mitchell and 
Hinshelwood 1937 ). The chain length at 200 mm. is about 150 for a moderate 
light intensity. On prolonged photolysis there is a pressure increase of 
almost 100 %. Since the chains are long the amount of ethane is negligible, 
the product consisting almost entirely of methane and carbon monoxide. 

In general the rate of photolysis of aldehyde is reduced by olefines. As 
the latter do not absorb light of the wave-length employed, this inhibition 
must be due to the removal—^by reaction with olefine—of a chain-carrying 
radical of the aldehyde photolysis. Polymerization evidently then occurs 
by the successive addition of olefine molecules to the new radical thereby 
formed, as in reactions (4), (5), (5'), (5*) below (p. 173). Since the rate 

of ethylene polymerization is comparable with that of the acetaldehyde 
photolysis, which has a considerable chain length, it follows that the induced 
polymerization must also have long chains. But the product is of low mole¬ 
cular weight. All the ethylene molecules which polymerize in one reaction 
chain cannot therefore grow on to the initiating radical, and there must be 
a ‘Chain Transfer^ proc^ess such as reaction (fi). Conclusive evidence that 
such a step occurs in the ethylene polymerization induced by photolysis of 
acetone is given later. 

If |K)lymerization took ])lace solely by means of reactions (4)-( 6 ), then 
the rate of photolysis of aldehyde would not be reduced by olefines, because 
each methyl radical removed in reaction (4) is subsequently regenerated in 
reaction ((»). The observed inhibition must be due to an additional chain- 
ending process such as: 

« cham ended, {a) 

or + CHjj = chain ended. ( 6 ) 

Unimolecular and biniolecxilar chain-ending processes are most easily 
distinguished at high olefine pressures where the inhibition of the aldehyde 
X)hotolysis is large. The xmlymerization rate, cr, according to ( 6 ) can be 
sliown to be x^rox)ortiona] to the root of the olefine pressure, and according 
to (tt) independent of it. With j)ropylene and iso-butylene cr is found 
exjyerimentally to be mdex)endent of olefine pressure—which suggests 
cliain-ending by (a). With etliylene cr falls off at higher j)re 8 eures, but no 
exx>eriments could be made at high enough pressures to find out whether or 
not it eventually becomes index)endent of pressure. However, since the uni- 
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molecular prooeBs is favoured with the higher olefines, and since in any case 
a bimolecular chain-ending step is already represented by reaction (3), 
reaction (o) will be assumed to be the additional chain-ending step (7). It 
presumably involves the isomerization of the radical to a form which, for 
sterio or other reasons, is relatively inactive to the olefine. Its ultimate fate 
will then have little effect on the kinetics of the main reaction. 

The assumed mechanism is therefore; 


CHgCHO + fev 

= OH3-1-OHO 


(1) 

CH3 

+ CH3CH0 

= CHg + CHt-t-CO 


(2) 

CH3 

+ CH3 

= C3H3 


(3) 

OH3 

+ C3H4 

= R, 


(4) 

R, 

+ C3H4 

= R, 

^6» 

(6) 


-1-C3I4 

= 

K> 

(S') 


+ C3H4 

= R„ 


(5*) 

K 


olefine + CHjj 

^e» 

(6) 

K 


^ chain ended 

fcy. 

(7) 


For a stationary state with respect to the concentration of radicals: 


d[CH3]/dt = k, - kJiCH^Y - *,[CM3] [C3H4] + k,[lt„] = 0, (I) 

d[R,]ldt =A:4[CH3][C3H3]-i;3[i?J[C,H,l =0. (Ila) 

d[R^]ldt =A^?[ie„_x][C 3 H 4 ]-WJ-^ 7 l«n] =0, (II«) 

-d[CH3CHO]/d< = + fc2[(^H3] [CH,CHO], (III) 

- dl'CjHJ/di - [C3H4] -t- kJ[R,] [0*114] I-... + AfI C*H4]. 

(IV) 


From these equations it follows that 


whence 


A:3[CH3P + A;4A[CH,][C,H4]-A:4 4b.. = 


[CH3] 


- fe 4;?rC2H4] -H {(fe4/?[02H4])<» -f- 4^4 fc37.b..}* 

2*3 


/? = 


1 - 


K 

^0 ^7 


where 
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As long as the obain length of the aldehyde photolysis is oonsidetable, i.e. 
provided relatively little is decomposed by reaction (I), the rate of aldehyde 
decomposition will be 

p - . ,v) 

If the initiating radicals grow by the addition of n ethylene molecules, 
giving and if the intermediate radicals suffer no alternative fate, then 
the velocity constants of the reactions (5), (5'), ( 6 *) do not appear in 

the equations for the stationary state. Reaction (4) could therefore be 
written in the form 

CH 3 +nC,H 4 «= 

and reactions (5), (5'), etc. omitted. (This does not in any sense imp'y 
a polymolecular reaction.) 

The rate of ethylene polymerization will be 

(r-nA:4[CHa][C*H4] 

I 2^*3 j 

If Pq is the rate of acetaldehyde photolysis in the absence of ethylene, then: 

Po = m4b.)*tCH3CHO], 


whence 


Po^a 


“ ikiiKCHsCHO]*' 

Substituting this value for in equations (V) and (VI) for p and tr: 


p » l:,[CHsCHO] I 


f-M[C,H4] + | 

(/h i _^ 

n 


1 2*3 J ’ 


f-*4/?[C3H4]+| 


r-! 

i'*4^l^*"4i) +4*J[CH3CH0]*, 

2*3 j 


(VII) 


and 

2A?3 »3 


(VIH) 


er = nJfc 4 [CaH 4 ] 

With 

p « C[CH,CHO] [{[C,H4]*+^5^g^g^,j*-[C3H4]] (IX) 

pj V 
■(7*[CH,CHO]»J 


(r-4«jr[C3H4][[[C3H4]»+j-^ 




(X) 


and 
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POI^YMBEIZATION OF OLEFINES PHOTOSENSITIZED BY ACETALDEHYDE 

Experimental results for the inhibition of the acetaldehyde photolysis 
by ethylene and for the induced ethylene polymerization are given in 
table 1 and figure 1, In these experiments the initial acetaldehyde pressure 
was constant, and the ethylene pressure was varied. Values of the constant 
C may be obtained by substituting the values of the acetaldehyde and 



ethylene pressure (mm.) 

Eioube 1 . Inhibition of the photolysis of acetaldehyde and propionic aldehyde by 
ethylene. O acetaldehyde, # propionic aldehyde. For acetaldehyde the line drawn 
is that calculated from equation (IX) with C 7*8 x 10-*, 

ethylene pressures, the value of and the corresponding values of p in 
equation (IX). For an initial acetaldehyde pressure of 50 mm., corre¬ 
sponding to pQ == 17*0, the mean value of G is 7-8 x 10“^. Calculated values 
of p aie compared with those observed in table 2, and are plotted as a 
continuous line in figure 1. The results of similar experiments with the 
ethylene pressure constant and the acetaldehyde pressure varied are given 
in table 3, The value of C obtained from these results is identical with that 
found from those in table 1, 
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Table 1. Photolysis of 60 mm. acbtaldbhydb ih thb fbbsbhce of 

ETHYLENE, AND THE INDUCED POLYMERIZATION OF THE LATTER 


ethylene 

acetaldehyde 

ethylene 

pressure 

photolysis 

polymerization 

(mm.) 

rate 

rate 

0 

17*0 

— 

53 

14*7 

7-2 

67 

13*4 

7*8 

100 

13*0 

140 

106 

12*8 

11-2 

150 

HO 

16*8 

160 

12*0 

16-6 

200 

10-7 

20*2 

207 

10*6 

19*6 

262 

9*3 

22-2 

300 

10*1 

24* 1 

310 

8*3 

250 

329 

8-3 

26*5 

400 

9*0 

30*0 


Table 2. Rates of photolysis of 60 mm. acetaldehyde in the 

PRESENCE OF ETHYLENE. 0 - 7-8 X 10"* 


ethylene 



pressure 



(mm.) 

Potos. 

Poalo. 

0 

170 

17*0 

100 

13*0 

13*5 

200 

10*7 

10*7 

300 

10-1 

8*9 

400 

90 

7*6 


Table .1 Rates of photolysis of acetaldehyde 

IN PRESENCE OF 300 MM. ETHYLENE 
acetaldehyde 


preesure 


(mm.) 

Po 

Pobs. 

Pcalc* 

20 

5*2 

2*5 

2*3 

30 

9*1 

4*2 

4*4 

40 

13-2 

0*7 

6*8 

60 

17*0 

9*1 

9*1 


From equation (X), with the value of C already detennined, the resultB 
given in tables 4 and 5 are calculated. 
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Tabw 4. Rate of ethylene polymkeization vnni 50 mm. acetal¬ 
dehyde AND VAEIABLK ETHYLENE PEESSTTRE. ^nK “ 3*42 X 10~* 


ethylene 



pressure 



(mm.) 


*^oalc. 

100 

14*0 

12*2 

200 

20*2 

19*6 

300 

24*1 

24*1 

400 

30*0 

26*9 


Table 5. Rate of ethylene polymerization with 300 mm. ethylene 

AND VARIABLE ACETALDEHYDE PRE8SURE8. ^uK = 2-88 X 10”* 


acetaldehyde 



pressure 



(mm.) 


^ PAiC. 

20 

12*9 

12*9 

30 

16*3 

16*3 

40 

19*6 

18*8 

60 

22 6 

20*6 



Fiottbe 2. The i>olymemaiion of ethylene induced by photolyeis of aoet^aldehyde, 
propionic aldehyde and n-butyric aldehyde. O acotaldeliyde, (•} prof)ionic aldehyde, 
# w-butyrio aldehyde. For acetaldehyde the line drawn in that calculated from 
equation (X) with C = 7*8 x 10-^ and JnK = 8*4 x 10“*. 
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Similar expenments were made with propylene and i#o-butylene (tables 
6 and 7, figures 3 and 4). 


Table 6. Inhibition of the acetaldehyde photolysis by pbopylenb, 

AND THE INDUCED POLYMERIZATION OF THE LATTER, AcKTALDEHYDK 
PRESSURE 50 MM. 


propylene 

acetaldehyde 

propylene 

pressure 

photolysis 

polymeriasation 

(mm.) 

rate 

rate 

0 

17*0 

— 

15 

9*3 

0*1 

25 

7*3 

0*3 

42 

6*5 

2*3 

61 

5*0 

2*0 

81 

6*0 

3*1 

106 

4*7 

2*9 

145 

5*2 

4*7 

191 

4*6 

4*6 

203 

4*6 

4*6 

250 

3*5 

42 

302 

3*4 

4*4 

352 

2*6 

3*9 

413 

3*3 

4*6 


The best agreement with these experimental results is given with C = 8*4x 10“® 
and JnAT = 6-2 x in equations (IX) and (X). 


Table 7 . Inhibition op the photolysis of 50 mm. acetaldehyde by 
/so-btttylenk, and the induced polymerization of the latter 


ISO-butylene 

acetaldehyde 

iso-butylene 

pressure 

photolysis 

polymemation 

(mm.) 

rate 

rate 

0 

17*0 

— 

5 

(10*8) 

(0*5) 

10 

8*6 

1*4 

20 

6*0 

1*7 

25 

6*2 

1*7 

35 

6*0 

1*6 

50 

3*5 

1*6 

80 

(2*5) 

(1*6) 


(Values in brackets are interpolated) 


The best agreement with these experimental results is given with O == 1*72 x 10^*, 
and JnK = 1*05 x 10-*. 
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olefine pressure (nun.) 

Fiouke 8. The inhibition of the photolysis of acetaldehyde by propylene and iao- 
butylene. O propylene, # wo-butylene. The line for propylene is calculated from 
equation (IX) with C =: 8*4 x lO-*®, that for tso-butylene with C z= 1*72 x 10“"*, 



propylene pressure (mm.) 
t«?-butylene pressure x 5 (mm.) 

Fioubk 4. Po!ymorii»tion of propylene and wo-butylene induced by acetaldehyde 
photolysis. O propylene, • wo-butylene. The line for propylene is calculated from 
eqtiation (X) with C = 8*4 x lO”* and Jn/C = 5^2 x 10“*, that for i«o-butylene with 
O = 172 X 10"* and JnK = 1*05 x 10"*. 
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With i^o-butylene the inhibition is greater than with either ethylene or 
propylene, and the polymerization less, becoming independent of the olefine 
above a comparatively small pressure. The values for cr were taken from 
the smoothed curves for the acetaldehyde photolysis rate and of the 
observed pressure change, the individual values being somewhat erratic. 


Molbcttlar weight of the products 

The factor n, which is the number of olefine molecules in the final polymer, 
appears in the equations for <r, and must now be evaluated. Measurement 
of the vapour pressure-temperature relations of the condensed reaction 
product from acetaldehyde and ethylene showed that, while it was not 
homogeneous, yet the molecular weights were distributed over a com¬ 
paratively small range. Hence no great error is introduced by assuming a 
singular value for n. On prolonged irradiation (30-40 hr.), though con¬ 
siderable unchanged ethylene is found by analysis, the observed pressure 
decrease of the ethylene is slightly greater than 50 %. The average mole¬ 
cular weight of the polymer is therefore substantially higher than that 
corresponding to butylene. This is confirmed by the fact that at room 
temperature and pressure a fraction of the gaseous products condenses out. 
On account of tliis condensation the proportions foimd by gas analysis will 
not correspond to the partial pressures in the reaction vessel. They can, 
however, be brought into relation with them by using the carbon monoxide 
as a reference gas. 50 nun, acetaldehyde on complete photolysis will give 
49-2 mm. of carbon monoxide. The jiercentage of carbon monoxide found 
by analysis must therefore correspond to this pressure. The partial pressures 
of the products of reaction calculated in this way are given in table 8. 

Table 8. Mean of ten analyses of the products (uncondbnsed at 

OF PROLONGED PHOTOLYSIS OF 50 MM. ACETALDEHYDE IN 
PRESENCE OF 300 MM. ETHYLENE 



percentage 

pressure 

(mm.) 

carbon monoxide 

27*5 

49-2 

ethylene 

25*6 

45-8 

higher olefines 

19-6 

36-1 

saturated hydrocarbons 

27-0 

48-4 


The fate of the initial 300 mm. of ethylene can now be determined. The 
mean carbon chain length of the saturated hydrocarbon fraction was found 
by combustion to be 1*98 units. This fraction should consist of methane from 
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reaction (2), together with a small proportion of ethane from the chain- 
ending reaction (3), However, higher paraffins could be produced by inter¬ 
action of the larger radicals and aldehyde by reactions of the type: 

C3H7 + CH3CHO - CgHg + CO -f CH3, (2') 

and a relatively small proportion would raise the apparent molecular weight 
to the value observed. Ethylene must have entered into the composition 
of this fraction, the raising of the apparent molecular weight depending 
only on the amount of it which has reacted in tliis way, and not on the 
particular molecular species in which it appears. For the j)urpose8 of cal¬ 
culation this paraffin fraction can be taken to be a mixture of equal amounts 
of methane and propane. Then ^{48'4) = 24*2 mm. of ethylene will have 
entered into its composition. Deducting this and the 45*8 mm. of imohanged 
ethylene found by analysis from the initial 300 mm. of ethylene leaves 
230 mm. which has polymerized. Taking the gaseous higher olefine fraction 
to be butylene, 70*2 mm. of ethylene will have been required to form the 
36* 1 mm. found, leaving J 59* 8 mm. in the form of condensed liquid products. 
Initially there were 350 mm. of reactants. The average pressure decrease 
on prolonged reaction was 120 mm., leaving 230 mm. of products. Of this 
45*8 mm. are ethylene, 35*1 mm. gaseous olefines other than ethylene, and 
98*5 mm. carbon monoxide and paraffins from the aldehyde photolysis. 
This leaves 51*1 mm. for the higher products which condense out on cooling. 
Coming from 159*8 mm. of ethylene, the average ethylene content per 
molecule of this fraction must hence be 3*12. In the polymerization of 
ethylene under the present conditions therefore, n = 3. With propylene 
and iso-butylene, where there is much less polymerization, n will be taken 
to be 2. 

Effect of oxygen on the reaction 

Traces of oxygen are known to have a considerable effect on many poly¬ 
merization processes. The effect of oxygen on the acetaldehyde photo¬ 
sensitized polymerization of ethylene is shown in table 9. At 300° the 

Table 9 . Effect of oxygen on the polymerization of ethylene 

INPUCED BY ACETALPEHYDE PHOTOLYSIS. 50 MM. AOETALPEHYDE, 
300 MM. ETHYLENE 


air 

observed 

reduction 

added 

polymerization 

in rate 

(mm.) 

rate 

(%) 

0 

14*8 

0 

10 

13*0 

12-2 

30 

11*6 

21*6 
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aoetaldehyde might be oxidized at onoe by air. 30 mm. of air coutam about 
6 mm. of oxygen and would be capable of oxidizing 12 mm. of aldehyde. 
This would be a reduction of 24% in the aldehyde available to induce 
polymerization. The observed reduction in polymerization by this amount 
of air is 21 %. The effect of oxygen on the reaction is hence small, and can 
entirely be attributed to the oxidation of part of the aoetaldehyde. 


Polymerization photosensitized by propionic 

AND W-BUTYBIC ALDEHYDES 

Propionic aldehyde photolyses in ultra-violet light by a chain process 
similar to that occurring with aoetaldehyde, at about one-third the rate 
(Mitchell and Hinshelwood 1937 ). This photolysis is apparently uninhibited 
by ethylene, though the latter is polymerized. The rate of polymerization 
is ])roportional to the ethylene pressure up to at least 000 mm. (table 10 , 
figures 1 and 2 ). This contrast with acetaldehyde could be explained by the 

Table 10. Photolysis of 50 mm. propionic aldehyde in the presence 
OF ethylene, and the INDITOED POLY'MEBIZATION OF THE LATTER 


ethylene 

propionic 

aldehyde 

ethylene 

pressure 

photolysis 

polymerization 

(min.) 

rate 

rate 

0 

4-6 

— 

60 

40 

20 

100 

5-7 

6*7 

161 

60 

7*2 

172 

4-7 

7*6 

200 

60 

10‘6 

222 

61 

107 

280 

60 

165 

302 

6*6 

14-7 

337 

6-3 

16*9 

391 

6-6 

2L7 

666 

60 

300 


assumption that with propionic aldehyde all the growing polymer radicals 
regenerate the initial radical, none suflFering chain termination by reaction 
(7). This would mean that = 0 , so that in equation (VII) for the aldehyde 
photolysis rate, 

P Po> 

and in equation (VIII) for the pol 3 rmerization rate, 
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fts observed* This assumption, however, demands that the chain-ending 
process (7), shown to be important with acetaldehyde, should play no part 
in the propionic aldehyde reaction, which is unlikely. A more probable 
explanation is that the large radicals regenerate, not ethyl, but methyl 
radicals in reaction (6), and that the latter are somewhat more reactive 
than the piimary ethyl radicals* The inhibition due to reaction (7) might 
then be masked, and could even be converted into a slight acceleration, as 
indeed is observed with butyric aldehyde and ethylene (table 11). Further 
evidence that the lack of inhibition with propionic aldehyde and ethylene 
is due to the balancing of two effects is afforded by the fact that propylene 
does cause slight inhibition (table 12). 

Table 11. Polymerization of ethylene photosensitized 


BY 50 MM. 

w-butyric 

ALDEHYDE 


n-butyric 


ethylono 

aldehyde 

etliylene 

pressure 

jihotolysis 

polymerization 

(mrn.) 

rate 

rate 

0 

30 

. 

101 

30 

J-6 

160 

31 

2-6 

JUS 

3-0 

51 

276 

3-4 

8-4 

32S 

41 

9-4 

400 

3-6 

15-8 

426 

4-3 

131 

487 

4*0 

23*5 


Table 12. Polymerization of propylene photosensitized 


BY 50 MM. 

PROPIONIC 

ALDEHYDE 


propionic 


()r<)pylono 

aldehydes 

propylene 

pressure 

photolysis 

polymerization 

(mm.) 

rate 

ratcj 

0 

4*6 

— 

63 

40 

2-2 

125 

3 7 

2-9 

161 

3-8 

3-0 

201 

3*6 

30 

260 

3 2 • 

3 2 

326 

2*8 

3-7 

363 

2-8 

4-2 

406 

2*6 

41 


Agreement with tliese experimental results is obtaiueii with l*29x and 
JnK =r 2'9fl X in equations (IX) and (X). 
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Taken together these various results suggest that absorption of ethyl 
radicals by the olefine is in fact being followed by the regeneration of 
slightly more reactive methyl radicals. 


Mkchanism with ethyl radicals regenerating methyl radicals 
The following typical mechanism may now be considered: 


EtCHO + hp 

-Et-fCHO 

Ai, 

(1) 

Et + EtCHO 

-Et + CO + CjHe 

h' 

(2') 

2Et 

= chain ended 

ki 

(3') 

Et + wCgH^ 


K 

(4') 

K 

~ olefine + CH3 

k' 

(6') 

K 

~ chain ended 

A.7, 

(7') 

CH3 +EtCHO 

-CHa + CO-hCgHe 

k^t 

(2) 

CHj + Et 

=* chain ended 

k^i 

(3) 

CHg + nCgHg 



(4) 

K 

= olefine-hCHa 

k^f 

(6) 

K 

= chain ended 

k>j. 

(7) 


This mechanism leads to the following stationary state equations: 
d[Et\ldt = - A:'[Et]2 --r,[Et] [C^H,] ^,[^3] [Et] - 0, (XI) 

d[CH3]/d« = ~ i;[CH3] [C.H,] - k^[C}i,] [Et] + k,[RJ - 0, (XII) 

d[R;,]ldt -/^;[Et][C3H,]-(A:i+^;)[i?;] -o, (xiii) 

d[RJIdt = k,[C}i,] [C3H,] - (k, + k,) [R^] - 0. (XIV) 

The problem can be simplified by considering only the condition that with 
small additions of ethylene there shall be neither acceleration nor inhibition 
of the rate of the propionic aldehyde photolysis, and proceeding by succes¬ 
sive approximation. Considering [Et] the loss of ethyl radicals by combina¬ 
tion with methyl radicals may first be neglected compared with their 
removal by mutual recombination—^provided that the ethylene concen¬ 
tration, and hence the methyl concentration, is small. Neglecting the term 
ArgCCHa] [Et] in equation (XI), therefore, 

- Ai[C.H,] + 2{k,kiU.)^ {1 + 

■ 


[Et] 
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As the [CJH4] approaches zero, this approximates to 
fFtl = 


(t) 


From equation (XII), substitution of the values of [i?^] and [jB„] from equa¬ 
tions (XIII) and (XIV), of the value for [Et] from equation (XV), and 
putting = (!“//), gives [CH3]. When tCaH4] is small, terms 

involving [CjjH4]2 may be neglected; then 


*s(^r - - {{1 - A) *4 - K} [ W] 


[CH3] 


As [CJJH4] approaches zero, this reduces to 


[OH3] 




This approximate value for [CH3] may now be reintroduced into equation 
(XI) in the term previously neglected and a more accurate value for [Et] 
obtained: 

I 'fcj ) ' 2¥i ■ ' 

Calling the concentration of propionic aldehyde [A]t 

- d[A]ldt = fci[A] [Et] + fc,[A] [CH,]. 

I d[A] ,, ¥ 4 b.. (l-/?)i;[C,H4] A;,*;[C.H 4 ]{ 1 -/?) 

[A] dt ~ k’^ 2 g 2 g is” 


[A] dt 
1 dp 

[AldiC^l'*] 


ktk'til-/}) k'^k't ifcjifcill-/?) 


(XVI) 


From equation (IX), if the ethylene pressure is small, 

J_ dp 

[AjdEC*'!;]- 

Expressing the slope of the aldehyde inhibition curve in terms of an 
‘ apparent ’ value of fi, we may write 

p -s; ^a^^a p pftnmt 


13-2 
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If these values are inserted in equation (XVI), and it is assumed that the 
recombination rate of ethyl with methyl does not differ significantly from 
that of two ethyl radicals (i.e. that = ig), then 




.2(1 Z A) _ 

2 — ^ 


(XVII a) 


For the aldehyde photolysis rate to be unchanged by increasing ethylene 
concentration (i.e. for there to be no inhibition by ethylene as found with 
propionic aldehyde), /^apparent wmst be zero. This gives 


^2 _ ^ ^ 


(XVII fe) 


If fi has a value similar to that for the acetaldehyde-ethylene reaction, 
namely, 0-06, then k^jk^ == 0*97. Therefore if most of the ethyl radicals 
originally reacting with ethylene in reaction (4') are replaced in reaction 
(6') by methyl radicals which are about 3 % more active, then an inhibition 
of the same magnitude as that found with acetaldehyde and ethylene could 
be compensated. 

The results with proi^ionic aldehyde and propylene, assuming the true 
value of to be the same as that found with acetaldehyde and propylene, 
give C'a/fcg = 0*85. The agreement of the two values for the ratio is not very 
good but the assumption of equal values can only be roughly true. In any 
case the results show that the reactivities of methyl and ethyl radicals are 
not very different. Alternatively, but loss probably, it could be assumed that 
klj, ^ k^] fi would then have to be zero, i.e. k^ would be zero, 

Tlie results for acetaldehyde above are expressed in terms of the constants 
C and K, the ratio Kj2C giving the ratio kjk^. This latter ratio may be 
obtained directly for propionic aldehyde. From equations (VII) and (VIII) 


p ^ /fcgLEtCHO] 
tr nfc4[CgH4] ’ 


giving kjk^^ Strictly p and (X are of the form given only at low ethylene 
pressures where re|)lacement of ethyl by methyl is small. With propionic 
aldehyde the ratio is obviously constant even at high ethylene pressures, 
since p is constant and a varies linearly with ethylene pressure on account 
of the balancing of effects described above. 


Discussion 

The inhibition of the acetaldehyde photolysis by ethylene is relatively 
slight, that by the two higher olefines considerable. The polymerization 
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rate of ethylene increases only a little less than linearly with pressure; that 
of propylene and wo-butylene is almost independent of pressure except 
when this is low. With propionic aldehyde and ethylene there is no inhibition 
of the photolysis, and the polymerization rate is strictly linear with ethylene 
pressure. These facts are interconnected. When there is no inhibition of the 
photolysis the stationary concentration of radicals is unchanged by the 
olefine, which comj)ete 8 for them with the aldehyde to an extent propor¬ 
tional to its own pressure. When, on the other hand, inhibition is large, 
nearly all the radicals are removed by the olefine. The aldehyde then 
becomes simply a primary source of radicals, the normal radical removal 
process being negligible in comparison with the new chain-ending step 
introduced by the olefine, which is now the controlling factor. If this step 
is of the first order, the rate of polymerization must become independent 
of olefine concentration. 

In equations (IX) and (X), 


"24 


= C and 


A*3 


-A'. 


whence 


K _ 

2C ~ A, 


{K being found from the experimental values of \nK, and w), and 


P 


w • 


From equation (V), when [CjH,]->0, 

(XVIII) 
Po 

ki labs. 


Therefore 
For pure acetaldehyde 

chain length = 




total rate 


rate of primary process 


or = 

where and are respectively the rate and chain length for the photolysis 
of 50 mm. of pure acetaldehyde. The value of at 300*^ is 28 units by extra¬ 
polation from the results of Mitchell and Hinshelwood ( 1937 ), allowance 
being made for the difference in light intensity. Substitution in equation 
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(XVIII) gives from which the ratio is obtained. From the known 
values of C and of \nK, with n *= 3 for ethylene and n = 2 for the other 
olefines, the values for the ratios given in table 13 are obtained. As shown 
above, effects due to the regeneration of methyl radicals from ethyl radicals 
can be formally expressed in terms of an apparent value of which, where 
applicable, is included in the table. 


Table 13 


aldehyde 

olefine 


App. 


^ 7/^6 


acetaldehyde 

ethylene 

014 

— 

0*06 

0*06 

— 

acetaldehyde 

propylene 

0-31 

— 

0-29 

0'41 

— 

acetaldehyde 

i/ro-butylene 

0*31 

— 

0*59 

1*44 

— 

propionic aldehyde 

ethylene 

017 

0*00 

(0-06) 

— 

(0*97) 

propionic aldehyde 

propylene 

0*115 

004 

(0*29) 

— 

(0*86) 


Defining the chain length in the polymerization reaction as 
number of C 2 H 4 molecules polymerized 


0polym. 

then 


number of initiating radicals (= number of quanta absorbed)' 


?^polym. 


observ^ed ethylene polymerization rate 




^00 
/>o * 


(XIX) 


Similarly, the chain length of the acetaldehyde photolysis in the presence 
of ethylene is 


^aldehyde 


observed photolysis rate in presence of ethylene 
Pol^o 


Po ’ 


(XX) 


The values for the chain lengths of the two reactions obtained from equations 
(XIX) and (XX) are given in table 14. 


Table 14. Chaik length of the acetaldehyde photolysis in the 

PRESENCE OF ETHYLENE, AND OP THE INDUCED POLYMERIZATION 
REACTION. 50 MM. ACETALDEHYDE HAS Pq = 17*0, <f>Q = 28 


,, , chain lengths 

ethylene _^ 


pressure 

Pob8. 


CH>CHO 

C,H, 

0 

17*0 

— 

28 

— 

100 

12*6 

14*0 

20 

23 

200 

10*8 

19*6 

18 

32 

300 

9*8 

24*0 

10 

30 

400 

8*9 

28*3 

14 

48 
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Under the same conditions of incident light intensity, temperature and 
pressure, the ratio of the rates of photolysis of actstaldehyde and propionic 
aldehyde is 3*48, and the ratio of the amounts of light absorbed by equal 
pressures of the two aldehydes, determined by the use of a photoelectric 
photometer, is The ratio of the quantum efficiencies of photolysis is 
therefore 

9 (propionic aldehyde) 

Taking ^(acetaldehyde) ~ 28, gives ^(propionic aldehyde) — b-4. This is the 
overall quantum efficiency. The results of Mitchell and Hinshelwood ( 1937 ) 
show that in the primary process for each quantum absorbed by propionic 
aldehyde, 049 inoleculeB react, of which only 0*22 are able to react with 
nitric oxide, i.e. are free radicals, and 0*51 quanta are degraded as heat. 
If a is the number of reaction cycles arising from one initial radical, 

0*22a + 0-27 overall quantum yield ~ 15*4, 
or a = real chain length = 28. 

This value is the same as that for the acetaldehyde photolysis, llie experi¬ 
mental conditions used by Mitchell and Hinshelwood differed, however, in 
several important respects from those in the present work, the light being 
monocliromatic (3135 A), and of much lower intensity. The results therefore 
cannot be strictly applied, but they do show that there is no very marked 
difference in the reactivity of methyl and ethyl radicals with aldehydes. 

If the number of initiating radicals with propionic aldehyde is taken, as 
with acetaldehyde, to be equal to the number of quant a absorbed, then from 
equation (XIX) ^poiym. = with 100 mm. ethylene. If, however, the 
value 0*22 for the number of radicjals i)roduoed by propionic aldehyde per 
quantum is applicable under these conditions, then ^poiym. 

31'4. The corresponding value for the acetaldehyde induced reaction is 22 . 
Owing to the doubt about the applicability of the value 0 * 22 , it can only be 
said that the polymerization chain length is several times the quantum 
efficiency and reaches a value comparable with that for the acetaldehyde 
induced polymerization. 

Polymerization photosensitized by ketones 

The polymerization of ethylene is also induced by the photolysis of 
dimethyl and diethyl ketones. These photolyses yield free radicals, though, 
in contrast with aldehydes, no reaction chains are propagated (Leermakers 

1934)- 
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The rate of photolyaia of the ketones under the conditions employed was 
so small that it could be assumed to be unaffected by the ethylene. Analyses 
for ketone were therefore not necessary, the polymerization rate being 
obtained directly from the observed rate of pressure change with a small 
correction for the ketone decomposition. The experimental results for the 
polymerization of ethylene by dimethyl and diethyl ketones are given in 
table 15 and are plotted in figure 5. The light absorptions of the ketones 

Table 15, Polymerization of ethylene induced by photolysis 

OF DIMETHYT. AND DIETHYL KETONES 


26 mra. dimethyl ketone 50 mm. dimethyl ketone 25 mm. diethyl ketone 
photolysis rate 0*5 photolysis rate 0*7 photolysis rate 0*4 


ethylene 

polymer¬ 

ethylene 

polymer¬ 

etliylene 

polymer¬ 

presaurt^ 

ization rate 

]>ressur6 

ization rate 

pressure 

ization rate 

111 

40 

lOf) 

6*« 

66 

1-6 

200 

7*6 

131 

6*2 

94 

2*5 

300 

10-7 

213 

100 

102 

2-0 

896 

146 

300 

14*6 

120 

3*3 

(iOO 

22*6 

328 

16*2 

166 

3*8 



605 

27*0 

203 

6*0 


251 7*0 

292 9*6 

300 9S 

390 14*0 



100 200 300 400 

ethylene pressure (mm.) 


Fiochk 5. Polymerization of ethylene induced by photolysis of dimethyl and 
diotliyl ketones. © 60 mm. dimethyl ketone, • 26 mm. dimethyl ketone, O 26 mm. 
diethyl ketone. 
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and of acetaldehyde are compared in table 16. Comparison of the rates 
of pol 3 mierization of 300 mm. of ethylene photosensitized by 50 ram. of 
acetaldehyde and by 50 ram. of dimethyl ketone respectively, making 
allowance for the slightly different light absorptions in the two cases, gives a 
ratio of 24* 1:15* 8. Though the ketone photolysis takes place without chains, 
the polymerization induced by it occurs at almost three-quarters of the rate 
of the acetaldehyde induced reaction, which has a chain length of between 
20 and 30 units. The polymerization process itself must therefore have a 
considerable chain length. This conclusively confirms the existence of a 
‘ chain transfer * step in the reaction mechanism. 

Table 16 . Light absorptions of dimethyl and diethyl 

KETONES COMPARED WITH ACETALDEHYDE 

t 

absoi'ption 
(arbitrary units) 


50 nun. acetaldehyde 9*9 

25 mm. dimethyl ketone 5-1 

50 mm, dimethyl ketone 8*4 

25 mm. diethyl ketone 5*8 


The rate of the ketone-induced polymerization is proportional to the 
ethylene pressure up to the highest pressures investigated. The mechanism 
must be similar to that of the aldehyde-induced reactions, except for the 
different primary process and the absence of a chain reaction in the ketone 
itself. The kinetics of the induced jjolymerization should therefore be the 
same. The expression for the rate of the ketone-induced polymerization 
reduces to 

n- = , (XXI) 

when p is zero or the olefine pressure small. According to this equation 
(T will be proportional to the olefine pressure, as observed. The rate of the 
aldehyde-induced polymerization falls below the linear value at higher 
olefine pressures, but over the same range of polymerization rates, up to the 
highest observed with dimethyl ketone, it also ol>eys equation (XXI), 
Comparison of the rates of ethylene polymerization by acetaldehyde, 
dimethyl and diethyl ketones affords an opportunity of estimating their 
relative efficiency as sources of radicals. With 50 mm. of acetaldehyde and 
400 mm. of ethylene the polymerization rate is 30-0 units with a light 
absorption of 9*9 units. The corresponding rate with dimethyl ketone is 
19-1 with light absorj)tion 8-4 units. Corrected to the same light absorption 
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the ratio of the rates is 0-69. If the quantum efficiency of radical production 
for acetaldehyde is unity (Mitchell and Hinshelwood 1937 ), the above result 
suggests that only 69 % of the dimethyl ketone gives rise to free radicals in 
the primary process. 

Photolysis of diethyl ketone gives ethyl radicals. As with propionic 
aldehyde, the possibility arises of a mechanism in which the absorption of 
these ethyl radicals by olefine is being followed by the regeneration of methyl 
radicals at the end of the polymerization cycle. The complex expression for 
the polymerization rate derived from such a mechanism can be shown to 
approximate, at high olefine pressures (where the methyl radical concentra¬ 
tion will greatly exceed that of ethyl), to that obtained for dimethyl ketone 
(equation (XXI)). At low olefine pressures, where there is only little con¬ 
version of ethyl to methyl radicals, <r is still given by equation (XXI), with 
the velocity constant for the reaction of ethyl with olefine, (/s^), in place of k^. 
The slope of the curve of (X against for diethyl ketone does indeed 

seem to be smaller at the lowest olefine pressures, which is in agreement 
with the mechanism above, but the experimental results at such low ethylene 
pressures are unreliable. 

At the higher ethylene pressures the rates of polymerization by the two 
ketones are almost equal. This would indicate equal reactivities of ethyl and 
methyl were it not for the possibility of an almost complete replacement of 
ethyl by methyl in the course of the reaction cycle. 

(ip:NKRAn CONCLUSIONS REGARDINO RKACTIVITIES 

From the quantitative comparison of the various reactions the following 
conclusions may be drawn: 

( 1 ) There is no marked diminution in the reactivity of the alkyl radicals 
as the series is ascended. This is shown by the facts that {a) in the photolysis 
the true chain lengths for acetaldehyde and propionic aldehyde are com¬ 
parable; ( 6 ) propionic aldehyde is attacked by methyl radicals regenerated 
in the ethylene polymerization only a little more readily than by ethyl 
radicals ; and (c) there is only limited variation in the ratio kjk^ in the dif¬ 
ferent reactions. Like the aldehydes therefore, the olefines must be attacked 
about equally easily by the different alkyl radicals. This conclusion is con¬ 
sistent w ith the experiments on the polymerization of ethylene induced by 
ketone photolysis. 

( 2 ) The polymerization rate diminishes rapidly in the series ethylene, 
propylene, tiso-butylene. This is not due to a decreasing ease of reaction 
between radical and olefine, for the higher olefines inhibit the aldehyde 
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photolysis strongly, which shows that they absorb alkyl radicals very 
effectively. Their failure to give rapid polymerization must hence depend 
on high values of which is a measure of the tendency of the growing 
polymer radical to be converted into products unable to propagate the 
chain process. 

(3) The failure of the growing polymer to incorporate more than about 
three molecules of ethylene must be attributed more to the increasing ten¬ 
dency of the larger radicals to decompose than to a decrease in their rate 
of reaction with ethylene. Thus the limiting factor, both with the rapid 
reaction of ethylene and with the slower reactions of the higher olefines, is 
the decomposition of the growing radical when it exceeds a critical size, 
either to give a methyl radical which continues the chain, or to give products 
which are inactive. 

As both types of reaction are probably iinimolecular, it is understandable 
that they should occur more readily as the number of degrees of freedom in 
the radical increases. 
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The vapour-pressure curve 

By Klatts Fuchs 
The University of Edinburgh 

{Communicated by M. Born, F.R.S.—Received 12 March 1941 ) 

By an extenHion of Mayer’s theory of condensation, exact equations are 
<lerive<i for the vapour pressure and the condensation volume of the gas in 
terms of the virial coefficients on the one hand and the free energy of the 
condensed phase on the other. The formula for the vapour pressure reduces 
in first approximation to Stem’s vapour-pressure equation. 


1. Introduction 

Mayer, together with several collaborators, developed a few years ago 
a very powerful method of dealing with the thermodynamical properties 
of gases (Mayer 1937 ; Mayer and Ackermann 1937 ; Mayer and Harrison 
1938 ). A rigorous treatment of Mayer’s theory has been given by Born and 
myself ( 1938 ). 

The central idea of Mayer’s method is this: If we evaluate the partition 
function correctly, taking into account all configurations of the particles 
possible in a given volume, then any phase change must follow automatically 
from the partition function. If, in particular, the phase change is associated 
with a change of volume, the pressure must automatically be constant 
between the volumes of the two phases. 

The partition function then is a non-analytic function of the volume. It 
has singularities for those volumes where a phase change takes place. 
Mayer used this property of the partition function in order to obtain a 
theoretical description of the ])henomenon of condensation. If we develop 
the partition function in a power seiies of the reciprocal volume, this series 
diverges for the (condensation volume. Beyond this volume the pressure 
remains constant. The lower terms of the series give the properties of the 
gas and they can in principle be evaluated, if the forces between the particles 
are known. 

The condensation volume and pressure, on the other hand, are deter¬ 
mined by the asymptotic value of the higher coefScients in this series. 
These are of such a complicated nature that a direct evaluation is im¬ 
possible. 
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If the condensed phase is a solid, the partition function can be evaluated 
by different means. We can then reverse the problem. Instead of evaluating 
the partition function in therms of the coefficients of the power series, we 
may evaluate the asymptotic value of the coefficients in terms of the 
partition function. If this can bo done, the condensation volume and vapour 
pressure can be expressed in terms of the lower coefficients of the expansion 
on the one hand, and the partition function of the condensed state on the 
other. 

I shall show that this actually can be done. The resulting equation for 
the vapour pressure gives in first approximation the vapour-pressure 
equation of Stern. 


2. ThK expansion of the X»AET1TI0N FtTN(OTON 

It will be necessary to repeat some equations of Mayer’s theory, since we 
have to inquire whether they can be applied to the condensed phase. 

The notation of Born and myself ( 1938 , in the following quoted as I) will 
be used. We defined the J^-functions (I, ?M) 

F(N-nKN,vb)^ v pj (2-1) 

nil I ' 

ru 


If V is the volume per particle, N the number of particles and bf the ' cluster 
integrals^ ( 1 , 1 * 8 ), then the partition function of the system is given by 
(I, J *1 and 1, 3 * 2 ) 



•AN 12 Qim 


QW 


F(N,N,vh). 


( 2 - 2 ) 


We then formed the //'functions (I, S-l) 


vh) 


CO 

- s 

JV-I 


F{N ~~rn^,N,tyb) ^ 


(2-3) 


By the theorem of Cauchy Hadamard the asymptotic value of can 

be expressed by the radius of convergence X of the series H\ (in I we used 
r, B for Xy X ; the change of notation is introduced in order to avoid confusion 
with the gas constant B) 
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The J?-function8 are closely connected with the G-functions (1,3‘3) 


0)Sz,vb) = S = vQ^{z,b). 


1-1 


The connexion is given by the theorems (1,5*2, 6-11 and 5-12) 


H^{x, vb) 


G^iz^vb) m ~ 0, 

z”^lni m > 0, 


where the variables x and z are connected by the equation 


(2-5) 


( 2 - 6 ) 

(2-7) 


(2-8) 


In I we distinguished two regions. In the region of the gaseous phase, we 
defined Z as the root of the equation 

Oi(Z,vb)^ I, (2-9) 

From (2‘6) it follows that for this value of diverges and with (2*8), 
(2*4), (2*2) wo found the partition function and free energy A 

-j^;^=lnQ^N{0,{Z)-\nZ-lnv,}, j . (2.10) 

= -iV{lnX + lnt>fc}. 

If Z is the first singularity of G{z, vb) on the positive axis, then for volumes 
smaller than Vg the radius X is given by means of Z. Here Vg is defined by 
means of the equation 

G,{Z,b)=^~. ( 2 . 11 ) 


In this case the partition function is given by (2*10), with Z replaced by Z. 
In both cases we find the same type of equation for the pressure 


dV^ [RTO^iZ.vb) vi^Vg, 


( 2 * 12 ) 


Here V is the total volume Nv, From the second equation we concluded that 
the pressure remains constant for volumes smaller than and this region is 
therefore the region of phase change from the gaseous phase to the condensed 
phase. The value of 2 is of ooxirse connected with the asymptotic value of 
the duster integrals in the same way as X is connected with the asymptotic 
value of the partition function. 
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No indication could be obtained from these equations about the con¬ 
densed phase. This problem will be discussed in the next section. 


3. Expansion of the partition function fob the condensed phase 

The cluster integrals are defined as certain integrals over the configuration 
space of I particles corresponding to the total volume Nv. The integrand is 
such that it gives a contribution only it* each particle is within the range of 
forces of the other particles. Since the integration extends over the whole 
volume, the smaller cluster integrals are obviously independent of the 
volume. Even if the volume per particle is smaller than the cube of the 
range of forces, the total volume Nv can still be considered as infinite as long 
as the number I of particles in the cluster is small compared to N. But if 
I is of the same order as N, the cluster integrals can depend on the volume. 

If the volume v per particle is given, the cluster integrals depend therefore 
furthermore on the total number of particles; I shall denote them by 

(3*1) 

Now consider the definition (2*3) of the If-functions, it is seen that in 
each term the coefficients 6^ will be different and our theorem about I/- 
functions cannot be applied. This, of course, is the case only if the con¬ 
tribution of the large cluster integrals to the partition function is appreciable. 
There is therefore no difficulty about the gaseous phase. Even for the 
densest gases, the cluster integrals can be considered as constants. 

The difficulty can be avoided in the following way, I define 

if 1>N, (3‘2) 

and correspondingly (3*3) 

Then the theorem about //-functions holds for every one of these functions. 
Consequently, it also holds in the limit iST-^oo. I therefore define 

= lim = lim (3*4) 

JV-^oo JV-^oo 

These are the functions which have to be used instead of and (7^. I 
obtain the same equation for the partition function in terms of Zy with the 
only difference that Z is now the first singularity of on the positive axis; 
it is therefore given by 

Z N^OO 

and evidently it can depend on the volume. 


(3*5) 
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Except in the neighbourhood of the critical point, the middle sized 
clusters do not give any contribution to either the partition function or the 
series Qy They are therefore semi-convergent beyond the singularities and, 
since the lower cluster integrals do not depend on the volume, they are 
semi-convergent expansions of In this sense the equation (2*10) for the 
partition function remains correct, if Z is replaced by Z as defined by (3* 6 ). 
Since this quantity depends on the volume, the expression ( 2 * 12 ) for the 
pressure must ha modified; instead 

PV = RT\ci,{E,vb)-^^(\-G^(Z,vb))\. (3-6) 

Thus, in this region the pressure changes with the volume and it must 
therefore be identified with the condensed phase. 

I therefore define a volume such that for volumes greater than ?v, 
and therefore Z is constant, and that these quantities depend on the 
volume for volumes smaller than v^. Then is the volume of the condensed 
phase. 

Such non-analytical behaviour of the large cluster integrals is easily 
understood. They are integrals very similar to the integral defining the 
partition function, though rather more complicated. In the case of the 
partition function it is easy to understand the discontinuity for v « 
if we refilize that the configurations corresponding to the coexistence of two 
phases are also in(?luded in the integration over the whole configuration 
space. There is therefore a linear decrease of the free energy corre¬ 
sponding to a linear increase of the number of particles in gaseous con¬ 
figurations. But, since the latter do not contribute to the large cluster 
integrals, these remain constant for volumes larger than 


4. Thk oonoensation volumk and vapour pressure 

I shall now assujne that the free energy of the condensed phase has been 
obtained. If tiie condensed phase is the solid phase, this can, for example, 
be done in the well-known way by integration over all normal modes of 
vibration. Thus from ( 2 * 10 ) 

Z can now be obtained from ( 2 * 7 ) 

Z = //i(X.w/;) = //}( * 


(4-2) 
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Appl 3 ring this equation in particular to the volume Vg, one obtains the value 
of i.e. the singularity of the Gf-functions, which governs the process of 
condensation. The condensation volume of the gaseous phase and the 
vapour pressure are then given by (2-11), (2-12) 

(4-3) 

P,^P,^kTQ^{Z,,b). (4-4) 

Here as in the following equations the indices c and g refer to the evaporation 
volume of the condensed phase and the condensation volume Vg of the 
gaseous phase. 

The equations (4*4) and (4*5) can be transformed by means of (2*6) and 
(2*7) with the result 


..L... JC = ~ 

\^in{x,,v,hy ’ 

hT 


(4-6) 

(4-6) 


The volume v^. finally is determined by the condition that the pressure of 
the solid phase is identical with the vapour pressure 

- yU),,, “ HTHKX,, v,b). (4-7) 


The series in these formulae of course converge. They are semi-convergent 
only for volumes smaller than 

I have therefore expressed the condensation volmne Vg and the vapour 
pressure in terms of the lower cluster integrals and the free energy of the 
condensed phase. The volume of the condensed phase is expressed as the 
solution of an equation involving also only the lower cluster integrals and 
the free energy of the condensed phase. 

The cluster integrals furthermore can be expressed in terms of the 
irreducible integrals (see 1,3-2), which multiplied by — 1 are iden¬ 

tical with the virial coefficients. 

In the following the first few terms of the expansions are given. The 
cluster integrals are 


VoL 179. A. 


14 
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The equation for ia 


/ L?;^\ e^cIKT { Vc + f‘t J^RT . f ^ + ^^e^« + ^8 ga^jtT 

I kTdVU^~ V, ^ ^ 4 


+ K + »^\ + 4t>cfc» + 2 t>e 6 |+ 6 « ^ 

4 


(4-9) 


The condensation volnnie of the gaseous phase is given by 

J_ L e^c/nri 1 2 ^th^AriHT ^ 3 ^2ajrt 


Vu 


4 . 4 : 


+ 8^*62 + ^ vj )^ + 2 Vcbl -h 64 


eJUc/nr 4 , 


and the vapour pressure by 


(4-10) 


kT Vf,' \ Vf, vl 


+ 


4 + 4?;g 6 3 "h + 64 ^ 


(4*11) 


If the condensed phase is the solid phase^ the free energy may be written 
in the form 

A e kT 


Taking only the first terms in the expansions (4-10), (4’ 11 ) we find 


k.T \ 3 /* 


-«/*r 


/ M 

'•-"•* tiiiSS.; *' 

Inii =«= —-^lnA:T + |In(P* 2 rrw). 


(4.13) 

(4.14) 


The last equation is the vapour-pressure formula of Stem (cf. for example, 
Bom 1923 ). It holds for sufficiently low temperatures. .For higher tem¬ 
peratures the next terms in the expansion must be included. 

In the same approximation we find for Z 


z 


i ^AcIRT _ IJjjj 
iV -^00 


m 


m 



(4-16) 

(4-16) 


or with (3-5) 
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Thus at sufficiently low temperatures at least, the large cluster integrals 
are identical with that part of the partition function which arises from the 
integration over the spatial co-ordinates. 
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The absorption spectra of the cyclic dienes in 
the vacuum ultra-violet 

By W. C. Price ani> A. D. Walsh 
Physical Chemistry Lai>oratory^ Cambridge 

(Communicated by jB. C?. W. Norrish, F,R.S,—Received 22 April 1941 

[Plates 30, 31] 

The absorption spectra of oyolohoxadiene, oyclopeiitadiene, pyrrole, 
thiophene and furan have been investigated in the vacuum ultra-violet. 

The spootra obtained are due to the excitation of a tt electron from the 
conjugated double-bond electrons (;^Xa)* The ionization potentials of the 
molecules deduced from Rydberg series are respectively 8*4, 8 68 , 8-9, 8 91 
and 9*0 IV, these values referring to the outer x% shell of n electrons. A 
second less certain ionization potential of about 10 ’ 8 V was obtained for 
furan. 

Some discussion of the electronic structure of the molecules on the basis of 
their spectra is given, and it is concluded that only in furan is there marked 
tendency towards homooyolio conjugation. It is also concluded that 
‘hyperconjugation’ does not play so largo a part in the interpretation of 
the spectra of cyolohexadiene and cyclopentadiene as previously supposed. 

The absorption spectra of some open-chain dienes in which the double 
bonds appear to be mainly in the trans position have been previously 
described (Price and Walsh 1940 ). Tlie present article deals with the spectra 
of cyclic (cis) dienes, the molecules investigated being cyolohexadiene, 
cyclopentadiene, pyrrole, thiophene and furan. It appears that as in the 
open-chain dienes the electron which gives rise to the bands is a tt electron 
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from the conjugated double bonds. The spectra of the oyolio dienes exhibit 
considerable similarity amongst themselves. Certain systematic differences 
which are found indicate the magnitude of the effect of adjacent atoms or 
groups on these electrons. A comparison of the spectra of the open-chain and 
cyclic dienes confirms theoretical predictions (Mulliken 19396 ) on the rela¬ 
tive intensities of certain analogous electromc transitions in the cis and 
traria positions. 

The 8 })ectra of the molecules cyclopentadiene, thiophene and furan can 
bo analysed in greater detail than the others for the reason that considerably 
Hhari:)er absorj)tion bands were obtained for these molecules. They will 
therefore be described first. The main features of cyclic diene absorption 
having been obtained from them, it will then be seen that cyclohexadiene 
and pyrrole fit naturally into their places in a sequence, although the data 
from these molecules is not quite so complete. A vacuum spectrograph with 
a glass grating was used in these experiments in conjunction with a source 
of Lyman continuum. The photographic plates were Ilford Q 1 , this specially 
sensitive emulsion being coated on microscope cover-glass (thickness 
0*2 mm.) BO as to bend easily into the Rowland circle. We have used these 
})lates for several years and have found them extremely satisfactory for 
work in the vacuum ultra-violet region of the spectrum. 

CyCI>OPKNT ADIEN K 

Monomeric cyolo}>entadiene was obtained by cracking the dimer under 
suitable conditions. Its absorption in the Schumann region has been 
investigated by Solieibe and Qrieneisen ( 1934 ). Their results and those of 
most workers in this field are limited by the fact that fluorite spectrographs 
and the hydrogen continuum were used in their experiments. The use of 
grating spectrographs and the Lyman continuum enables regions of much 
shorter wave-lengths to bo investigated. A photograph of the absorption 
spectrum of cyclopentadiene is given in plate 306. It consists of a series of 
exposures taken at a succession of increasing pressures. The longest wave¬ 
length system of bands occurs in the region 2500-2100 A. Similar systems 
of bands occur in all the dienes. While they are relatively weak in the cyclic 
(cis) dienes they are strong in the open-chain (trans) dienes. The spectra in 
plate 30 have been moved relative to one another so that the second long 
wave-length absorption systems lie below each other. It can be seen that 
while in (cyclohexadiene and cyclopentadiene these second regions are 
stronger than the longest wave-length ones, the contrary is true for dimethyl 
butadiene. The electronic nature of the first transition has been interpreted 



The absorption spectra of the cyclic dienes 203 

by MuUiken ( 19396 ) as The bands are diffuse, the main heads being 

broad maxima superimposed on a background of continuous absorption. 
Frequency differences of about 1200 cm."“^ were found which are probably 
analogous to the similar difi’erenoes observed in the corresponding bands of 
thiophene, pyrrole and furan. They may be interpreted as valence vibrations 
of the conjugated C==C bonds. 

On the short wave-length side of the 2500-2100 A system there is a region 
of transparency extending to about 1990 A where a system of strong bands 
starts. Most of these bands are sharp and degraded slightly towards shorter 
wave-lengths.* While at first sight the vibrational pattern appears fairly 
complex as might be expected for a molecule having as many possible modes 
of vibration as cyclopentadiene, a closer insj>eotion shows that two main 
frequency differences are involved, one of about 1460 and the other 
about 480 cm.~^. The first is mainly a valence vibration in the C=C bonds, 
and as will be shown later occurs also in the analogous systems in furan and 
thiophene. It probably corresponds to the Raman frequency of 1600 cm.~^ 
(Truchet and Chapron 1934 ). The 1200 cm. separation of the 2600-2100 A 
system is no doubt the same mode of vibration, though there it suffers 
greater diminution from its value in the ground state. The second diftbrenoe 
(--480 cm.~^) probably corresponds to a twisting of the CH 2 group, the 
reasons for supposing this being that ( 1 ) a similar difference occurs in the 
spectrum of ethylene (Price and Tutte 1940 ) where, by the use of heavy 
ethylene, the masB factor of the vibration was sliown to be hydrogen 
dependent, and ( 2 ) such a difference does not occur in the analogous bands 
of furan which of course does not have a CHg group. Other frequency differ¬ 
ences were found to accompany the main pattern, but these give rise to 
weaker bands. The diff erences of the stronger bands are shown in table 1 . 


Table 1. Frequencies and assignments of bands of the 
1990-1800 A SY.STEM OF oyclofentadiene 


I 

V obs. 

assigmuent 

I 

obs. 

assignment 

10 

60,380 


3 

61,040 

»’o + ><, + 

2 

690 

^ j 

9 

820 

1^0+ 

2 

760 

— 

3 

940 

I'o+>'» + >’* 

10 

860 

Vo + rj 

2 

52,140 

»’o + >’. + 2l'. 

3 

61,180 


9 

310 


2 

330 

l'a + 2('s 

2 

53,270 

»'o + 2»', 

2 

460 


2 

740 

»'o + 2m, + )/. 


* This second absorption starts abruptly and is not preceded by the weaker long 
wave-length step out which is a characteristic feature of the 8i:>ectra of the cyclic 
trienes. 
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(1460 cm.“^) is probably to be most closely identified with a ralenoe 
frequency of the conjugated double bonds and Vj (480 probably 

a twisting vibration of the CH^ group. Vg and are unidentified modes. 

After this article had been communicated, a paj)er by Pickett, Paddock 
and Sackter ( 1941 ) appeared to which the referee kindly called our atten¬ 
tion. These authors propose a vibrational analysis for the 1990-1800A 
system of oyclopentadiene with which we would agree in the main. We 
think, however, for reasons already given in this article that the separation 
of about 480 cm.~^ is not an electronic difference as they have suggested but 
a vibration due to a twisting of the CHj group with respect to the plane of 
the ring. It would not be prevented from appearing by symmetry con¬ 
ditions as is implied in the article by Pickett et ah, since they have only 
considered the symmetrical vibrations of a plane pentagon. It should also 
be mentioned that our measured frequencies both in oyclopentadiene and 
furan are less by about 50 cm."^ than those of Miss Pickett. 

Towards shorter wave-lengths there is a region of relative transparency 
followed by somewhat weaker bands in the region below 1660 A. These 
bands are of a dift'erent type and as far as can be ascertained ore purely 
electronic transitions unaccompanied by any appreciable amount of 
vibrational structure. This is a phenomenon of very frequent occurrence in 
the absorption spectra of polyatomic molecules in the vacuum ultra-violet. 
It is clear from the regular decrease in intensity of the bands on going to 
shorter wave-lengths that we are dealing with a system of electronic bands 
converging to an ionization potential. Owing to the somewhat diffuse 
character of the bands and its effect upon the accuracy of the measuremen ts 
a certain amount of difficulty was experienced in identifying bands belonging 
to the same Rydberg series. However, a series of bands roughly conforming 
to the following formula was established with a reasonable degree of 
certainty: 

- 69,650-i?/(n +0-28)2. ( 1 ) 

The reality of this series is supported by the discovery of analogous series 
in the other cis dienes, thiopliene and furan, where they were in some cases 
better developed, and still further by the fact that these series were very 
similar to those previously discovered in the trans dienes (Price and Walsh 
1940 ). The limit corresponds to an ionization potential of 8-58 V. An electron 
impact value of 8-4 ± 0-1 V, determined in this laboratory by Mr Sugden, 
also strongly supports this value. A picture of the absorption of dimethyl 
butadiene is placed beneath that of oyclopentadiene for comparison. It can 
be seen that analogous bands of the latter molecule fall to the long wave- 
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length aide of thoae of the former. This statement is true of the apeotrum as 
a whole right up to the photo-ionization limit (8*67 V for dhnethyl butadiene). 

Table 2. Table showing observed and calculated ebequbnoies 

OF THE CYCLOPENTADIBNB BANDS OF SERIES (1) 


n V obs. V calc. 

4 63,640 63,569 

6 66,600 66,613 

6 66,790 66,766 

7 67,440 67,479 


Thiophene 

The absorption spectrum of thiophene is shown in plate 31. Similarities 
with cyclopentadiene are immediately evident, and it is clear that the whole 
spectrum is shifted slightly to shorter wave-lengths. In the long wave¬ 
length absorption which occurs in thiophene between about 2400 and 2100 A, 
the bands are much sharper than in cyclopentadiene, and the important fre¬ 
quency difference can be derived here with greater certainty. Menczel ( 1927 ) 
has proposed a tentative vibrational analysis of these bands in which he gives 
the main frequency difference of the vibrational pattern as -1160 cm.”^ 
Because of the greater contrast of our photographs we were able to measure 
partially diffuse bands in this neighbourhood at wave-lengths somewhat 
shorter than he reached. These enable us to show clearly that the main 
frequency difference of the pattern is -'OGS cm.“^ and not 1150 cm.*^ as 
reported by Menczel. The value corresponds to the valence frequentjy of the 
conjugated double bands in the excited state. An additional reason for 
accepting the lower rather than the higher difference is that this particular 
vibration is about 100 cm.^^ lower for thiophene in the groimd state than 
for the other cyclic pentadienes, i.e. 1404 cm.“^ (Bonino and Manzoni- 
Ansidei 1934 ) as compared with values '-1600 cm.”^. Its value in the 
excited state might be expected to be correspondingly lower than the similar 
differences in the other dienes (--1100 cm,”^). Sets of progressions of bands 
having mean differences of about 966 cm."-^ are given in table 3. The separa¬ 
tions between the progressions probably correspond to difference frequencies 
and are not in themselves vibrational firequencies of the upper state. 

The 2400-2100 A system is followed by a region of transparency which is 
terminated fairly abruptly by the start of a strong system of bands about 
1880A. There is strong similarity in appearance, general shape, etc., 
between this system and the 1980-1800 A system of cyclopentadiene and 
they are undoubtedly analogous. While the first few bands are sharp, the 
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shorter wave-length members rapidly become diffuse and thiis little vibra** 
tional analysis could be accomplished for this system. The first two strong 
bands have a separation of 540 cm. which corresponds to the separution of 
470 cm.“^ for the first two strong bands of the oyolopentadiene system. It 
is possible also to pick out the main ethylenic frequency which turns out to 
be around 1250 This is somewhat lower than its value in* the corre¬ 
sponding states of oyolopentadiene and fiiran and is in agreement with the 
low value of this frequency in the ground State of thiophene (1404 om."^), 
Tliere is also some evidence for a ground state frequency of 675 cm.*^ 
appearing just to the long wave-length side of this system. 


Tabus; 3. Pbooebssions with mean sepabation of 965 
IN THE 2400-2100 A SYSTEM OF THIOPHENE 


I 

V 

Av 

I 

V 

Ap 

0 

41,375 

— 

6 

41,715 

— 

1 

42,206 

970 

9 

42,680 

965 

1 

43,300 

995 

m 

43,660 

980 


— 

— 

10 

44.645 

985 

5 

41,556 

— 


— 

— 

8 

42,610 

955 

2 

41,775 

— 

10 

43,480 

970 

6 

42,740 

965 

10 

44,446 

965 

U 

43,720 

980 

6 

46,405 

960 


— 

— 




3 

41,990 

— 




8 

42,920 

930 




8 

43,900 

980 




6 

44,860 

960 


Table 4, Table showing observkp and calculated frequencies 

OF THE THIOPHENE BANDS OF SERIES (2) 


n 

pobs. 

V oalc. 

4 

67,640 

67,600 

5 

69,040 

69,018 

6 

69,820 

60,865 

7 

70,440 

70,412 


The region between 1600 and 1400 A is occupied by a large number of 
fairly sharp bands which gradually diminish in intensity towards shorter 
wave-lengths. These ore apparently electronic bands unaccompanied by 
much if any vibration, converging to an ionization limit ^ 1400 A. Fairly 
well-developed Rydberg series were found which gave a value of 8*91 ± 0*02V 
for the ionization potential of thp molecule. The following formula represents 
the most prominent series found: 

Fj« 72,170-i?/(n-f0-90)*. 


( 2 ) 
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An electron impact value of 9-0 ± 0*05 V to be published shortly supports 
the value determined from Rydberg series. 

Fueak 

The absorption of furan is similar in many respects to that of cycle* 
pentadiene and thiophene. It suffers certain wave-length shifts with respect 
to them, but corresponding systems can be recognized fairly easily. The 
spectrum in the fluorite region has been photographed by Miss Pickett 
( 1940 ). Our results confirm hers though of course they extend to consider¬ 
ably shorter wave-lengths. Again the spectrum starts with a relatively weak 
diffuse system which has broad maxima at about 47,400, 48,800, 50,100, 
61,200 giving differences of 1200 , 1300 and 1100 respectively. 

These differences no doubt correspond to a weakened valence vibration of 
the conjugated double bonds and are analogous to the differences of 
~ 966 om."^ obtained for thiophene. 

On the short wave-length side of this region starts a beautifully sharp 
system of bands. Its r© band at 1916*6 A is so much stronger than the other 
bands that it is clear that the vibration frequencies of the molecule have not 
been much changed by the excitation. This fits in with Miss Pickett’s 
assignments of the vibrational frequencies. Our measurements of this 
system differ slightly from hers, but what we wish to stress is that here again 
the most strongly excited vibration (-1410 cm.”^) must really be inter¬ 
preted as mainly a valence vibration in the conjugated C—C bonds (1499 
cm.““^ in the ground state). At first sight it might be thought that this system 
is not analogous to the 1980-1800 A system of cyclopentadiene and the 
1880-1709 A system of thiophene, since if so it would be expected to lie to 
the short wave-length side of the thiophene bands. This apparent misfit 
will be discussed later. 

A region of transparency extends between 1800 and 1670 A followed on 
the short wave-length aide by a complex system of bands which have the 
general features of electronic bands converging to an ionization potential. 
They are similar to the short- wave-length bands of cyclopentadiene. Ryd¬ 
berg series established among the higher frequency bands give an ionization 
potential of 9*01 ± 0*01 V. This is in agreement with our electron impact 
determination of 9*0 V, and with the order of the sboi-t wave-length shift 
of the spectrum relative to analogous portions of the cyclopentadiene 
speotrom. Considerable confidence in the series and ionization potential 
was obtained from the fact that the upper Rydberg series bands are very 
similar to the corresponding Rydberg bands in butadiene. Analogous 
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members occur at almost the same wave-lengths and the series converges 
to closely the same ionization potential for both molecules: 

73,080-i?/(n -I- 0-90)*, {3o) 

j'J = 73,0200-60)*. (36) 

Table 6. Showing the observed and calculated feequbnoibs 

OF THE EURAN BANDS OF SERIBS (3o) AND (36) 
aeries 3 a series 36 


n 

V oba. 

V calc. 

V obs. 

V calc. 

3 

06,080 

65,706 

0 

— 

4 

08,660 ' 

68,510 

67,000 

67,001 

6 

60,940 

69,228 

69,360 

66,39$ 

0 

70,760 

70,775 

70,460 

70,423 


To the short wave-length side of the first ionization limit of furan there 
occurs a strong band at 1383*7 A which we consider to be a resonance band 
of the inner pair (;^i) of the ^xl ^ electrons. It is accompanied by 

other bands which are also attributable to the same electron. Their diffuse- 
ness and the resultant inaccuracy of their wave-length determinations 
prevents a definite analysis being given, but our experience indicates that 
they probably converge to an ionization potential close to 10*8 V. The 
second ionization potential we obtain from our electron impact measure¬ 
ment is 10*6 V, thus supporting this value. 


Cyclohexadiisnk 

The spectrum of cyclohexadiene is similar in its main feature to that of 
oycloi>entadiene, its corresponding bands being shifted somewhat to longer 
wave-lengths. The system has a maximum around 2480 A as compared 
with 2320 A for cyclopentadiene. Its absorption coefficients have been 
measured by Henri and Pickett {1939). The next system occurs between 
2070 and 1900 A. It is analogous to the 1980-1860 A system of cyclopenta¬ 
diene and is accordingly much stronger than the NV^ system. It has been 
investigated by Carr and Stuoklen (1938). The gross structure of this system 
involves a frequency difference of about 1400 cm. which is mainly a valence 
vibration in the conjugated double bonds (48,790, 60,150, 61,000 cm.*^). 
This is to be compared with the values of about 1460 om.-i obtained for 
both cyclopentadiene and furan. The Raman frequency with which it is 
to be identified is presumably that at 1676 cm.''^ (Murray 1935). These main 
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bands of oyolohexadiene are composed of a number of groups of individual 
bands with separations of about 100 cm.^^. It seems probable that these 
separations correspond to deformation vibrations of the CHj groups against 
each other. The systems falling below 1800 A on our plates were marred by 
the presence of a smaU quantity of benzene in our preparation. Unfortu¬ 
nately, a new specimen could not be made as our su 2 :)ply of cyclohexene was 
cut off as a result of the war. The electron impact value of the ionization 
potential which we obtained with our purest specimen was 8*4 V, which is 
in accord with the long wave-length displacement of the spectrum of cyclo- 
hexadiene relative to that of cyclopentadiene and the other molecules 
discussed in this article. The low value is to be attributed to additional 
charge transfer from the extra CHg group. 


Pyrrole 

The absorption spectrum of this molecule in the Schumann region has 
been obtained by Scheibe and Grieneisen ( 1934 ). Our results confirm theirs 
and also extend to somewhat shorter wave-lengths. The first relatively weak 
N absoqDtion occurs between 2220 and 1900 A, being slightly to the 
long wave-length side of the analogous furan absorption. It overlaps at its 
short wave-length end, the second region, which is a diffuse region of strong 
absorption, occurring between about 1870 and 1800 A. This second abBorj)- 
tion thus appears to the long wave-length side of the analogous thiophene 
system and to the short wave-length side of the corresponding furan bands. 
The relative position of these bands is therefore completely transposed by 
comparison with the bands. This x>ocuIiarity will be discussed later. To 
shorter wave-lengths some individual bands appear which can be correlated 
with the Rydberg bands of thiophene. Corresponding bands of pyrrole 
appear slightly to the long wave-length side of analogous thiophene bands. 
It might thus be expected that the ionization potential of pyrrole is only 
slightly (^ OOOo V ) less than that of thiophene ( 8* 9 V ). Our electron impact 
value is about 9-0 V for this molecule. 


Discussiok 

The electronic structures of the cyclic dienes have been treated theoretic¬ 
ally by Huckel ( 1937 ) and Mulliken ( 19396 ). The modifications introduced 
by further conjugation with an electron pair of ‘unsaturation’ electrons on 
the fifth atom have to be considered. In the case of cyclopentadiene (also 
cyclohexadiene) these are CHg molecular orbitals iierjiondicular to the 
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plane of the molecule, the phenomenon then being termed ^ hypercon¬ 
jugation*. 

MuUiken discusses three limiting cases within which it is possible to bracket 
tlie electronic structures of known cyclic pentadienes. Case I refers to 
simple diene conjugation (no cyclic conjugation or hyperoonjugation). The 
molecular orbitals Xi^ Ala? A!8» Xa are exactly as in butadiene (i.e. energies 
— 0*618/?, 1*618/?), and in addition there is an atomic or 

molecular orbital Xo belonging to the fifth atom A. Case II occurs when all 
the unsaturation electrons are equivalent and is termed homocyclic con¬ 
jugation. The energies of the associated molecular orbitals have been 
calculated by Huokel ( 1937 ) as -2-OOOJi, -0*618/?, -0*618y?, 1*618/?, 
1*618/?. Case III assumes simple conjugation (i.e. case I) modified by local¬ 
ized perturbations between Xo and Xi (and if A is OHg or S, between Xh and 
The forms and energies of these orbitals are given in table 1 of Mulliken*s 
article. 

The nearest open-chain diene with which we can compare the pentadienes 
is dimethyl butadiene, since in this molecule the same number of C—C 
bonds are associated with the conjugated double bonds. The ionization 
potential of the X 2 orbital in this case is 8*67 V, Since cis and trans diene 
absorption spectra should be nearly alike as regards the frequencies of 
oon’csponding systems (though differing considerably in intensity),it should 
be possible to estimate deviations from case I by observing the shifts of 
bands of the cyclic pentadiene relative to the corresi)onding bands of 
dimethyl butadiene. When the spectrum of cyclopentadiene is compared 
with that of dimethyl butadiene, it is found that the absorption bands of 
the former molecule appear to the long wave-length side of corresponding 
bands of the latter molecule, the frequency shifts diminishing from about 
2000 cm.' ^ for the N bands to about 700 cm. ^ for the ionization poten¬ 
tials. Mulliken (1939 b) explains the appearance of the N-^Vi bands of cyclo- 
|>entadiene at relatively long wave-lengths as due to a depression of the 
excited state (0*618/?->0*618/? —Z>') by hyperconjugation without much 
change in the energy of the ground state of the excited orbital. We find that 
the ground state is elevated, i.e. the ionization potential is reduced, and 
consider that frequency shift of the N system is not much more than 
that which is usually associated with such a diminution in the ionization 
potential. Ciyclohexadieno shows a still further shift to the red of the 
N Fj system (A^^ - 2480 A). This is interpreted theoretically by Mulliken 
as being due to an elevation of the ground state and also a depression of the 
excited state by the same amount D' (which is equal to the theoretical 
amount by which the upper state is depressed in cyclopentadiene relative 
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to dimethyl butadiene). This fits in with the fact that of cyolopentadiene 
(Am4x.^320A) lies approximately midway between NVi of oyolohexadiene 
(Aaax. 2480 A) and NVi of dimethyl butadiene (A^ax. 2200 A). On the basis of 
these values D « 2580 We do not agree with the larger value of about 
4000 cm.“^ implicit in the figures that MuUikea gives. The shift of the 
subsequent bands to shorter wave-length relative to conesponding bands 
of cyolopentadiene and dimethyl butadiene is consistent with the lowering 
of the ionization potential to the observed value 8*4 V. On the whole we 
consider that in both cyolopentadiene and oyolohexadiene the main factor 
causing the shift of the N absorption to longer wave-lengths is an 
elevation of the ground state (i.e. a diminution in ionization potential).* 
However, the N transition in thiophene, on the other hand, does seem 
to present a clear case of shift to long wave-length resulting from a depres¬ 
sion of the excited state (y^). This is explained by Mulliken as being mainly 
due to the interaction of one of the 3d sulphur orbitals with Xs* All the other 
bands of the thiophene occur at fairly short wave-lengths in accordance 
with its ionization potential of 9*05 V. 

Mulliken in his article classes furan with pyrrole as exarnf)les of homocyclic 
conjugation because of the relatively high intensity of the longest wave¬ 
length absorj>tion system which he considers to be a mixture of 

and all these transitions occurring at the same wave-length for 
pure case II. However, it appears to us, judging from the shorter wave¬ 
length bands, that pyrrole is much more similar to thiophene than furan. 
This is in agreement with an alternative explanation of Mulliken’s based 
on Soheibe and Grieneisen's ap})earance pressure data with which our results 
agree fairly well. The similarity is particularly apparent for the second longest 
wave-length region of absorption which appears to have at least some 
character. It will be noticed that in both thiophene and pyrrole this 
absorption is separated considerably from the maximum of the N-^V^ 
absorption and appears at the relatively short wave-lengths of 1880-1700 
and 1880-1800 A respectively. In furan, however, it follows almost directly 
on the top of the first absorption region. This tendency of and 
absorptions to approach each other is one criterion indicating tendency 
towards homocyclic conjugation which is complete when the absorptions 
ooittcide (see Mulliken 19396 ). Other criteria, which the spectrum should 
exhibit, are fairly large shifts toAvards shorter wave-lengths and a con- 

* In a more recent paper (Mulliken, Kieke and Brown 1941) Mulliken has revised 
his estimates of the contribution of hyperconjugation effects to the energies of 
excited states and now considers them to be very much less than was originally 
thought. 
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fiiderable intensification of the NVi band as a result of mixi n g with NV^, 
Furan exhibits small shifts towards short wave-lengths and some increase 
in the relative intensity of the first absorption. Thus we think that even in 
furan homocyclio conjugation is only partially attained. In both furan and 
pyrrole Mulliken’s conclusions regarding homocyclic conjugation are based 
on the experimental absorption curves of these substances in hexane solu¬ 
tion obtained by Menczel (1927) which yield the very high values of 0*5 
and 0-4 for the bands in the neighbourhood of 2000 A. We think it better 
to use relative intensities and to consider the appearance of the spectrum 
over a larger frequency range in drawing these conclusions. When this is 
done, Mulliken’s alternative suggestion which makes pyrrole conform to 
case III is the only plausible one. That there should be a closer relationship 
between pyrrole and thiophene than with furan is to be expected from the 
fact that they both have resonance energies of 31 kcal./mol. as compared 
with only 23 kcal./mol. for furan. Another point of similarity between 
them is that the electron pair conjugated with the diene part of the molecule 
has closely the same ionization potential for these two molecules. This is 
about 2 V less than the ionization potential of the corresponding electrons 
in furan, as may be judged from the ionization potentials of H 2 S (10*46 V— 
Price 1936), NH3 (10*6 ± 0*1 V—Mann, Hustrulid and Tate 1940), HgO 
(12*66 V—Price 1936), where the ionization potentials refer to the same 
electrons as are involved in the cyclic conjugation with the double bonds. 
A further argument against homocyclic conjugation in pyrrole is the 
chemical one that pyrrole is a fairly strong base. It could hardly exhibit 
strong basic properties if the electron pair responsible for these properties 
were so completely involved with the double-bond electrons. 

If, as Mulliken oalctilates, the energies of the cia and trana conjugated 
dienes are the same, it is difficult to account for the fact that open-chain 
dienes (and trienes) are practically completely trans in their normal state. 
It seems to us reasonable that the cia dienes are relatively unstable because 
of a mutual repulsion of the eletJtrons in the conjugated double bonds which 
are closer together in the cia than in the trana position. This would lead to a 
lowering of the ionization potentials of the double-bond electrons and might 
give some explanation of the lower ionization potential of cyclohexadiene 
and cyclopentadiene relative to corresponding open-chain dienes. Further, 
resonance to Dewar type structures such as 
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which are quite probable, for the cyclic dienes may also account for the 
differences of ionization potential between the two classes of cCmpounds. 
These structures contribute about 20 % of the resonance in benzene and 
most probably an equal proportion in the cyclic dienes. The lower value of 
cyclohexadiene relative to cyolopentadiene is probably to be explained as 
due to additional charge transfer from two CH 2 groups as compared with 
only one in cyclopentadieiie. The higher values for thiophene, pyrrole and 
furan probably arise from the higher electron afliruty of the attached groups 
in these molecules. This lias the effect of withdrawing negative charge from 
the double bonds and so increasing the ionization potential of the associated 
electrons, 

Mulliken’s theory of hyperconjugation was invoked largely to explain 
the appearance of absorption at longer wave-lengths in cyclohexadiene 
and cyclopentadiene than in the open-chain dienes. Tliis it does by a depres¬ 
sion of the excited state without affecting the ground state. It leaves un¬ 
changed also the predicted positions of NV^ bands and bands of a Rydberg 
type. The observed spectra are not in accord with these predictions, it being 
found that whenever NVi transitions occur at longer wave-lengths all the 
short wave-length transitions up to and including the ionization potential 
also suffer comparable depressions. It is therefore concluded that the main 
cause of the relative displacement of the NV^ transitions of the closed-chain 
relative to the open-chain dienes is a change in the energy of the electrons 
in the ground state corresponding to the observed diminution in ionization 
potential, a possible explanation of this being that there is greater repulsion 
between the double bonds in the (near) cie than in the far (trans) position 
and greater resonance to Dewar type structures. It should be pointed out 
that transitions of a pronounced NV character are only obtained for the 
longest wave-length bands of both open-chain and cyclic dienes. It appears 
probable that the shorter wave-length systems lose their NV character 
very quickly because of the greater dimensions of the excited orbit. When 
the orbit becomes much larger than the molecular structure, it is not then 
HO much modified by this structure. 

In conclusion, we should like to thank the Department of Scientific and 
Industrial Research and Imperial Chemical Industries for financial aid in 
connexion with this work, and Drs E. H. Farmer and A. Wassermann for 
advice on the preparation of some of the substances. 
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On the heat of sublimation of carbon and on some 
absorption bands of three mesomeric hydrocarbons 

By G. j. Kynch and W. G. Penney 
Imperial College of Science and Technology, London 

[Communicated by S. Chapman, F.R.8.—Received 23 May 1941) 

SjwKJtrosoopio analyaia of the CO apootrum, together witli tlierxnochemical 
menauremonts on the burning of carbon in oxygen, lead to the concluaion that 
L, the heat of Hubiimation of carbon, ia either 124 or 170 kcal./mol. An 
eatiniate of L may be made by calculating the energies of excited states of 
benzene, butadiene and hexatriene, assuming various values of Z/, and 
ohot>Hing the one that gives the best agreement with experiment. The theory 
employed bears a close resemblance to that developed by Eyring for 
estimating activation energies. Almost exact agreement with experimmt is 
obtained in all three coses by assuming L = 170, and no agreement is 
obtained by assuming L = 124. More elaborate calculations are most un¬ 
likely to upset this result. The conclusion is therefore that 1/ = 170 koal./mol. 

The equilibrium intomuclear distances in the excited states are found, 
and the potential function controlling some of the vibrations about these 
positions is determined. It is shown that the excited stato of benzene has 
the regular hexagon configuration, the carbon-carbon intomuclear distance 
l}emg 1 *45 A, compared with 1 *39 in the ground state. The carbon breathing 
frequency in the excited state is calculated to be 920 ora.'-*, compared with 
the experitnental value 940 
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1. Inteobuction 

The heat of sublimation of carbon is one of the least accurately known 
quantities in thermochemistry. There are two experimental methods by 
which it might be measured. One xises the equations 

C(solid) 4- | 02 (^r) CO(A' lA) 4 27*40kcal., 

CO(Z^A) = C{3P)4 0(»P)-i^koal., 

0(»P) = |O2(^A)4 58*0kcaI. 

From these it follows that the heat of sublimation of carbon (graphite) is 
Dfl— 86 kcal,/mol. 

Herzherg reviews the situation in his book ( 1939 ) and concludes that the 
most likely value of J\ is 0-14eV, although a much less probable value is 
6*92 eV. Another possibility which he does not mention is — 11*054 eV, 
obtained from a predissociation limit. The diificuity is that of fixing the 
atomic states into which one of the excited levels of the molecule dis- 
Hociates, and there appears to be no way of doing this spectroscopically. 
If I)^ — 9*14 eV, the heat of sublimation L = 124*8 kcaL/mol. and if 
i)(, — ] 1*054 eV, then L — 168*8 kcal./mol. 

The second method of measuring the heat of sublimation is to find the 
rate of vaporization of carbon as a function of t(unperaiur(i. 'I'hen the slope 
of the log (rate) curve plotted against IjkT gives the heat of sublimation. 
The experimental difficulties are great, but Marshall and Norton ( 1933 ) 
have succeeded in obtaining a value 176 kcal./mol. Thus the value of L 
about 170 kcal./mol. does appear to be consistent with both sets of measure¬ 
ments. 

Herzberg, Herzfeld and Teller ( 1937 ) have, however, created a Gibertian 
situation by advancing an ingenious argument which states that the rate 
of evaporization experiment gives an apparent value of L that is times 
the true value. Thus, if i = 126, the heat of vaporization (ixperiment will 
appear to give the heat of sublimation aboiit 180 kcal./mol. Therefore, they 
conclude, the value is actually 125 koal./mol. Whatever the merits of the 
argument of Herzberg, Herzfeld and Teller, it has at least eliminated 
measurements of the rate of vaporization of carbon as an uncontroversial 
method for determining the heat of vaporization. 

In the 2 >re 8 ent paper we explain a new way by which the heat of sublima¬ 
tion of carbon may be estimated, and in three separate applications we find 
a consistent result 170 4 10 kcal./mol. 

A brief statement of some of our results has already been given (Kyruih, 
Lloyd and Penney 1940 ), but the details have been deferred because the 
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value of L which we obUined contradicted that found by Herzberg, and 
his arguments seemed conclusive. Recently, at least two new points have 
been made by other authors and we have decided, therefore, to give our 
results in full. 

White ( 1940 ) states that = 11-054 eV for CO, since this is the only 
value which can be reconciled with his estimate of the energy of dissociation 
of CN, taken in conjunction with thermochemioal equations similar to 
those given above and described by Herzberg ( 1939 )* 

Baughan has pointed out ( 1941 ) that the energy of the C-C link in ethane 
calculatc^d from the reaction 2 CH 4 C^He 4- Hg, is S8-2 kcal./mol. This 
differs by 30 kcal./mol. from the value 68*3 kcal./mol., given by Pauling 
( 1939 ), assuming L = 124 kcal./mol. However, if ~ 170, then consistent 
values of the bond energies are obtained. In our opinion this is a strong 
argument in favour of L = 170 kcal./moL 

As a point of interest, it may be stated that a Birge-Sponer extrapolation 
of the lowest 25 vibration levels in the normal states of CO leads to a dis¬ 
sociation energy into normal atoms of 11*34 eV. Details will be found in 
the Eep(yti on band ^pectra^ by Jevons ( 1932 ). 

Bond energies 

Many attempts have been made to construct tables of bond energies. 
Most of the recent books on molecular structure and thermochemistry give 
them prominence, and use them frequently. The use of any of these sets of 
bond energies to estimate the heat of reaction from one set of molecules 
involving carbon to another set is accurate provided that none of the 
molecailes is mesomeric, because the heat of sublimation of carbon cancels 
out. If some of the molecules are mesomeric, there is an uncertainty in the 
estimated heat of the reaction, usually of the order of a few kcal. This is 
not great enough to j)ermit the experimental value of the heat of the reaction 
to be used to fix the heat of sublimation of carbon, unless an improved form 
of the present theories is developed. We have actually tried to do this, and 
our results will be given later in this paper. 

Absorption spectra of mesomeric tnolectdes 

Bury ( 193 s) was apparently the first to suggest in any published work 
that mesomeric molecules should shoM^ absorption spectra corresponding 
with an electronic transition from one mesomeric state to another. Following 
up this idea, 8 klar ( 1937 ) made calculations which gave the wave-lengths of 
these transitions for benzene, fulvone and azulene. His methods are con¬ 
siderably extended in accuracy and application in the present paper. 
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To illustrate Sklar’s arguments, we give briefly the details for benzene. 
As is well known from the work of Pauling and Wheland ( 1933 ), the six pn 
orbitals of benzene from a resonating system. There are five singlet states; 
the exchange energy of the most stable state is 2-606J, where J is an 
exchange integral between neighbours. The next most stable state has an 
exchange energy OJ. Since all the other terms in the expressions for the 
energies of the two states are the same, the absorption frequency should be 
simply 2-606J. There are at least two methods of finding the numerical 
value of J. Pauling ( 1933 ) determines J from a study of the heats of forma¬ 
tion of a number of mesomeric molecules and obtains •/ = 1*55 eV. The 
corresponding wave-length of the absorption band is approximately 3080 A. 
The value of J, however, depends considerably upon the value chosen for 
L, the heat of sublimation of carbon. The value J ~ 1*55 eV is based on 
L 176 kcal./mol. Recently, Pauling has accepted Herzberg’s value 
L 124 kcal./mol., and the value of J should be modified to 1*0 eV. The 
absorption band is therefore calculated to appear at 4770 A. Experi¬ 
mentally, the long wave limit of the absorption band is 2700 A, and the 
maximum absorption is at 2500 A. 

Sklar determines J from the observed heats of hydrogenation of various 
products of benzene, and obtains J =* 1*92 eV. The corresponding wave-r 
length of the absorption band is 2450 A, As we show later, the way in which 
Sklar estimates J may be criticized, although his result happens to be a 
very good approximation. 

These two ways of finding J assume that all bond lengths are the same, 
whether in the ground state or the excited state, although the excited state 
may be highly unstable in such a configuration. Further, the energy of the 
excited state, other than the resonance energy of the p7r-electrons, is con¬ 
siderably different from that in the ground state, unless the bond lengths 
are the same. In some cases the deviations of the individual lengths from 
the mean is quite small, and the assumption of equality is good. In other 
cases the approximation is poor. The X-ray measurements of Robertson 
and Woodward ( 1938 ) have shown that all the bonds are not of the same 
length in the ground state of many mesomeric molecules, e.g. stilbene and 
tolane, and this fact has been confirmed by the theoretical calculations of 
Lennard-Jones ( 1936 ), Penney ( 1936 ), Coulson ( 1938 ) and others. There is 
no experimental evidence on the bond length of the excited molecules, but 
the improved theoretical method to be described enables these to be 
calculated and shows that large deviations from the mean length are to be 
expected. 

The exi)erimental data which we use are the energy of the double bond, 
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the norma! benzene bond, and the force conatantg for these bonds. The 
theory then gives the equilibrium configurations and the energies of the 
molecules and hence the frequencies of the absorption bands and the heats 
of hydrogenation. A comparison of these values with experimental results 
enables the heat of sublimation of carbon to be determined. 


2 . Bond bnkroiks and heats of formation 

The first part of this discussion closely follows modifications of the pair 
theory described by Penney and Lloyd ( 1939 ). 

The 2 s-orbital and two of the 2j>-orbitals of a carbon atom in the valency 
state can hybridize to form three coplanar orbitals directed at angles 
120 ° to each other. Electrons in these orbitals form bonds with unpaired 
electrons of neighbouring atoms, according to the usual pair theory. We 
shall refer to these bonds as the trigonal bonds. The carbon atoms in ethylene 
and benzene are linked to three other atoms in this way. The remaining 
2 pw^-eleotron either enters into a localized bond with a similar electron on a 
neighbouring carbon atom, as in ethylene, or else forms part of a resonating 
system with other similar 2 jp 7 r-electrons, as in benzene. The exchange energy 
of the 2 p 7 r“eleotrons can be calculated in terms of an exchange integral J (r) 
between neighbouring 2 p 7 r-eleotronB. In ethylene, the exchange energy is J ; 
and in benzene it is 2*606«/, or 0-434J per bond. Denote by ^f(r) the energy 
per bond, other than that of the exchange energy of the 2 ^? 7 r-electronB. Thus, 
in jSi(r), proper account may be taken of non-orthogonality, non-perfect 
lairing, and interactions between the 2 s( 2 pcr)® and the ( 2 s)* 2p(r configura¬ 
tions of the C atoms. 

We do not attempt to determine S and J by quadrature, but follow a 
well-established practice of fitting them empirically. Thus, with high 
approximation, the energy of the double bond, as in ethylene, is 

Wrf(r) = 8{T) + J(r), 

and of the mesomerio bond of benzene is 

B^(r) /S(r) + 0-434/(r). 

Solving these equations for S and J, it is found that 

J(r)- 
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Expressions for W^{r) and may be obtained from experimental data. 
It is possible to use either the simple form 

or the Morse function 

where is the equilibrium length of the bond, Wq the corresponding energy 
of formation, k is the force constant and m is a parameter defined by the 
relation 

k = 2 WJjW*. 

Theforceconstantforthe doublebondis 10 X lO'^dynes/cm.andro® 1*33A. 
For the normal benzene bond the force constant is 7*5 x 10® dynes/cm. and 
ro=l-39A. 

The values of WJ, and hence of m, for these two bonds depend on the value 
assumed for the heat of sublimation of carbon. If the bond energies are 
chosen with respect to one value of the heat of sublimation, and then 
another value is taken, say A kcal./mol. less than before, the double-bond 
energy must be decreased by d, the benzene bond decreased by 3d/4, the 
single bond decreased by A /2, and the C-H bond energy decreased by d/4. 

Assuming that the heat of sublimation of carbon is 170 kcal./mol., then 
= 161 for the double bond and — 124 for the benzene bond, both in 
kcal./mol. If, on the other hand, the heat of sublimation is 130 kcal./moL, 
these figures must be taken as 111 and 94 respectively. Calculations of the 
energies of butadiene and hexatriene are made for both values, and also for 
the value (1704-d), where d is to be determined from the observed absorj)- 
tion spectra. 

The energies E of the p7r-electrons in the ground state and in the excited 
state are the lowest two roots of a determinantal equation. The total energy 
of the ground state in terms of the n bond lengths of the resonance problem 
may be expressed 

...rj == 2:(C-C) + ^(C-H) + Z.?, + (2) 

The summation Si is over all trigonal carbon-carbon bonds that enters into 
the resonance problem, and the summation S(C —C) is over all the remaining 
carbon-carbon bonds. We assume that the C—H bonds are unaffected by 
changes in the (C—C) distances. The length of each (C—^H) bond is 1-08 A 
and its energy is 99 koal. if the value of L is 170 kcal./moL, and is 89 koal. if 
i « 130 koal./mol. 



220 


G. J. Kynch md W. G. Peimey 

The equilibrium lengths of the bonds are given by the equations 
dW 

(i=l,2,...,n), (3) 

A similar expression is obtained for WJ, the energy of the first excited 
state. 

Analytical forms of W^{r) and H^(r) are not easy to obtain in practice, and 
it is necessary to calculate the E for various values of the set j and minimize 
the W numerically. The minimum vahies of these total energies we denote 
by Wy and without the brackets. 

Transitions can take place between the two states with absorption of 
light of suitable energy. The minimum absorption energy is —this 
transition in general requires a considerable change in the lengths of some 
of the bonds. This is not, therefore, the most probable transition. According 
to the Franck-Condon principle, maximum absorption takes place without 
a change in the lengths. Since the excited molecule is then distorted from 
the equilibrium position, the frequency of this transition is appreciably 
higher than the transition from Wg to in agreement with experiment. 

The expression for the total energy ( 2 ) also determines the vibration 
frequencies. The variation of W{r) for changes in the lengths of the bonds 
without angular variation is obtained by writing ^ Xp where is 
the equilibrium length of the bond j, and expanding E and then W(r^) 
as power series in the Xp Because the molecule is in equilibrium when 

ax 0 (j = 1 , 2 ,...»w), the constant term is the energy of formation, terms 
of the first order in the are missing, and the second'order terms determine 
the most important parts of the potential function, neglecting anharmoni- 
rity. 

We do not at present know the dependence of W upon angular variations, 
and to this extent the calculated potential function is limited. Empirical 
terms in the bond angles may be added to explain the observed frequencies. 

One interesting feature of the potential functions we obtain is that cross- 
terms between displacements of bonds far removed from one another are 
as important as those connecting neighbours. 


3 . Butadiene 

The carbon chain in the butadiene molecule 04 !!* consists of four atoms. 
The outer links A are equivalent but they are different from the central 
link B, We must therefore distinguish between the exchange integrals 
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and for these links. The resonance problem of four electrons and the two 
values of the energy are well known, and the energy of the molecule is 

W ^ 6{C-H) -f 2.% + 8, ± [4.JI + Jl - 2JMK (4) 

The positive sign is to be used for the ground state and the negative sign for 
the excited state. 

Calculations were made first using the two values 170 and 130 kcal./mol. 
for the heat of sublimation of carbon. The two sets of values of the para¬ 
meters in the equilibrium position of the molecule are given in table I, with 
values for L = 130 kcal./mol. in brackets. 


Table 1. Butadiene 



U 

n 

nonnal 

1-331 

1-469 


(1-337) 

(1-471) 

excited 

1-653 

1-460 


(1-623) 

(1-480) 




w 

61-4 

34-4 

090-25 

{33-1) 

(17-3) 

(830-80) 

26-3 

3S-4 

868-58 

(12-8) 

(10-6) 

(757-60) 


(Lcngtlis are in Angstroms—-energies in kcal./mol.) 

In the ground state, the outer bonds approximate very closely to double 
bonds, while the central link is somewhat shorter than a single bond. When 
the molecule is in the excited state, the central link is slightly shorter, but 
the outer links are 0*222 A longer than in the ground state. A considerable 
change of structure takes place in a transition from one level to the other. 

If i =« 130 kcal./mol., the energy Wg-W^ = 75 20 kcal./mol. or 3*26 eV, 
corresponding to a wave-length of 3790 A at the edge of the absor])tion band. 
If L = 170 kcal./mol., the energy of this transition is 131*67 kcal./mol. or 
5*71 eV, and the wave-length is 2160 A. The experimental value is 2190 A. 
Exact agreement between experiment and theory may be obtained by writing 
L — 170-f and choosing a suitable value of zl. We find that 

Wg = 990*25+ 2*464J and « 868*58+ M96zl. 

Thus Wg — W^ — 131*67+1*27/1, or (2160—20*8/1) A. The best value of A is 
—1*5 kcal. 

Assuming L = 170, 50*0 kcal./mol. is required to compress the links A 
to 1*34 A and extend the link B to 1*47 A in the excited state. Maximum 
absorption therefor© occurs at an energy of 181-7 kcal./mol. or 1680 A. 

To obtain the potential functions for symmetrical vibrations about the 
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equilibrium positions we write + * ^6 + 3 : 5 , and expand the 

Morse functions of and in ascending powers of and a?^: 

J„ = 51*50-I36*85a:«+ 95*674,1 
« 34*25- 107*37a;^ +117*224 J 

In this way we find that 

= 990*25 -1 4014 - lOix^Xf, - 3304 . (6) 

A centra] force field without cross-terms is nearly oorrecst. 

The potential energy of tlie excited state is 

W, = 858*58- 6774 -f 269x^a:ft- 638xg. (7) 

In these two equations x^, and are measured in Angstroms. 

The cross-term in x^Xf^ is not small, and hence and are not good 
approximations to the normal co-ordinates in the excited state. 

The force constants for vibrations in the ground state, derived from the 
above equation, are 4*56 and 19*57 x 10® dynes/cm., for the stretching of the 
B link and the two A links respectively. They are close to the single- and 
double-bond values. The constants for the normal co-ordinates of the 
excited state are 6*4 and 11*2 x 10® dynes/cm. The accuracy of these expres¬ 
sions is not high. 


4. Hbxatbibnb 

The exchange energy of the pTr-electrons of hexatriene is derived from a 
fourthrorder equation. There are five canonical structures, which are shown 
in figure 1, two of them, III and IV, equivalent owing to the symmetry of 
the molecule. The two links A and the two links B are equivalent. Three 
exchange integrals and remain independent. The equation is 

f{E)^E^^AE^^BE^^CE’>tD = 0 , ( 8 ) 

where 


B — + —4(J2— 
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From this equation we obtain numerically the two lowest roots, for any 
assigned values of Ja, The total energy is 

If = 8(C—H) + 2S„+2S'6 + 5„+^. (9) 

Clearly, If must be minimized by a numerical method. 

The equilibrium values of r and J when If is a minimum are given in 
table 2 for L = 170 (and in brackets for L = 130). 

A B C B A 



Fiouiie 1. 


TABIiB 2. Hbxatbiknk 




^6 


j. 


Jt 

W 

normal 

1*34 

1-47 

134 

600 

34-6 

50 

14333 


(1-34) 

(1.47) 

(134) 

(33) 

(17) 

(33) 

(1199) 

excited 

1-61 

1*41 

148 

30-8 

41-7 

39 

1324 


(1-60) 

(1.41) 

(1-42) 

(16-0) 

(24 0) 

(23*0) 

(1133) 


If i =xc nO + J, we find from equation (9) that = 1433'34-3-89d, and 
o 1324-0+ 8*043d. 

The energies of the absorption band of hexatriene for these three values 
of L are 109-3, 65-1, 109-3 + 0-85d kcal./mol. or 2690, 4380 (2690-20/1) A 
respectively. Comparing these with the observed value of 2630 we see that 
the best choice of d is 3 kcal., or L « 173 kcal./mol. 

The longest link of the ground state is almost unchanged in a transition 
to the excited state, as in butadiene. The outer links increause in length, but 
the greatest change is in the central link. We should expect, therefore, that 
it would be easier to extend the central link of normarhexatriene than to 
extend the outer links, although in the equilibrium position the three links 
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have the same length. It is possible to show this by calculating the potential 
function. We expand the exchange integrals in powers of and then the 
coefficients A, B, (7, D according to equations ( 8 ). The roots of ( 8 ) are 
assumed to be 


B — ^ (i,= Uj6,c), (10) 


where and are to be evaluated. Then 

( 11 ) 


where E = Eg in the differential coefficients. Since the coefficients of 
equation ( 8 ) are functions of x^,f(E) can be written 

f(E) ^UE) + EUE)x, + If,j(E)x,x, + .... (12) 

Hence 

(1^) =/'(£) =f'iE) + Lfl(E)^., + i:f;i{E)x,x,+ .... (13) 


Writing E = Eg in equations (12) and (13), substituting in (11), and equating 
to zero all terms of the first and second order in Xf , we find that f(E) = 0 
provided 

/oW = 0, (14) 




UE„ ) 

mv 


(hi - Pa - 


(15) 

(16) 


Evaluation of the constants and for the ground state shows that 

W 1433-3 - 6644 - ^11^ “ 3084~ 308;r„a:^, -- + 349a:,a:„. (17) 

The most interesting term is the cross-term in x^x^., representing a coupling 
of two non-adjacent links of such a type that one link tends to increase with 
the other. The full potential for all displacements probably contains other 
cross-terms which are not explicit in our expression for symmetrical dis¬ 
placements. For example, if x^ and x^ are the changes in the two links A 
the full potential may contain terms 

a(^a + ^2) + =* !(« + /?) {x^ + Xaf + - fi) (x^ " 4)^- 

For a symmetrical displacement x'a — x^y so that the coefficient of 4 in 
equation (17) corresponds to 2(a-f/?). Since these bonds are the length 
of double bonds we should expect a force constant of approximately 
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10 * dynes/cm. or a =« —700. Hence = +380, a rather large value, al¬ 
though of the same order as the term in (17). 

A fifth-order equation, not assuming that the canonical structures III 
and IV of figure 1 are equivalent, would give the full potential function. 

5. Benzene 

The hypothesis of a regular symmetrical shaj^e of benzene in the ground 
state is supported by a large body of experimental evidence (Ingold and 
others 1936 ), and it is confirmed theoretically by calculations such as those 
of Lennard-Jones using the molecular orbital theory. The heat of formation 
of the molecule from the constituent atoms is 6 (C—H) + = 1338 kcal./ 

mol. (L “ 170). It is of considerable interest to know if benzene retains the 
symmetrical form in its first excited singlet state and, this being so, if it is 
relatively stable in this form. If the links are equivalent, Pauling ( 1933 ) 
has shown that the exchange energy of this state is OJ and the total energy 
is W{r) = 6 (C—H) + 6 <S(r), where r is the length of the equivalent links. 
This has a minimum when r = 1*446 A and W — 1233 kcal. 

To simplify the stability problem we consider only a configuration in 
which alternate links remain equal in length. Let the length of the links be 
either or r^. Certain of the canonical structures are equivalent and the 
determinantal equation reduces to a cubic 

+ + = 0 . (18) 

We neglect in this case, as elsewhere, the ionized states. 

Using the same technique as for hexatriene, the required root of (18) is 
obtained in ascending powers of and x^,: 

i; = -693(a?«-x,)2, 

W, == 1233-1338(a;„-3:^)2-645(a:„ + x^)2. 

The absence of terms in and shows that the ring is stable in the regular 
form. In addition, the regular structure is more stable in the excited state 
for those distortions which retain the hexagonal form, i.e. x„ — than for 
other types of distorthuj^. The breathing frequency A^( 2 ), in the notation 
of Ingold ( 1936 ) can be calculated from the above expression for the excited 
state. It is 918 cm.“^. This agrees moderately well with the experhnental 
measurement of 940 om.-^. 

The absorption bands of benzene in the ultra-violet region have been 
observed by a number of experimenters. The super}x>sition of a number of 
subsidiary maxima upon the main, absorption band makes it impossible 
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to fix definitely a wave-length of maximum absorption. Certainly absorption 
is greatest in the region A - 2500 A and dimiiushes to zero at A * 2700 A. 
The calculated wave-lengths are given in table 3. The results for L = 170 
give good agreement with the observed wave-lengths, and only a value of 
L of about this magnitude is compatible with these experimental results. 


Table 3 . 
Normal stato 

1*39 1338 

{1-39) (1098) 

106 ^ 

Absorption edge A = 2690 (4700) A 
(Values for X = IJ 


Bk^tzene 

Excited state 

."7 wT 

1*44 1232*6 

(1*44) {1037-4) 

(60*6) koal,/moL 

max. absorption A = 2610 (4220) A. 
0 are in brackets.) 


6 . Hydrogenation of benzene 

We shall now discuss the hydrogenation of benzene to cyolohexadione, 
cyclohexene and cyclohexane. Experimentally, it is found that 

CgHe-f 3Hg =» CeHi 2 + 49*8 kcal.,| 

CeH 8 + 2 H 8 « CeHj 2 + 55-4 kcal. J 

Details will be found in the article by Kietiakowsky ( 1936 ). 

A third equation may be deduced from those above, namely, 

CeHe + H 2 = CeHg-5-6 kcal. 

Sklar’s argument ( 1937 ) for finding J is as follows. Let B kcal./mol be 
the hypothetical energy of hydrogenation of a double bond in one Kekule 
structure of benzene. Then the energy of hydrogenation of benzene to 
cyclohexane is smaller than 3B by the resonance energy of benzene. Using 
the thermochemical data, we have 

3B--MJ = 49*8. 

Similarly, the energy of hydrogenation of benzene to cyclohexadiene is 
given by 

Solving these two equations for B and J leads to 

B ^ 32*8 kcal./mol, J * 44*1 kcal./mol. 


( 20 ) 


( 21 ) 
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Tbeae values are independent of the heat of sublimation of carbon, since 
they depend only on thermoohemical data. 

No account is taken in this argument of variations in the carbon-carbon 
lengths. As it happens, when corrections are made for these variations, large 
terms practically balance each other out, and Sklar^s approximation is a 
good one. 

Consider cyolohexadiene as an example. The structural diagram shows a 
single bond between the two double bonds. The resonance problem is there¬ 
fore that of butadiene. The * double’ bonds are of length 1*33 A, and the 
bond between them is of length 1*47 A. The distance between the two carbon 
atoms furthest apart in d.9-butadiene is therefore about 2*80 A. The re¬ 
maining four sides of the ring in cyclohexadiene are all of the same length, 
namely about 1*64 A. It will be seen that the six carbon atoms cannot be 
coplanar. Most x^robably, not even four of the carbon atoms are coplanar. 
The molecule is strained, but the loss of energy due to strain is small. 

The following are the equations for the heats of formation from normal 
atoms of the hydrogenation products of benzene, obtained by assuming 
that the loss of stability due to strain is negligible. 


If (CeHa) « BU+2C—R + 3W^, ^ 
Tf(CeHio) = STf. + lfi + lOC—H, 


( 22 ) 


where Bu stands for the heat of formation of butadiene, and Wg is the energy 
of a single C-C bond not participating in the resonance. 

From these, and the equations 


CeH« + 3H, = C,H„ + ^„| 

C,Hg + 2He=C,H„ + i:j,/ 

it is possible to calculate and 

The values calculated from and depend on the heat of sublimation 
of carbon, but only to a limited extent. If the resonance were negligible, 
then the result for and JC 2 would be independent of L, One of the mole¬ 
cules, namely benzene, has considerable resonance, and the above equations 
could be used to fix the value of 2/, provided all of the quantities on the 
right-hand aides of (22) were known accurately. Unfortunately, the theory 
is unable to estimate WJ to within about 3 kcal./mol. All that one can do, 
therefore, is to determine FJ from the observed value of Then may 
be determined. 

If X « 170 koal./mol., then is calculated to be 48; and if i *= 130 kcal./ 
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moL, then is calculated to be 46. The experimental value is 65-4, Clearly, 
nothing about the magnitude of L can be deduced from these results. The 
loss of stability due to strain in cyclohexadiene, however, is seen to be about 
7 kcal./mol. 


7. The heat of vaporization of carbon 

As mentioned in the introduction, two sets of measurements of the heat 
of sublimation are to be found in the literature, giving diflPerent values of 
124 and 176 kcal./mol. Herzberg, Herzfeld and Teller ( 1937 ) made an in¬ 
genious proposal to reconcile these two values, supposing that they are 
both accurate. To explain this, we have drawn a diagram of the corner of a 


A B 



sheet of atoms, as in gi‘aphite. There are two possible types of edge. On one 
type, atoms A and B are each held in position by two bonds. The atom A is 
removed only by breaking its two bonds, and its removal then leaves B 
held to the rest of the sheet by only one bond. Therefore twice as much energy 
is required to remove A as to remove B, On the other type of edge, the same 
ratio holds for the energies of evaporation of atoms F and 0, once the 
process is started by the removal of the key atom E, 

Now a determination of the rate of any composite process merely measures 
the rate of the slowest component process. Hence the activation energy of 
the rate of evaporation of carbon is simply the energy of removing atoms of 
type A. Marshall and Norton obtain 176 kcal./mol. According to the 
present argument, only 88 kcal./mol. are required to remove atoms of 
type J5, and the heat of sublimation is the average, 132 kcal./mol. 

This argument is attractive, but assumes a very simple theory of chemical 
bonds. We cannot agree that the figures given are even reasonably correct. 
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First let us consider the states of the carbon atoms at the edges of a sheet. 
It simplifies the problem to assume that A and B are in the divalent state 
and C and D are almost entirely in the tetravalent state These 
states differ in energy by about 160 koal./mol. As A is removed, C remains 
bound only to two atoms, and presumably reverts to the divalent state with 
emission of energy. At the same time the bonds of B are rearranged to 
strengthen the link BD^ also with emission of energy. Both alterations make 
easier the removal of .4, and suggest that the energy of the process is rather 
less than the sum of the energies of the bonds AC and A B. Moreover, the 
atom B is now more firmly bound to D by a double bond. More than the 
original energy of the bond BD is required to remove it, even though the 
atom 1) also would take up the divalent state. 

This short discussion is sufficient to show that there is no simple relation 
of the type proposed between the energies of the removal of A and B, Of 
course, these atoms are not in the divalent state, but in a composite state 
including both the divalent and tetravalent states of carbon. This only makes 
the relations between the energies even more complicated. The situation 
is probably similar to that in methane, where it is found that large energy 
terms balance one another so that the energies of detachment of successive 
hydrogen atoms are almost equal. 

8 . Conclusion 

Table 4 summarizes our results on the long-wave limits of the absorption 
bands of benzene, butadiene and hexatriene, calculated earlier in the paper. 
The first line names the molecule, the next states the calculated wave¬ 
length in Angstroms, assuming the heat of sublimation of carbon to be 
170 kcal./mol. The next line states the calculated wave-lengths assuming 
L = 130 kcal./inol. The last two lines give the experimental values, and 
the best possible choice of L to give agreement with these values. The 
experimental values were kindly supplied to us by Dr W. C. Price. 


Table 4 



benzene 

butadiene 

hexatriene 

170 

2690 

2160 

2590 

L ^ 130 

4700 

3790 

4380 

experimental 

2700 

2190 

2630 

to agree L = 

170 

169 

173 


Our conclusion is that the heat of vaporization of carbon is about 
170 kcal./mol. A more exact value is probably 168-8 kcal. obtained spectro¬ 
scopically from the predissociation limit D = 11-054 eV for CO. Supi)orting 
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this conclusion is the old Birge«Sponer extrapolation limit of the vibrational 
levels (11’34 eV), the result L « 176 koal./mol. obtained by Marshall and 
Norton ( 1933 ) from a rate of vaporization experiment, the work of White 
( 1940 ) on the dissociation energy of CN together with theimoohemical 
equations leading to Do = 11 *054 eV for CO, and the observation of Baughan 
( 1941 ) that the ‘free radical* reaction 2 CH 4 » C 2 He-hH 2 requires D to be 
about 170 kcal./mol. Contrary to these conclusions is only the work of 
Herzberg ( 1939 ) giving L — 124 kcal./mol. obtained from an analysis of 
the CO spectrum, and the argument of Herzberg, Herzfeld and Teller 
( 1937 ) on the interpretation of the rat^ of vaporization experiment. This 
argument, however, has no strength in itself, and collapses once doubt is 
thrown on the value L = 124 kcal./mol. In our opinion, the weight of 
evidence in favour of D := 170 kcal./mol. is overwhelming. 

The theory as presented is easy to handle, but very serious difficulties 
are encountered in making higher approximations. Goeppert^Mayer and 
Sklar ( 1938 ) have attempted to calculate the absorption frequency of the 
A-A« transition in benzene (the 2690 A band of table 4), beginning with 
the simple approximation of molecular orbitals, and then constructing 
molecular wave functions from the molecular orbitals in the form of Slater 
determinants. They evaluate the energy, including simple exchange inter¬ 
action between non-neighbours, and non-orthogonality. Those integrals not 
already tabulated in the literature they evaluate. Unfortunately, as is 
always the case with this type of calculation, the appropriate values of the 
effective nuclear charge and the effective internuclear distances are not easy 
to select, and the results are very sensitive to the choice made. Once again, 
proper account is not taken of the variation in the bond lengths. 

The method of attack that we have described in this paper is essentially 
similar to the methods developed by Eyring and his collaborators ( 1935 ) 
for estimating activation energies. The splendid results achieved in this field 
give grounds for confidence in our values. 

We wish to express our thanks to Dr A.G. Gaydon for discussions on the 
spectroscopic work referred to in this article. 
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Address of the President 
Sir Henry Dale, C.B.E., at the 
Anniversary Meeting, 1 December 1941 

This is the first occasion on which I have had the great honour of 
addressing the Royal Society on this anniversary of its foundation. 
According to custom, I begin with brief mention of those whom death has 
taken from our Fellowship during the past year, and whose memories we 
honour. 

AXiFEBD Youno (1873-lt>40), distinguished for his contributions to pure 
mathematics, was half brother to another of our Fellows, Sydney Young, 
a chemist of eminence. Alfred Young had an insight into the symbolic 
structure and manipulation of algebra, which gave him a special place 
among his mathematical contemporaries. After a successful career at 
Cambridge he entered the Church, and passed his later years in the country 
rectory of Birdbrook, Essex. His devotion to mathematics continued, 
however, throughout his life, and he published a steady stream of work in 
the branch of algebra which he had invented, and named ‘quantitative 
substitutional analysis’. He lived to see his methods adopted by Weyl in 
his quantum mechanics and spectroscopy. He was elected to our Fellow¬ 
ship in 1934. 

With the death of Milks Walkkb (1868-1941) the Society loses a 
pioneer in large-scale electrical engineering. Walker was a man of wide 
interests. He was trained first for the law, and even followed its practice 
for a period. Later he studied electrical engineering under Sylvanus 
Thompson at the Finsbxiry Technical College and became his assistant for 
several years. Thereafter, encouraged by Thompson, he entered St John’s 
College, Cambridge, with a scholarship, and graduated with 1st Claes 
Honours in both the Natural Sciences and the Engineering Tripos, 

Having entered the service of the British Westinghouse C>>mpany, he 
was sent by them to the United States of America to study electrical 
engineering with the i)arent company in Pittsburgh. On his return to 
England he became their leading designer of high-speed electrical gen¬ 
erators. 

In 1911 Walker became, for a year, lecturer in turbo-machinery and 
rotary-converter design at the Imperial College of Science and Technology, 
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and then, in 1912, was appointed Professor of Biectrioal Engineering at 
the Manchester College of Technology. There he instilled into a genraaikm 
of Manchester electrical engineers the importance of going back to funda- 
mental principles in all discussions of applied problems. 

Throughout his life Walker retained an enthusiastic interest in research, 
and this, together with his enquiring and inventive mind, made him a real 
source of inspiration to Ins students. He was elected to our Fellowship in 
1931. 

Henky Selby Hele-Shaw (1864-1941) achieved distinction in scientific 
research and invention, and also as a pioneer of Technical Education. 

After a brilliantly successful career as a student, he became the first 
Professor of Engineering in Bristol University at the early age of 27. Later 
he founded two other Schools of Engineering, becoming the first Professor 
in that faculty at Liverpool University, and first Professor and subse¬ 
quently Principal of the Transvaal Technical Institution. His last, and 
perhaps his greatest contribution to technical education is to be found in 
the part which he played in founding the scheme of 'National Certificates 
of which he was joint chairman until 1937. His soientifio researches covered 
several fields, but his most distinctive contribution lay in the devel<^[nuent 
of his stream-line fiow methods, which did much to bring hydrod^^mics 
within the range of the experimental sciences. It may be, hownver, that 
Hele-Shaw’s most lasting fame will be due to his achievements as an 
inventor. From his intense and active interest in the practical and 
scientific development of the motor car came his friction clutch and his 
system of hydraulic transmission. From his researches on stream-line 
flow came his stream-line filter. From his equally active interest in the 
development of the aeroplane came his Automatic Variable-Pitch Pro¬ 
peller'and his Exactor Control. 

Hele-Shaw took a prominent place in the development of the organised 
professional life of engineers, becoming president of several engineering 
societies, including the Institution of Mechanical Engineers. 

He became a Fellow of our Society in 1899, 

CBfssswBLL Shbaeer (1874^1941) was an interesting personality whose 
main scientific activities were in experimental embryology. He spent much 
time at Naples when the Zoological Station there was in, perhaps, its most 
famous period. He settled in Cambridge in 1910, and shortly afterwards 
was appointed University Lecturer in Experimental Zoology, bdng the 
first to hold that appointment. The ensuing decade was a period of active 
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a43id productive research for Shearer, and of inspiration to hu atadeots. 
HS published important papers on the development of troohosphere larvae 
and on sex determination in Dinophilua; and in 1913 came the ureU-known 
monograph in our Philosophical Transadions, in collaboration with de 
Morgan and Munro Fox, on ‘ The experimental hybridization of echinoids 
Shearer was elected to our Fellowship in 1916, his activities being at that 
time diverted by the national emergency to war-time bacteriology. Later 
he carried out important researches on the metabolism of the eggs of sea 
urchins, being the first to demonstrate the remarkable changes in oxygen 
consumption which occur for a few seconds, after the fertilizing sperma¬ 
tozoon has entered the egg. Apart from his scientific interests, Shearer was 
a man of wide culture, and in 1935 published a book on The renaissance of 
architecture in southern Italy. 

Abthitb Thomas Masthbman (1869-1941) studied and graduated at 
Cambridge, and was early appointed Assistant Professor of Natural 
History at St Andrews under the late Professor W. C. McIntosh. Under 
McIntosh’s influence he took up the study of the life history of the British 
food fishes, which for a quarter of a century remained the chief subject of 
his researches. He became known also for work in other fields of marine 
zoology, on Pftoronia, Cephahdiacus and CribreUa. In 1903 he accepted 
appointment as a scientific expert attached to the English Ministry of 
Fisheries, and did important work in reorganizing the statistical records 
of the Department. On retiring from that post he became interested in a 
proprietary hypochlorite preparation, and published shortly before his 
death some investigations made in that connexion. 

The death of Wiluam Bullooh (1868-1941) has removed a central and 
familiar figure from the circle of British pathologists and bacteriologists. 
After a distinguished academic career in medicine at Aberdeen, he went for 
post-graduate study to Leipzig and other continental centres, forming and 
retaining an unusually wide circle of friendships and sdentifio contacts 
among the pathologists of Europe. Returning to this country, and having 
worked for a time under Perrier and Horsley, be became Bacteriologist to 
the Serum Laboratories of the British Institute (now the Lister Institute) 
of Preventive Medicine, and later Bacteriologist to the London Hospital, 
and finally Professor of that subject in its Medical School. Bulloch had a 
knowledge of his subject unrivalled in its width and detailed accuracy, and 
he was a consistent and methodical worker; but, though he published 
observations over a wide range, the mote significant dealing with immuno- 
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logy and haemolytic action, he early became more inteieated in the history 
of his subject, and in the critical analysis of its records, than m expeti' 
mental additions to it on his own account. He had inherited a flair for 
bibliographic enquiries, and he became increasingly concerned witii the 
historical setting of any subject he touched, and with the independent 
verification of every statement from the original authorities. His critical 
examination of the recorded jwdigrees of familial diseases, for the Treasury 
of human inheritance, ranked him as a pioneer in human genetics; while his 
History of bacteriology, published in 1938, at once attained general recogni¬ 
tion as a masterpiece. This Society itself owes an immense debt to Bulloch’s 
scholarly devotion to the history of science and his desire for accurate 
j)er8onal records of those concerned in its advancement. His iZeK of the 
Fellows of the Royal Society, embodying the results of many years of un¬ 
remitting labour, has now been acquired by the Society by friendly 
arrangement with liis widow. 

BtiUoch was a man of strong and remarkable personality, with an un¬ 
rivalled store of personal memories of the great figures in the medical 
science of Ins time, and had served on a wide range of expert advisory 
boards and committees. 

The name of Sir Fbedebiok Grant Banting (1891-1941) will always, 
and rightly, be associated with the discovery of insulin, and the dramati¬ 
cally sudden change which it produced in the accessibility of a distressing 
disease to treatment. Banting had seen active service and bad been ser¬ 
iously wotmded in France in 1915, before he was sent back to Toronto to 
finish his medical course. After the war he went into practice in London, 
Ontario, holding also a part-time teaching post in physiology at the 
university. It was there, in 1921, that the vision came to him, and sent 
him back to Toronto to beg the late Professor Macleod for research facilities 
in the Department of Physiology. The discovery which resulted from the 
determined attack by Banting aind a still younger collaborator, C. H. Best, 
on a problem which ha>d baflled so many workers of ripe experience, 
provided a romantic chapter in the story of modern researches. Banting 
became a centre of popular interest, and bis proud and grateful country 
provided him with an Institute of Medioal Besearch. It was not to be 
expected that Banting would produce another discovery to rank with that 
of insulin in appeal to the world’s imagination. Important results, however, 
were soon coming in steady output from his laboratories; their work on 
silicosis, a disease of great importance in Canada’s mining industry, 
deserves particular mention. With the outbreak of another war, Banting 
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became a natural leader in the application of Canada^s medical reeiearobeB 
to ndlitary problems^ and he threw himself into the work witfrtremendous 
en&tgy and enthusiasm. Death came to him in his fiftieth year, through 
failure of an aircraft which was bringing him on an tirgent mission to 
England. It is idle to speculate as to what he might yet have doim for 
science. His name is for ever linked to a discovery great in itself, and even 
greater in its influence on subsequent medical researches. He became a 
Fellow of the Society in 1935. 


JoHK Smyth MACDONAni) (1867™1941), after graduating in natural 
science at Cambridge, completed his medical studies at Liverpool, where 
his interest in physiology was stimulated by contact with Sir Charles 
Sherrington. After holding minor appointments in other universities, he 
became Professor of Physiology at Sheffield, and later, in 1914, succeeded 
Sir Charles Sherrington at Liverpool. His earlier researches dealt with the 
relations between electrolytes and colloids in nerve and muscle fibres, and 
particularly with the localization therein of potassium and chlorides. On 
these he based conceptions of the electromotive phenomena in these 
structures, and of muscular contraction. His later work dealt with the 
production of heat and the output of energy by man during exercise, for 
the study of which he built a large calorimeter chamber at Sheffield. 


Herbert Max Frettndlich (1880-1941), elected a Foreign Member of 
the Society in 1939, was bom at Charlottenburg in 1880 of a German 
father and a Scottish mother. A pupil of Wilhelm Ostwald, he worked after 
graduation for eight years as assistant in Ostwald’s Institute. There 
followed five years as Professor of Physical Chemistry in Braimschweig, 
and another seventeen as head of a department in Haber’s Institute at 
Dahlem. The revolution in Germany in 1933 brought him to London, as 
an honorary Research Associate in the Chemistry Department at Univer- 
sity College, with support- from Imperial Chemical Industries; and in 
1938 he went as Distinguished Service Professor of Colloidal Chemistry to 
the University of Minnesota, Minneapolis, where he died last March. Any 
approach, even, to detailed mention of Freundlich’s contributions to the 
fundamental physical chemistry of colloidal systems is beyond the scope 
of this occasion. It must suffice to say that his researches and those of 
his pupils and collaborators covered an immense field. He created one 
of the most important schools of research in the chemistry and physios of 
colloids, and by his books, especially the successive editions of his famous 
KapiUarchemie, as weD as by his researches, he became one of the chief 
founders of the modern science of colloids. 
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ABTHtTB IiAFWOBTH (1872-1941) w«a tihe son of Uie distangniilied fboA 
Professor of Geology at Binningbam Univereily. 

From 1913 to 1922 he occupied the Chair of Organic Cbemistxy in tihe 
Uraversity of Manchester, and from 1922 to 1936 he ■was Sir SamaM HaQ 
Professor of Chemistry and Director of the Laboratories. He waa elected 
a Fello'w of the Society in 1913 and was awarded the Davy Medal in 1981. 

Lapworth’s scientific work was characterized by remarkable insight and 
breadth of outlook. His interest was chiefly concentrated on the intimate 
mechanism of chemical change, and for many years his ■views were so 
advanced that his contemporaries paid little attention to them. Now they 
are the commonplaces of the text-books, and we are able to appreciate 
what a great part Lapworth played in guiding the course of development 
of electrochemical, theories of organic chemistry. The prophet was also a 
superb experimentalist, and some of the topics he illuminated were the 
following: migrations, cyanohydrin formation and decomposition, the 
constitution of camphor and gingerol, estenfioation and acid-base catalysis 
in general, the mechanism of the benzoin reaction, formation and properties 
of sulphonic acids and their esters, mechanism of bromination of acetone, 
and many miscellaneous subjects in organic and physical chemistry. 
Above all he will be remembered for his theoretical papers and his brilliant 
ideas on the classification of anionoid and cationoid reagents. 

By the sudden death of Sir Albert Seward (1863-1941) we have lost 
a colleague who had won a position of high distinction and authority in hie 
own departments of science, and who had given generously of his time and 
his interest to the work of the Society and the promotion of its interests. 
At the University of Cambridge he was University Lecturer in Botany 
from 1890 to 1906, Professor of Botany for the ensuing 30 years, and 
Master of Do^wning College, in addition, for the last 21 of these. He served 
his term as Vice-Chancellor, and was an Honorary Fellow of St John’s, 
Emmanuel and Downing Colleges. The progress of scientific studies, and 
especially of botany, at Cambridge owes much, indeed, to his ability as 
a teacher and an administrator, and many scientific bodies and institutions 
were indebted to his ■wisdom and his energy. His own many and varied 
contributions to knowledge by research dealt ■with fossil plant s and gave 
him a leading position among palaeo-botanists. Our Society recognized their 
distinguished merit by the award of the Royal and the Darwin MaHalf ^nd 
they gave him high standing in geology as in botany. He had been President 
of the Geological Society, as well as of the Botanical Section of the 
Association and of the International Botanical Congress. He worked hard for 
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kitemational oo^operation in science and for its re-establishment after the 
last war. With his friend, the late Professor Went of tJtreoht, he was largely 
responsible for the initiative which led to the formation of the Inter¬ 
national Union of Biological Sciences, of which he became the President. 
There was a special fitness therefore in Seward’s election in 1934 as-the 
Royal Society’s Foreign Secretary. He had already served for two earlier 
})eriodB on onr Cotmcil. When he retired firom his Cambridge Chair and 
College Mastership, in 1936, he settled in London, and was able to give 
even more fully of his time and attention to the affairs of the Society and 
the maintenance of its foreign connexions. His ripe experience, his wisdom 
and the charm of his distinguished personality will be sadly missed by a 
wide circle of men of science in many countries. 

Gbobob William Clarkson Kaye (1880-1941) had been smce 1922 the 
Superintendent of the Department of Physics at the National Physical 
Laboratory. Dming the earlier part of the war of 1914-18 he had served 
with distinction in the Royal Engineers and the Royal Air Force, and from 
1917 to 1920 he held the post of Chief Inspector of Materials to the Air 
Ministry. Kaye’s public-spirited activities earned for him the gratitude 
of students and workers in several departments of science. Physicists 
have had occasion to be grateful for his work as co-author of the book of 
Tables of physical and chemical constants. Those concerned with the use of 
X-rays and radium for medical and other purposes are deeply indebted to 
his work on the dangers of repeated exposure and the means of protection 
against them. He had been President of the Rontgen Society, had acted 
as honorary editor of journals dealing with radiology and radiography, as 
Secretary of the International X-ray and Radium Protection Committee, 
and as Secretary of the National Radium Commission. He devoted much 
time and thought to the planning of the New Physios Building at the 
National Physical Laboratory. His greatest pride was in the Acoustics 
Laboratory, specially designed for the experimental study of the acoustics 
of buildings; and he was active in the quantitative study of the problem 
of noise in our modem civilization, with a view to means for its elimination. 
By his work as a scientific administrator and organizer, indeed, both 
national and international, Kaye did even greater service to science and 
to his fellow men than by his own personal work as an investigator. He 
WM elected to our Fellowship in 1939. 

Among classical scholars Sir James Frazer (1864-1941) was a pioneer 
in the study of the evolution of classical civilization from Hie rudimentary 
notions of lowly cultivators, appl 3 ring the comparative method which his 
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Mend and guide, Robertson Smith, had begun to use in his studies of 
Hebrew Religion. Both Smith and Frazer acknowledged their debt to 
J, F. M’Lerman. Frazer developed his life-long studies Of the evolution of 
religious ideas and practices into the twelve volumes of The QoJden Bouffh 
and a vast number of accessory works, which have been listed by Besterman 
in the Bibliography of Sir James George Frazer (Macmillan, 1984), In 
addition to being a Fellow of this Society he was a member of the Order 
of Merit, a foundation Fellow of the British Academy, an Associate Member 
of the Institut de France and the recipient of almost innumerable honours 
from learned societies and universities, honours which seemed not to touch 
his modest 8 h 3 me 88 or his care for every detail. He thought that his theories 
would be overlaid as better data were collected by field workers, and as the 
divergent adaptations of society to many environments came to be better 
understood; but he felt that man’s thoughts, beliefs and practices were 
products of natural evolution, and his splendidly phrased expositions 
impressed that feeling upon a wide public. His was one of the outstanding 
influences on the thought of our time. He was elected to the Fellowship 
in 1920. 

The name of Lord Cabman (1877-1941) will always be associated with 
petroleum, for not only did he found the first school in the Empire of 
petroleum technology, but he became also head of two of the greatest 
petroleum companies in the world. For thirteen years he was Professor of 
Mining in the University of Birmingham and collaborated with the late 
Professor J. S. Haldane in a fruitful series of investigations into mining 
hazards. 

As a leader of industry he won the admiration of men of science by his 
unceasing advocacy of the application of science to industry. It has been 
stated he never looked at to-morrow, but the day after to-morrow, for he 
looked upon scientific research as shaping the destinies of industry in 
generations to come. 

The scientific development of the oil field in Iran will alwajrs be asso¬ 
ciated with his name, for though his academic life of thirteen years was 
that of a Professor of Mining, he was extremely well versed in all aspects 
of geophysical exploration. There was probably no man of his time with 
the same wide and encyclopaedic knowledge of the oil industry. He was 
elected a Fellow in 1940. 

Robert Robison (1883-1941) was educated at University College, 
Nottingham, and at the University of Leipzig. Almost the whole of his 
scientific career was spent at the Lister Institute, to the staff of which he 
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was appointed in 1913 and where he succeeded the late Sir Arthur Harden 
as Head of the Department of Biochemistry in 1931. 

Robison will be remembered as one of the outstanding British biochemists 
of the last 20 years, and his name will be particularly associated with two 
important discoveries. Following up the work of Harden and Young, he 
isolated from the products of fermentation of sugar by yeast a hexose* 
monophosphate ; this substance, which is now commonly referred to in 
the scientific literature as the ‘Robison ester’, has proved to be of great 
significance in intermediary carbohydrate metabolism. Robison’s second 
important achievement was the demonstration in ossifying cartilage of an 
enzyme which hydrolyses hexosephosphates; this discoveiy was followed 
by a long series of papers on the role of the phosphatase in the process of 
ossification. 

Apart from his personal achievements Robison contributed greatly to 
the advance of biochemistry by the services which he gave to scientific 
bodies outside his own Institute and by the example of a life devoted to 
the highest standards of research. He was elected a Fellow in 1930 and 
served on the Council from 1934 to 1936, 


Sir ARTHtJE Jours Evans (1861-1941), who died on 11 July, three days 
after his ninetieth birthday, retained to the last his wide archaeological 
interests and critical appreciation of ancient craftsmanship. After a pre¬ 
cocious childhood guided by his distinguished father, Sir John Evans, a 
Fellow of this Society and its Treasurer, he spent some years in adventurous 
travel in Balkan lands, and then became Keeper of the Ashmolean Museum 
at Oxford in 1882 and transformed it into an active centre of archaeo¬ 
logical research. His special interest in engraved gems led him in 1894 to 
the discovery, on Cretan seal-stones, of a pre-Phoenicdan system of picto- 
graphic and linear writing; and this in turn led to his acquisition and 
excavation of the site of the prehistoric palace at Knossos, with frescoes 
and other works of art, and many clay tablets inscribed in the new form of 
writing. Ably supported throughout by devoted helpers, he retained 
nevertheless in his own hands the voluminous publication of this vast mass 
of material, which his wide experience and imaginative insight enabled 
him to interpret as it deserved. Far beyond his scientific eminence, he 
will be remembered for the charm and simplicity of his character, his 
generous use of ample resources, his devotion to his many friends, liis 
unselfish encouragement of colleagues and younger students, and his 
vigorous defence of national, academic, and intellectual freedom. He was 
elected a Fellow in 1901 and received the Copley Medal in 1936. 
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With the death of Alfebo Josbkh Olaek (18SS-1941), at the early age 
of 56 years, British pharmacology loses a valued leader, and medical 
science a stimulating influence and a wise counsellor. After study and 
graduation at Cambridge and St Bartholomew’s Hospital, dark held 
Chairs of Pharmacology at Cape Town, University C^oUege, London, and 
finally Edinburgh, being successor to his former chief, A. R. Cushny, in 
the two last of these, dark’s own researches showed him as concerned 
primarily with the fundamental physiology of contractile tissues, and with 
the actions of drugs, mainly for the light which they could throw on these 
problems. At the same time he had a keen interest in practical medicine, 
and became an ejfifective and stimulating teacher on the action of drugs as 
the basis of their rational use in treatment. These two separate streams of 
interest found expression in his books. He considered the more fundamental 
problems in books and monographs on The mode of action of drugs ow celhy 
Comparative physiology of ths heart, Metabolism of the frog^s heart, and 
General pJuirrnacohgy, and he dealt with practical applications in a 
stimulating text-book of Applied pharnmcology. The more practical aspects 
of his ability came to the front also in the two great wars of our time. In 
that of 1914-18 be served with distinction as a medical officer in Prance, 
being awarded a Military Cross and attaining the rank of Major. In the 
present war, being on a special mission of medical and scientific liaison 
with the British Army in Prance, he took part in the retreat, and did fine 
emergency service as a regimental medical officer. Clark became a Pellow 
of the Society in 1931. His death takes all too early from medical science 
a worker whose imaginative mind, devotion to research and service to 
human need have exerted a deep and far-reaching influence on its 
progress. 

James Chaeles Philip (1873-1941), after graduation in chemistry at 
Aberdeen, went for special experience of physical chemistry to Nernst, in 
Gottingen. On bis return to this country he worked under H. E. Armstrong 
at South Kensington and with Heycock and Neville in Cambridge. His 
career from 1900 onwards was closely associated with the Royal College of 
Science, South Kensington, before and after its incorporation in the Imperial 
College. He became Assistant Professor in 1909, and the first Professor of 
Physical Chemistry in 1913, succeeding H. B. Baker as director of the 
Ijaboratories of Inorganic and Physical Chemistry in 1932. Philip, until 
the most recent years, was actively engaged in researches, into which he 
drew a succession of students in collaboration, covering a wide range of 
subjects in physical ohemistiy; and he heus left behind him an important 
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and active centre for that subject. But apart from these distinguished 
personal activiti^ in science, it was characteristic of Philip that for many 
years be accepted without question, and discharged with quiet efficiency, 
a load of duties on behalf of his colleagues, of his imiversity and of the 
nation, such as might well have filled the whole time and interest of a 
man less unselfish and devoted. Already dming the war of 1914-18 he 
was acting as Secretary of the Royal Society’s Committee which organized 
the services of the nation’s chemists, especially for the production of 
certain needed remedies. In later years ho served on the Senate of London 
University, was dean of the Faculty of Science in 1934 and deputy Vice- 
Chancellor in 1937-38. Still more recently he was Chairman of the Com¬ 
mittee of the Royal Society and the Ministry of Labour dealing with the 
section of the Central Register concerned with chemists, and accepted, 
in addition, a long and exacting term of duty, demanding firm friendliness 
and understanding, as Chairman of the University of London Joint 
Recruiting Board. He was President of the Society of Chemical Industry 
from 1939 to 1941, while the Chemical Society, to which he had acted as 
Secretary for eleven years, and Chairman of its Bureau of Abstracts for 
nine years, elected him to its Presidential Chair a few months before his 
sudden death. Though he retired from his Chair at the Imperial C/ollege 
in f938, he returned to arduous duty as Deputy Rector, when Sir Henry 
Tizard’s services were claimed elsewhere. Seldom has a life been more 
fully devot^ed to science, to the public service, and to the interests of 
colleagues, friends and pupils, Philip was elected to our Fellowship in 
1921, and served on our Council from 1928 to 1930. 

Pattl Sabatier (1854-1941), who was elected to our Foreign Member¬ 
ship in 1918, began his researches into problems of catalysis in 1897, 
and in 1900 entered upon his studies of catalytic hydrogenation, which 
have had such a great influence on the progress of organic chemistry, 
in research and in industry, and for which he was awarded the Nobel 
Prize in Chemistry in 1912. Among Sabatier’s numerous contributions to 
this aspect of chemistry may be mentioned his discovery that the same 
catalyst, by appropriately varying the conditions, can be made effective 
for either hydrogenation or dehydrogenation, and his studies of selective 
catalysis, with its suggestive bearing on biological processes. He was led 
to formulate a theory of catalytic action, involving the formation of 
temporary combinations, which is similar in essence to that which still 
prevails. It i$ sad that the news of hie death at Toulouse should come to 
us under present conditions. 



244 


Anmimsmy AMteaa by Sir 

WamAe Gaedinek (1869-1941), At the time of hi6 eleotiott, in 1890^ 
Walter Gardiner was the youngest of our Fellows, being admitted at the 
early age of 31 years. At the time of his death this year he was one of the 
veterans, being at the end of his 82nd year. His period of intense scientific 
activity, however, establishing him as one of the eminent botanists of his 
time, extended only from 1881 to 1907, The work which brought him fame 
was concerned with the histological demonstration of the continuity of 
the cells of vegetable tissues, due to connecting fibrils of protoplasm, the 
regular presence of which, ab initio, he was the first to reveal. He began 
this work under Sachs at Wiirxburg in 1882, and continued it mainly in 
his own private laboratory in Cambridge and the Jodrell Laboratory at 
Kew. The Royal Society recognized its importance in recommending him 
for a Royal Medal in 1898. His activities in research, so far as they led to 
published record, came early to an end, however, in 1907, the later part 
of his life being clouded by ill-health, so that he was personally unknown 
to the botanists of the younger generation. This enforced withdrawal from 
activity, of an investigator of such unusual powers, was a great loss to 
the science of botany. 


Arthxtr (iEORGE Geben (1864-1941) was one of the veterans of organic 
chemistry, particularly in its application to the synthetic manufacture of 
dyestuffs in this country. After training and graduation at University 
College, London, he went, in succession to Meldola, as research chemist to 
the firm of Brooke, Simpson and Spiller, which had succeeded to the 
industrial interests of W. H. Perkin. In nine years with this firm and a 
further seven with the Clayton Aniline Company, Green mode a number 
of important improvements in artificial dyesttiflFs and their applications. 
In 1903 he accepted the Chair of Colour Chemistry and Dyeing at the 
University of Leeds, and, in the next eleven years, earned a high reputation 
for that school as a centre of progressive research and teaching in its sub¬ 
ject. He returned to work directly for industry in 1916, when he became 
Director of Research to the British Dyestuffs Corporation, then faced with 
the task of re-establishing in this country, during war, an industry which 
had been allowed to pass so predominantly into German hands. In 1923 
Green established himself in London as a consultant to a number of firms, 
both British and American, engaged in chemical manufacture. In this 
connexion he retained to an unusually advanced age his practical and 
research activities in the science to which he had given effective service 
for so many years. He was elected to our FeUowship in 1916. 
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John Staki-by Pia.skktt (1865-1941) died on 17 October at Victoria, 
British (Columbia, where he had been in charge of the Dominion Astro- 
physical Observatory from 1917 to 1935. His original work on the applica¬ 
tion of spectroscopy and the design of spectroscopes for the determination 
of stellar radial velocities, and on the velocities, distances and properties of 
the 0-type stars, had brought him international recognition, and the honour 
of having his name attached to the massive bright star, the ‘ Plaskett Star 
which he discovered. 

Plaskett*s formal, academic education come to him unusually late in life, 
and he had served an apprenticeship and held a post with the Edison 
Companies of the United States and Canada l)efore he entered Toronto 
University and eventually graduated in mathematics and physics. 
Researches in photography and stereoscopy brought him an astronomical 
appointment with the Dominion Government, and his successful leadership 
of an Eclipse Expedition to Labrador was followed by his appointment as 
astronomer to the Ottawa Observatory. Here he was able to begin his 
important series of spectroscopic determinations, but the inadequacy of the 
15-mch telescope for the purpose led him, with the consent of the Govern¬ 
ment, to raise funds sufficient for the construction of a 72-inch instrument. 
This was installed at Victoria, B.C., where Plaskett took charge of it and 
spent the remainder of his working life. 

Many honours and international recognitions came to him, and he was 
elected to our Fellowship in 1923. 

Edgar Vincent, Viscount D’Abernon (1857-1941), elected under 
Statute 12 in 1934, was a Fellow of the Society of a type much more 
frequent in its earlier history than in recent years. One can imagine him, 
indeed, well in the picture among the distinguished group of our founders. 
A brilliant figure in Society, a connoisseur of the arts and an enthusiastic 
follower of more than one sport, an able man of affairs and a distinguished 
public servant, he became a convinced admirer and advocate of science, 
with a strong sense of the need of its guidance in policy. It was not, how¬ 
ever, till relatively late in his career that he made any close scientific 
contacts. He accepted in 1915 the chairmanship of the C^entral Control 
Board (Liquor Traffic) at its war-time foundation, and experience of con¬ 
flicting propaganda soon determined him to seek a firmer basis for practical 
action, in independent and strictly scientific evidence concerning the action 
of alcohol on man. He accordingly appointed a Scientific Advisory Com¬ 
mittee to draw up an impartial account of existing knowledge and to plan 
researches to fill any gaps so revealed. The members of this Committee 
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were Fellows of this Society, and two of them have si&oe ocoupied tiUs 
Presidential Chair. Their report, at Lord D’Abemon’s request, was oast in 
a form suitable for general reading, and he himself contributed an able and 
constructive preface. He found time to pay frequent visits to those who 
undertook the researches, and even to witness experiments. Some years 
later, on returning from his historic mission as the first British Ambassador 
to Berlin after peace was signed, he presented an able statistical report on 
post-war economic conditions in Germany, and was elected President of 
the Royal Statistical Society. Later, again, he did service of great im¬ 
portance to different fields and aspects of science, as Chairman of the 
Royal Commission on Public Museums and GaUeries, and finally as Chair¬ 
man of the Medical Research Council, till the long Ulness which clouded the 
remaining years obliged him to withdraw from all activities. 


The news of Sir Abthttb Hill’s (1875-1941) sudden death from a riding 
accident has come as a shock to a wide circle of friends. Only a few weeks 
ago the Cmmcil had asked him to undertake the obituary notice of Walter 
Gardiner. It was characteristic of Hill’s devotion to the memory of the old 
teacher who had guided his first steps in research, and of his quiet efficiency 
in discharging a duty of friendship, that the notice of Gardiner was already 
written, corrected and lying in page proof in our office, when the tragic 
mishap took Hill from us. 

From Cambridge where his career as a botanist began under Marshall 
Ward and Gardiner, and where he published important papers on botanical 
histology, dealing with sieve tubes and continuity of protoplasm between 
cells, Hill went to Kew in 1907 as assistant director under Sir David Prain. 
He remained in that position for fifteen years, during which he was able to 
oontinus his researches. Though primarily a morphologist, he was interested 
in plants in all their aspects, and published a number of papers on the 
taxonomy of different genera. Later he travelled widely with the aid of the 
Empire Meurketing Board, interesting himself in the economic applications 
of botany as well as in making new contacts for Kew, by which its collec¬ 
tions became enriched and its services rendered more widely available. As 
director at Kew he encouraged travel by his staff to make direct acquaint¬ 
ance with Empire flora, and obtained grants to make these journeys 
possible. He became, indeed, an effective ambassador for botany in the 
British Empire. In other circles also Hill was well known and his counsel 
prized. He kept a warm affection for his old school, Marlborough, and 
interest in its affairs, and he was an active and valued member of the 
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Umvomty Grants Committee. He served with cUstinotion in the war of 
1914-18, and was detailed for special duty as hortioultiu*al ad^er to the 
War Graves Commission. He was elected a Fellow in 1920. 

Waltkb Nbbnst (1864-1941), who w€bs elected to our Foreign Member¬ 
ship in 1932, was a great figure of the period, early in the present century, 
in which the modem science of physical chemistry was taking shape. He 
was awarded a Nobel Prize for Physics in 1920. To him was due much of 
the fundamental work on the reversible galvanic cell and, in relation to 
the theory of solutions, on diffusion and partition, and on the hydration 
and dissociation of electrolytes. In 1906 he formulated a thermodynamical 
theorem by which the free energy could be determined from the known 
heat of a reaction. This theory, in its full development, found application 
in the realm of the absolute zero on the one band, and, on the other, at 
such high temperatures as exist only in the stars. Nemst was thus led to 
the discovery that the specific heat of an element vanishes at a sufficiently 
low temperature—a conclusion which, in its harmony with Einstein’s 
appKcation of Planck’s work, provided one of the surest experimental 
foundations for the quantum theory. 

Apart from his own researches, Nemst was one of the great teachers 
of his time, whose personality and inspiration meant much for science 
through the pupils and research students who came from all the world to 
his Institute in Gottingen, and, later, in Berlin. 

Nemst’s contacts with many of those, who were thus bound to him by 
ties of friendship and grateful esteem, were twice broken by war. When 
the present war loomed imminent in July 1939, he wrote thus to one of 
our Fellows: ‘Jedenfalls bin icb sicher dass unsere Freundsohaft sich als 
unzerstorbar sich erweisen wird, was auch kommen mag.’ (‘In any case 
I am certain that our friendship will prove to be indestructible, whatever 
may come/) Nothing that lias come will deter us from paying our tribute 
of respect to the memory of the great man of science, whom death has 
now taken from our Foreign Membership. 

News of the death of Dr Harry Eltrikoham (1873-1941) comes too 
recently to allow more than the b^efest mention, on this occasion, of his 
career and his services to science. The son of a shipbuilder, and himself 
for some time a partner in the family business, he was one of a number of 
distinguished amateur naturalists who have been elected to our Fellowship, 
and whose work has made a contribution to the advancement of scientific 
knowledge which is, perhaps, especially characteristic of British science. 
Eltringham became a recognized leader in Entomology, serving as Publica- 
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tion« Secretary, Vice-Preeident, and President of the Royal Entomological 
Society of London* He gave to protective mimicry a special preeminenoe 
in his studies, and did pioneer work on the minute structure of the sense 
organs in the Lepidoptera. For some years before he retiied to the country 
he lived in Oxford, carrying out his observations and experiments in 
connexion with the University Museum. He was elected to our Fellowship 
in 1930. 

Only to-day comes the news of the death, last Friday, of Wamot Gibson 
(186^1941), who, after geological work in South and East Africa in the 
early nineties of last century, joined the staff of H*M. (^logical Survey 
and became director of the Survey for Scotland. He was elected to our 
Fellowship in 1925, 


I have made mention of the late Professor Bulloch’s very important 
contribution to our history, in his detailed record of the career and the 
claims to distinction, so far as these were discoverable, of every one of 
our Fellows, from the l>eginniug of the Society almost to the present day. 
Concerning some, whose elections duly appear in our records, no additional 
information was obtainable, even by Professor Bulloch’s researches. It is 
unlikely that any of these were important contributors to science; the 
Society in its earlier days, and even up to 1847, having admitted a sub¬ 
stantial proportion of Fellows whose interest in its scientifitj activities was 
not more than that of onlookers. An interesting article by Sir Henry 
Lyons, in the recent issue of Notes and Records, shows that this was true 
even of many of the Society’s earlier officers. On the other hand, the 
history of the doings of our Fellows would, over a long period, have com¬ 
prised practically the whole of the history of science in this country. The 
failure to discover anything at all about some of them gives new prominence 
to the lack in our organization, from the beginning of the Society until now, 
of a system for collecting, during the lives of our Fellows, any but the most 
meagre items of information concerning them and their doings. This defect 
is further illustrated by a recent acquisition of i)apers which concern one 
of the most important figures in the history of the Society—Sir Robert 
Moray, who was actually its first President, before the Society received 
its first Charter, which Moray’s influence with King Charles II appears, 
indeed, to have been largely instrumental in obtaining. Little else was 
known of the man who played so prominent a part in our foundation, till 
a life of him was written by the late Alexander Robertson of Edinburgh, 
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this was not published till after the death of the author in the war 
of 1914*18. Apart from our earliest Journal Book and certain letters pre- 
serrod in our library, Robertson obtained his material mainly from the 
Kincardine papers—a long series of letters from Moray to the second Earl 
of Kincardine. The originals of these have been lost, and it is not kndwn 
whether they still exist. Robertson had access to a manuscript copy, but 
this also disappeared after he had used it. The recent rediscovery of this 
unique copy is due to the watchful interest of one of our Fellows, Mr Clifford 
Dobell, who has acquired it and generously offered it to our library, which 
will henceforward be practically complete in documentary sources for all 
that is known concerning our first President. In offering the Society's 
thanks to Mr Dobell for this, not the only example of his generous interest 
in our library and our history, 1 venture to ap|)eal to others of our Fellows 
who are leanied in such matters, for help in bringing to the Society’s 
notice opportunities of adding to its treasxiry of documents bearing on the 
history of the Society and of science. 

So much for the records of the past. A few w eeks ago the Fellow s received 
a communication from me, introducing, with the Councirs approval, a 
new scheme w^hich should make good this gap in our equipment, so far as 
the future is concerned. If we can make this scheme a success, it should 
provide the Society with a complete set of personal records of all the 
Fellows from now' onwards, containing all the relevant facts concerning the 
ancestry, parentage and education of each, and a full account of his 
scientific opportunities, experiences and achievements. For those who 
now and in the future are newly elected to our Fellowship, it should be a 
matter of small trouble to provide such accounts of their careers up to the 
time of election, and then to keep them up to date by annual addenda. 
It will certainly involve a greater initial trouble for those of us who have 
become seniors in the Fellowship, in the absence of any system of this 
kind. On the other hand, it seems to me almost a comnjonplace to suggest 
that the memories of some who are still wdth us cover a period in which the 
change and the expansion of scientific know ledge have been so rapid and 
so revolutionary, that the future, looking back upon these times, is likely 
to regard them as unsurpassed in interest and importance, in the whole 
history of science. In his Address from this Chair a year ago, Sir William 
speaking of J. J. Thomson and Oliver Lodge, who had passed from 
us during the year then ending, referred to the memory, still preserved by 
himself and by others of his own seniority, of ' the brilliant years when 
these men and their contemporaries were writing the,.. first pages ’ of a 
great new chapter of science. I am appealing to those who keep such 
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tuemorieB to put them on record now, and to commit them to the keeping 
of the Society, for those who will come after them here, and for all who 
will be interested in tracing and interpreting the history of science over 
the great epoch of the past half century. No doubt we shall soon have full- 
scale biographies of men like Thomson and Lodge, in which the attempt 
will be made to recover, from such correspondence and notes as may be 
available, their impressions and memories, in turn, of the great men of the 
generation which went before them. How much, one thinks, might the 
task of the biographers have been eased, and how much might have been 
kept for us which no diligence can ncJw recover, if all the leading men of 
science of that time had been making for the Society records of the kind 
which we are now^ trying to inaugurate. To mention another department 
of science, do we not wish that we had hod such a system in use when some 
of our Fellows could have left us notes of work and discussion with Claude 
Bernard, Louis Pasteur, Robeit Koch, Carl Ludwig and others of that great 
period of the latter half of the 19th century ? 

And there are memories of a later generation which we must hope to 
get now on record, and to hand on to our successors. To quote only one 
example, there are still a number of us who remember Ernest Rutherford 
as he first came to Cambridge, as a post-graduate research student from 
New Zealand, and many more who were later his direct and intimate pupils 
and collaborators. 1 am sure, also, that Sir William Bragg was right, when 
he told us last year that ‘our yoimg men of to-day are maintaining in full 
force the tradition that they have received'. The interval between the 
two wars showed us how (quickly science can return to its normal direction 
of progress, at some points apparently with even an added vigour, after 
the forced diversion. I have no doubt at all, that, when we can free our¬ 
selves again from such duties os now preoccupy brain and hand for most of 
us, we shall find that we are still in the great period, and that science will 
rapidly regain the momentum of its advantje. Experience suggests tliat 
we may find that it has even, in some directions, made unexpected and 
almost unnoticed leaps forward. I make a strong appeal, then, to the 
Fellows also of more recent election to take promptly what, for them, will 
be the relatively small trouble of rendering and maintaining the accounts 
of their doings and experiences in science, for the Society's new files of 
personal records. The present century has witnessed a prodigious growth 
of the number of those who, in one capacity or another, are directly con¬ 
cerned with the advancement of natural knowledge by research. The 
election to our Fellowship has, of necessity, become more closely selective 
and exclusive, and can hardly expect to avoid a few mistakes of choice 
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in dther direction. Nevertheless, I think that we can assume, without 
undue self-oomplaoenoy, that a detailed and systematic record, of the 
scientific activities and contacts of all the Fellows of this Society, will 
continue to provide a fair picture of the main currents, at least, of 
scientific progress in this country. Those who in the future endeavour to 
write the general history of our period may well find in the outburst of 
scientific achievement its distinguishing and central character, far tran¬ 
scending in importance all changes of political structure. It is not for us, 
indeed, to anticipate such judgements, but I think that it is part of our 
duty and concern to see that the material for them is provided. If our 
Fellows will make the small, systematic effort needed to ensure the success 
of the new scheme, the future historian of the science of our times, unlike 
those who now laboriously seek and interpret the scattered relics of its 
earlier days, should find ready to hand an invaluable body of authentic 
and contemporary data. 

As we come to the end of another year we can see, as yet, no prospect 
for science of escape from urgent preoccupation with the means of waging 
war. On the contrary, with the Union of Soviet Russia now locked in a 
supreme struggle for its own existence and the world^s freedom, and with 
the United States of America rapidly directing its tremendous scientific 
and technical potential to the support of the same great cause, the diversion 
of science from its normal uses and objectives has spread right round the 
world. Yet even this grim necessity has brought with it some measure of 
comptmsation, in drawing closer the bonds of friendship, between the men 
of science in the countries thus united in a common purj)ose. Wo in Britain 
received a tremendous encouragement in the early months of tliis year, 
from the visit of President Conant and his associates to establish here, in 
London, an office for the maintenance of regular and intimate oo-operation, 
between the war researches of our American colleagues and those which 
are here in hand. More recently, and in spite of all difficulties of com¬ 
munication, the sense of a common peril and a c^ommon determination 
is bringing us into a new and growing intimacy of collaboration with our 
colleagues of Soviet Russia. The organization of the science of the British 
Empire for war has brought to London already a number of distinguished 
colleagues from the Overseas Dominions, and we have heard of others 
who are on the way. It has been a particular pleasure to gather them here, 
in the house of the Royal Society, and to invite them to regard it as a 
centre and a rallying point for discussion of the means by which this new 
and closer collaboration, arising under the stimulus and the necessity of 
war, may be perpetuated and strengthened for the pur|) 08 es of peace. 
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Qenerous gifte to the Society, during the year, from sister Societies in 
America, have given further ii^elcome evidence of the determination of our 
colleagues there to come to the help of British science in this time of need. 
The American Philosophical Society, founded in 1748 by Benjamin Frank¬ 
lin, with this Society as his model, sent us ten thousand dollars *for the 
aid of science in Britain’. They have confirmed our interpretation of their 
fraternal gift, as betokening a desire to help us to preserve some measure 
of normal scientific activity in this country during the war, and to keep 
alive the tradition of a free pursuit of knowledge for the benefit of all men. 
We have been able to find good use already for a large part of this bene¬ 
faction, in the maintenance of a number of important researches, which 
war conditions had threatened to interrupt or to bring to an end. The 
American Physiological Society similarly sent us five thousand dollars, 
as a spontaneous contribution, to the support of scientific publication in 
Britain, mentioning Physiology as the subject to which they, as physio¬ 
logists, desired us to give the first corisideration. The Rockefeller Founda¬ 
tion, that truly international benefactor and promoter of natural knowledge, 
had already asked us to be reponsible for the distribution of twelve thou¬ 
sand five himdred dollars in aid of scientific publication in Britain in these 
difficxilt times. 

As I have taken occasion earlier to state, gifts such as these, welcome 
for their own intrinsic value and for the practical uses which we are readily 
finding for them, are even more welcome on account of the evidence that 
they bring, of the feeling of comradeship between our American colleagues 
and ourselves. We can do no less, I think, than assure them of our deter¬ 
mination that this closer serise of unity in aims and ideals, with them as 
with our fellow citizens of the British Overseas Dominions, shall not be 
lost, but rather strengthened, when we face together the new problems 
which the end of the war will bring. 

Though the first and imperative call on the science of all free countries 
is for the means of winning the war, to save the freedom without which 
science cannot in any true sense survive, we cannot put aside the 
duty of preparing for the part which science must play, in rebuilding 
and maintaining civilization when peace returns. The Conference recently 
organized by the British Association, on ‘Science and World Order’, 
attracted more attention from the Press and the public than is usually 
given to scientific events and discussions; and it was, indeed, an imi>re8- 
sive and significant fact that men of science from a dozen or more different 
countries, some far distant, should have found it possible now to meet, 
here in our war-scarred London, and to find the time and the impulse for 
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Buoh debate. We may offer our very sincere congratulations on the success 
of such an enterprise. Many who took part in these meetingsfheld at a 
time when Science finds itself conscript and organiaed as never before 
for the destructive purposes of war, were clearly ready to support the view 
that it should be as fully organized by the governments of a world at pe^ioe, 
for its proper purposes of enriching life and enlarging the opportunities of 
happiness for all men alike. There were not wanting voices, however, such 
as that of our Biological Secretary, to sound a warning of dangers which 
might be entailed, by such fullness of association between science and 
government as others were advocating with conviction and enthusiasm. 
Freedom and bpi)ortunity, it was |X)inted out, rather than organization, 
provide the conditions for the highest types of research, and thus, in the 
end, for the greatest services w’hich science can give to mankind. I find 
myself in sympathy with this view, and nobody here, I think, would suggest 
that it is usually possible to organize the researches which advance boldly 
into the unknown, and open new vistas to human understanding. Here we 
shall certainly not overlook the fact that, in the period between the two 
wars, important funds have been placed at the disposal of the Royal Society 
by a series of generous benefactors, to be administered for the support of 
researches over a wide range of sxibjects, in complete independence of 
any (control by the State. 

' On the other hand, I think that it will be agreed that the remarkable 
development in this country, since 1914, of the State support of research 
administered by the three Research Councils, nonnally in relation to the 
needs and the activities of a nation at j>eaoe, has taken place without any 
obvious detriment or danger to the freedom of science. The Royal Society’s 
former function, of advising the Government directly on all scientific 
matters, and of organizing such systematic researches as were then under¬ 
taken in the public interest, has, of necessity, been shared and greatly 
diminished. We, as a Society, however, can fairly regard this development 
as, in many respects, a realization of the plans and the dreams of our pre¬ 
decessors here; and I do not think it fanciful to claim that our Society’s 
traditions and standards have been still effective, through the influence of 
our Fellows on the Research Councils and their Committees, and through 
the filling of their chief executive offices by men of our Fellowship. As a 
whole-time research worker myself, since 1914, under the body which 
became the Medical Research Council, and the senior now in that service, 
I can bear grateful witness to the freedom of opportunity which can exist 
under an enlightened organization and control, exercised on behalf of the 
Government. I have no reason to suppose that the conditions are other- 
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wiae tmder the other Research Ck)ttnoilB. Nor shotdd we lose sight of the 
fact that a further large proportion of the free scientific research of the 
country is now indebted to support from the State through grants to 
the Universities, administered without any trace of detailed Government 
control. 

While, therefore, the existing mechanisms for the support of science by 
the State are doubtless susceptible of improvement at one point or another, 
I find no reason to fear any threat to the freedom of science from them, 
or from any natural development on those lines. Nor do I fear it from a 
wider use of the organized application of science and scientific method to 
problems of public welfare; nor, again, from a more effective access of 
scientific knowledge to those responsible for government. A year ago 
Sir William Bragg told the Society of the formation of the Scientific 
Advisory Committee to the War Cabinet, under the chairmanship of 
Lord Hankey, with the President and two Secretaries of this Society as 
members ex officio. The representstion of the Society has, indeed, been 
strengthened since then, and in a manner most welcome, by the fact that, 
though I have succeeded him ex officio^ Sir William Bragg still gives his 
wisdom and exj)erienoe to the work of that Committee, as an extra member. 

There is one direction, however, in which I do find some reason to fear 
for the freedom of science. If science should become entangled in con¬ 
troversial politics, through the over-eagerness of its advocates and cham¬ 
pions to invoke the sanction of science, or to claim its potentialities, in 
support of any special political doctrine, then indeed I believe that the 
threat to its freedom might become a real danger. Let there be no mis¬ 
understanding of my meaning. I am not abusing the privilege of this Chair 
by using ‘ controversial ’ as an epithet, to be applied to political opinions 
which I do not happen to share. I see danger if the name of science, or the 
very cause of its freedom, should become involved as a battle cry in a 
campaigxi on behalf of any political system, whether its opponents would 
describe it as revolutionary or reactionary. If science were allowed thus 
to be used as a weapon of political pressure, it would be impossible to 
protect science itself eventually from the pressure of sectional politics. 
If that should happen the dangers are, I believe, beyond dispute—the 
danger, for example, that fundamental researches, having no immediately 
practical appeal, would be allowed to fall into arrears through relative 
neglect; or the danger that the rigid standards of true science would be 
relaxed, by allowing the convenience of results for policy or for propaganda 
to enter into the assessment of their validity as evidence. This Society, 
with its firm and unbroken tradition of complete aloo&ess from political 
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controversy, may still find it an important part of its function, to keep 
v^atch and) if neoessary, to stand without oompromise, for the right and 
the duty of science to seek the truth for its own sake, in complete freedom 
from any kind of extraneous influence. I hope, indeed, that there will never 
be need thus to invoke our tradition, in order to protect the freedom 
and the integrity of science from the enthusiasm and the advocacy of any 
of its friends. 


Awards of Medals^ 1941 

The CoPLKY Mkdal is awarded to Sir Thomas Lewis. 

Lewis’s life’s work, still in vigorous progress but for interruption by war 
duties and war conditions, has been the application of precise and con¬ 
trolled methods of experimental research to problems of Clinical Medicine. 
This has enabled him to achieve a detailed analysis of abnormalities of 
function produced by disease, injury, or hereditary defect; and so far his 
attention has been centred upon the circulation of the blood and its dis¬ 
orders. Being attracted through the work of the late Sir James Mackenzie 
to the study of abnormal rhythms of the human heart-beat, Lewis recog¬ 
nized, about 1908, the great opportunity for a closer investigation of 
them offered by the then recent introduction of the string galvanometer 
by Einthoven. With its aid Lewis had soon made a number of clinical 
and laboratory studies, such as those in which he finally identified auricular 
fibrillation as the cause of a particular kind of complete irregularity. He 
was thus led to undertake, and to extend, with a succession of collabo¬ 
rators from many countries, the remarkable series of investigations, 
carried through in logical sequence between 1910 and 1923, in which he 
passed from the laboratory to the clinic and back again as the occasion 
demanded. It is fitting that special mention should here be made of the 
series of experimental studies published in our own Philosophical Trans¬ 
actions from 1914 to 1916, and presented in brilliant summary by Lewis 
in his Croonian Lecture to the Society in 1917. In these were traced, with 
an astonishing precision of measurement and timing, the point of origin 
and exact course of the rhythmical waves of excitation and contraction in 
the normally beating heart of the dog, and, finally, for comparison, in the 
hearts of other classes of vertebrate animals. Considered by itself, this 
work ranks as one of the outstanding achievements of experimental physio¬ 
logy in our times, and it has given to physiology a large part of its present 
detailed knowledge of the nature of the heart-beat. For Lewis, however, 
its greater importance lay in giving to clinical medicine the background 
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for an accurate picture of diaturbanoes of the normal meohaniamt th^- 
with a new security of diagnosis and prognosis in dealing with disordered 
actions of the hearts and ultimately a rational basis for their treatment* 
A new phase of cardiological thought and practice spread rapidly from 
Lewis’s clinic round the world. 

Meanwhile he had begun in 1917, and was to maintain with a series of 
coUaborators for more than another decade, a separate series of investiga¬ 
tions, dealing by direct experiment with the blood vessels of the human 
skin. Thus were elucidated the means by which the resistancje of these 
vessels to the flow of blood is maintained and varied, including their 
complex reactions to chemical substances akin to histamine, which he 
proved to be released from the ceils of the epidermis by injurious or 
irritant stimuli. These methods of investigation were later developed and 
extended to vascular disorders of the limbs, and the experiments of still 
more recent series have dealt with pain and functional defects in muscles 
and nerves, due to interruption of the blood supply. Apart from the 
separate accounts of items and stages of these lines of research, as com¬ 
pleted, in papers which have issued from his department in steady sequence, 
Lewis has assembled and discussed the results, in their appropriate con¬ 
nexions, in a succession of comprehensive monographs. He has been the 
inspiring leader of a group of younger workers in Clinical Research as an ex¬ 
perimental scienc/e, has founded a Society for such studies and has devoted 
to their use a Journal which he had started with a more limited scope. 

The work of Thomas Lewis, which we honour to-day with the highest 
recognition in the gift of the Royal Society, is renewing and carrying 
forward, with a special directness, the great tradition which William Harvey 
created, before this Society was founded. 

A Royal Medal has been awarded to Professor Edward Arthur 
Milne. 

Milne is distinguished for his work on planetary and stellar atmospheres, 
on the internal constitution of the stars, and on the theory of relativity. 
An early paper on various properties of the earth’s atmosphere, up to high 
levels, led later to a valuable improvement of the theory of the escape 
of planetary atmospheres by the passage of the faster moving molecules 
out of the range of the gravitational field. Thence he passed on to a long 
series of investigations on radiative equilibrium and the theory of the 
atmospheres of the sim and stars. 

Next, portly in collaboration with R. H. Fowler, he improved and ex¬ 
tended Saha’s theory of the absorption lines in stellar spectra, obtaining 
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relation between the maximum strength of a line and the mean pressure 
and temperature in the atmosphere. Afterwards Milne generalized this 
theory, providing a rational foundation for the astronomers’ empirioal 
method of determining stellar parallaxes from the spectra. 

Later he considered the equilibrium of the calcium chromosphere of 
the sun, and also discovered a method by which outward moving atoms 
capable of absorbing radiation in the region of the chief absorption lines 
can be accelerated and pass beyond the range of the sun’s attraction, 
attaining a limiting speed of about 1000 miles a second. This theory also 
has an application to 'new’ stars. 

Milne then considered the deeper layers of the atmosphere {e,g, in the case 
of the sun, the photosphere), which in 1929 he took as the subject of his 
valuable Bakerian lecture. He has also given a theory of the structure of 
sunspots and of the circulation associated with them. 

In 1929 he began a new series of researches on the radiative equilibrium 
of gas spheres, designed to improve the theory of the internal constitution 
of the stars. His work in this field was specially important in focusing 
attention on the properties of degenerate matter. 

In 1932 Milne began an altogether different series of investigations, 
bearing on the largest topics of astronomy and cosmogony, and providing 
an alternative to the general theory of relativity developed by Einstein 
and his followers. He has made a valuable analysis of the concept of 
time, and his kinematical theory of gravitation has some promise of a 
possible extension to include also electromagnetism. 

Milne’s later work has been the subject of much controversy: but the 
originality and boldness of his attack seem certain to promote our under¬ 
standing of these great problems, and to open up fresh views and methods 
of approach to them. 

A Royal Mkdal is awarded to Professor Ebnjjjst Latjrkkce Kenna way. 

Kennaway is the director of the Chester Beatty Research Institute of the 
Royal Cancer Hospital, and has been engaged for the past twenty years in 
investigations on the production of cancem by the continued effects of 
chemical agents. The long known liability to skin cancer of men whose 
work involves regular contact with soot, coal tar, or pitch, and the more 
recently demonstrated production of such cancers in animals by painting 
the skin with tar, had raised the question whether a specific, chemical agent 
was concerned, or only a sufficiently persistent irritation. The fractionation 
of coal tar, in search of a substance revealing its action only after tedious 
months of experiment, was an undertaking to daunt any but a courageous 



and devoted investigator. Kennaway embarked on this unpromising quest, 
and after years of pati^t and tenacious labour the fluorescence studies 
of his oorworkers Mayneord and Hieger made it possible to isolate a pure 
substance from tar with intense oaroinogenio activity, and ultimately to 
identify it as benzpyrene. This identification and its oonflrmation by 
synthesis were due to J. W. Cook. Meanwhile, the observation that active 
fractions of the tar had ultraviolet fluorescence spectra resembling those 
of hydrocarbons of the phenanthrene type led to the testing of various 
compounds of this nature. The first of these was a dibenzanthraoene, 
which had been synthesized by Clar, and this was found to be (carcinogenic. 
Substances of still greater activity have since been obtained, and some of 
these have a close structural relationship to naturally occurring sterols. A 
characteristic nuclear ring-complex thus, surprisingly, provides a link of 
structural community between these carcinogenic agents and a number 
of natural substances having intense but widely different biological 
activities—the D vitamin, a number of hormones concerned with sexual 
functions, and the highly toxic but remedially important glucosides of 
the digitalis series. One of the most fascinating chapters in organic and 
biological chemistry has been opened. Identification of these provocative 
agents does not tell us how they act, and the causes of seemingly spon¬ 
taneous cancers remain as yet obscure. It cannot be doubted, however, 
that, when further advances of knowledge enable a correct account to be 
written of the nature and mode of origin of the malignant tumours, the 
pioneer work of Kennaway and his able group of co-workers will provide 
one of the important chapters. 


The Davy Mkdal is awarded to Dr Hknby Dkysoalb Dakin. 

Dakin began his researches in the field of biochemistiy early in the 
present century. At that time, in comparison with knowledge of the end 
products of metabolism, relatively little was known about the chemical 
activities of the living cells of the animal body. His work has made very 
import>ant additions to knowledge of the intermediary changes produced 
by these activities, and also of the chemical structure of natural com¬ 
ponents of the tissues. 

One side of Dakin’s work has dealt with enzymes of the animal organs. 
He was the first to show that sucli an enzyme will attack at different rates 
the two optical isomers in a racemic mixture. With Kossel he discovered 
the enzyme arginase, with its important role in the production of urea from 
arginine. Later he discovered the enzyme glyoxalase, the wide distribution 
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of which hi the taseues mtust indicate some important though still undefined 
function in carbohydrate metabolism. 

In connexion with the intermediary metabolism of fatty acids, BaMn 
produced the first convincing evidence for oxidation at the /^-carbon-atom 
as the first stage of their utilization by the body, and showed that this type 
of oxidation can even be reproduced in t^ro by the action of hydrogen 
peroxide. 

Bakings work on the chemistry of the proteins has included a method of 
partial racemization, bringing subtle differences of molecular pattern into 
view, which could be related to specific antigenic differences. He also 
introduced a method of separation which enabled new hydroxyaminoacids 
to be recognized, and raised much nearer to unity the proportion of a 
protein-molecule accounted for as known amino-acids. At a wide interval 
of years, Bakin has made two notable contributions to the chemistry of 
hormones. In 1906, he was responsible for the first published artificial 
synthesis of a hormone, adrenaline. In 1936 he described the isolation 
from liver of a substance which is, at least, a principal factor in the im¬ 
portant effect of liver extracts on pernicious anaemia. 

Working in France during the war of 1914-18, Bakin introduced the use 
of a buffered hypochlorite solution for irrigating infected wounds. Later, 
on a ship bringing the sick and wounded from Gallipoli, he made a 
similar solution by direct electrolysis of sea-water. Another war is reviving 
the use of such preparations to meet the same and other needs. 

Though Bakin has worked in a private laboratory, with but rare col¬ 
laboration and no pupils, his work has exercised a wide and powerful 
influence on the growth of biochemistry and on the strengthening of its 
links with organic chemistry. 

The Hxtghks Medal is awarded to Professor Nevill FEA^^c:!IS Mott. 

Early in his career Mott’s work in the field of atomic collisions attracted 
widespread attention. He was the first to show that Rutherford’s scatter¬ 
ing law holds in quantum mechanics, and to give an accurate theory of the 
effect of symmetry in scattering problems. When he took up his present 
post as Professor of Theoretical Physics at Bristol, he abandoned this 
subject for that of the theory of metals and alloys. Within a fe-w years he 
was recognized as one of the leading international authorities in this field, 
to which he contributed a number of important papers on electronic bands 
in metals and on the electrical conductivity of alloys and its temperature 
coefficient. In establishing a close association between theoretical and 
experimental workers he has no superior. He has also contributed to the 
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important problem of metals under strain; under his direction Fuchs has 
calculated the elastic constants of certain metals and obtained good agree*^ 
ment with known values. 

Later he turned to semi-conductors and insulators, throwing light on the 
physical processes involved in the formation of oxide films, and in the 
electrical conductivity which can be induced by various means in polar 
crystals. His theory (with Gurney) of the formation of the latent image in 
a photographic emulsion has found general acceptance, and has stimulated 
fresh experimental work in research departments of the industry. 

This striking record of published work was achieved between 1928 and 
1939. 

When war broke out Mott found that his activities as a quantum 
physicist had no direct application to the war. It is a tribute to his 
versatility and flexibility of mind that he could turn so quickly to a new 
field in classical physics, and make important contributions to the practical 
problem in connexion with which he n6w holds an important post. 


Clarke Memorial Medal ( 1941 )—Royal Society of New South Wales 

The Royal Society of New South Wales has awarded the Clarke 
Memorial Medal for 1941 to Frederic Wood-Joneh, P.R.S., now Pro¬ 
fessor of Anatomy in the University of Manchester. Professor Wood-Jones 
being unable to attend at Sydney, we have been asked, by our daughter 
Society of New South Wales, to arrange for the medal to be presented to 
liim here on an appropriate occasion. We have judged that none could 
be more appropriate than this, on which om’ own medals are presented, 
and it gives me just pleasure to be able to make the presentation. The 
Royal Society of New South Wales have stated the grounds of the award 
in the following terms: ‘The Clarke Memorial Medal, established as a 
memorial to the late Rev. W. B. Clarke, who for nearly forty years 
rendered distinguished service to his adopted country, Australia, is awarded 
“for distinguished work in the Natural Sciences done in or on the 
Australian Commonwealth and its territories.'* Professor Wood-Jones is 
receiving the distinction on account of his very outstanding researches in 
zoology in Australia, particularly for his work on the mammals of South 
Australia. Moreover, during his stay in Australia Professor Wood-Jones 
not only did much research work in South Australia and Victoria, but also 
took a leading part in scientific endeavour in general* 



On Laplace’s differential equations for the tides 
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1. Intbodttction 

This paper is an investigation of the validity of the assumptions made by 
Laplace in framing his well-known differential equations for the tides of the 
ocean. Since his time these equations have been used by all the principal 
workers on the dynamical theory of the tides, but in recent years it has been 
claimed, mainly in Norway, that they are quite inadequate. 

Let (i) denote the angular 8|)eed of the earth’s rotation and let t denote the 
time; let r denote the distance of a point in the ocean from the earth’s centre, 
and 0 the oo-latitude of this point; let w, v and w denote the components of 
the velocity of a particle of water in the directions respectively of increasing 
east longitude and r. Then the corresponding components of the accelera¬ 
tion of the particle are respectively: 


du uv ^ ^ 5 • /I /I 

, -j-cot 0 — 2(0 cos dv — (oh sm u cos 0, 

dt r r 

dv vw uv ^ ^ ^ 

-j-h — cot o -f 2o> cos uu 4* 2<i> sm t/UK 

dt r r 


dw 

dt r 


— 2o) sin Ov - (oh sin^ 0, 


(M) 


In forming his differential equations Laplace neglected all terms of the 
first two of these expressions involving ti, v and w, except those on the left- 
hand side of the equations (L2) below; and he dispensed with the use of the 
third by neglecting the vertical component of the acceleration. By inter¬ 
preting u and V in the Eulerian sense he neglected product terms and thus 
restricted his consideration to small motion. He also neglected the vertical 
component of the tide-generating forces and the vertical variations in the 
horizontal components of these forces. He a^ssumed the mean surface of 
the ocean to be the sphere r « a. He took the centrifugal terms of (1*1) to 
be merged in the earth’s effective gravity, and assumed the acceleration g 
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of this effective gravity at the earth’s surface to be unifarm. His equations 
of motion thus take the form 


8u 

di 


— 2w 008 ffv 


add’ 


dv 

dt 


•f 2oj COB du ^ — 


g ST 

asin0 0;)^ 


( 1 - 2 ) 


where x denotes the east longitude, ^f denoting the elevation of 
the free surface, and the variable gravitational potential on r «= a. 

It is a consequence of the equations (1*2) that there is no vertical variation 
in u and v, and then the equation of continuity takes the form 




(1*3) 


where h denotes the mean depth of the ocean at any place. It is also a con¬ 
sequence of Laplace’s equations that the vertical component of current 
varies linearly between the ocean bottom and the ocean surface* 

In 1933 V. Bjerknes, J. Bjerknes, H. Solberg and T. Bergeron stated that 
the neglect of the vertical acceleration was a serious error, which might give 
totally erroneous results for a tidal constituent of period 2njcr such that 
(T* < 46>^, They emphasized the possibility of ‘ cellular oscillations ’ associated 
with negative values of the factor 1 — 4(y^/o"®, a possibility which was in¬ 
dicated by the presence of this factor in the equations obtained in 1880 by 
Sir W. Thomson (Lord Kelvin) on the vibrations of a columnar vortex. The 
main force of their criticism referred to the diurnal constituents, for which 
O'® is near (o^; they stated that Laplace’s equations were not seriously in 
error for the semi-diurnal constituents, for which o’® is near 4w®. It may be 
mentioned that the vertical acc^eleration had been retained by R.O, Street 
in 1930 in his study of the surface oscillations of water in a rotating cylin¬ 
drical vessel, but he did not examine the case of o'® < io;®. 

In 1933 M . Brillouin and J. Coulomb published a detailed study of the 
oscillations, both free and forced, of the wqiter in a flat circular basin of 
uniform depth, in which they retained the vertical acceleration. They 
em]i)ha8ized the fundamental way in which the distribution of the motions 
depends on the sign of 1 — 4w*/or®, and they paid particular attention to 
possible applications to the tides. Their problem of forced tides, when 
<r® < 4a>®, led to certain diflScult questions of convergence. They pointed out 
that for the semi-diurnal constituent Kg, in which cr* =» 4o®, Laplace's 
equations did not appear to be valid. 

In 1936 H. Solberg published the first part of a monograph on the free 



On differential eqnaiiom for the tides 263 


sinali OBcdEations of a homogeiieouB liquid on a rotating earth, with special 
reference to the dynamical theory of the tides in the oceans and atmosphere. 
For the equations of motion he took 


where 
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p denoting the pressure, p the density of the water, and F the }K>tential of 
the gravitational and centrifugal forces. For the equation of continuity he 
took the general equation 
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He took account of the spheroidal nature of the mean surface of the ocean, 
and he considered it an ‘internal contradiction’ to retain the dynamical 
effect of the earth’s rotation on the tides and yet to neglect it on the shape 
of the mean surface of the ocean. 

For the free oscillations of an ocean of uniform depth covering the whole 
earth, Solberg showed that the analytical character of the solution com¬ 
pletely changed as 1 — 4w*/(r* passed through zero. For free oscillations 
which are the same in all longitudes, and in which (t^ > he obtained 
results which are not very different from those obtained by S. S. Hough 
( 1897 ) on the basis of Laplace’s equations. He also gave some attention to 
the cases in wliioh cr® 4(o^, The detailed development of the cases in which 
<r*<4o>®, where Solberg expected results differing greatly from those 
obtained by Hough, he reserved for a second part- of his monograph. 


2. SUMMAEY OF THE PRESENT PAPER 

In the present paper consideration is restricted to the tides of the ocean 
and the water is taken to be homogeneous. Forced oscillations are con¬ 
sidered, as the actual tides belong to this class. The types of motion can thus 
be restricted to those corresponding to the actual tides. A direct com¬ 
parison can also be made between the results of solving Laplace’s equations 
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and the results of a more general theory^ For this more general theory 
Solberg's differential equations, viz, (1*4) and (1*6), are used. 

First it is shown that it is reasonable to simplify the problem by neglecting 
the ellipticity of the meridians (§ 3) and the gravitational attraction of the 
disturbed water (§ 4). With these simplifications the problem is still mathe- 
matioaily self-consistent and the question of cellular oscillations remains. 

In §§6, 6 the general mathematical formulation is given, and in §7 it is 
shown that cellular oscillations are only liable to occur for semi-diurnal 
constituents near the poles and for long-i)eriod constituents near the 
equator. 

Certain cases provided by the vanishing, in turn, of one of the components 
of current are then considered. It is shown (§ 8) that Laplace’s celebrated 
particular integral for the constituent in an ocean of uniform depth may 
be immediately and without approximation extended to Solberg’s equa¬ 
tions. For a narrow ocean of uniform depth bounded by meridians (§ 9) and 
for an endless canal of uniform depth along a parallel of latitude (§ 10), it 
is shown that Laplace’s equations always provide a high degree of approxi¬ 
mation. 

Two basins for which Laplace’s equations do not always give valid 
solutions are next considered. These are a circular sea of tiniform depth 
near tlm North Pole (§11) and a broad channel of uniform depth near the 
equator (§ 12), and in both cases the curvature of the meridians is neglected. 
As already indicated, the cases of failure of Laplace’s equations are those of 
semi-diurnal constituents in the first basin and of long-period constituents 
in the second basin. 

Finally, an ocean over which the depth is a function of the latitude only 
is considered. For the constituent (| 13) and for the limiting form of 
long-.period constituents (§ 14) general differential equations in which there 
is only one independent variable, viz. the latitude, are obtained. When 
the depth is a very small fraction of the earth’s radius, these differential 
equations reduce to the corresponding ones of Laplace except near the 
poles for the constituent and near the equator for the limiting form of 
long-period constituents. It appears that in §§11, 12 the neglect of the 
curvature of meridians has tended to exaggerate the degree of invalidity 
of Laplace’s equations, 

For the diurnal constituents, Laplace’s equations api>ear always to give 
a good approximation in problems which really resemble those of the 
actual tides. 

In the present paper only such problems as may be solved without the 
use of expansions in infinite series are considered. 
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3. NkOLBOT OF THB KUJPTIOITY OF MBBlilAKS 

The eliiptioity of a meridian section of the mean surface of the ocean 
depends on aw®/gf, while the gyrational eflfeots on the tides depend on o/cr. 
From a mathematical point of view, these are independent parameWs. 
If in the solution of the equations (1*4) and ( 1 * 6 ) the latter is retained bxit the 
former neglected, and the mean free surface of the ocean is taken as f » a, 
a mathematical problem without any mathematical inconsistency is 
formulated. And as the solution of this simplified problem will have the 
same general character as that of the more complete problem, consideration 
wiU be given only to the simplified problem. 

The contribution to the potential V from the constant part of the earth *b 
gravitation and from the centrifugal force of the earth’s rotation is taken 
to be gir-^a), where g is constant. 


4. Nbglkct of the gbavitatiokai. attraction 

OF THE DI8TUBBEI) WATER 

By using spherical harmonics, Hough, in his solution of Laplace’s equa¬ 
tions for an ocean covering the whole earthy was able to allow for the dis¬ 
turbance of the gravitational field produced by the tides themselves. In a 
similar way and for the same ocean, Solberg, in the solution of his equations, 
was able to make the same allowance. But when the ocean does not cover 
the whole earth, the allowance for the gravitational attraction of the dis¬ 
turbed water is a difficult problem, even in the equilibrium theory of the 
tides (H. Poincar^ 1896 , 1910 ; M. Brillouin 1928 ). No special oases of the 
equilibrium theory appear yet to have been worked out, though Brillouin’s 
method makes this possible. 

As this matter is not one of those which is the subjeot of controversy, 
in the present paper the disturbances in the gravitational field produced 
by the tides themselves are neglected. 


6. Conditions at free surface 

*. ■ - ... ■ . , 

From (1 ’ 6 ), iknd the results of §§ 8 , 4, 

P (6-lJ 

H 

where/(r) ia a given function of r such that /(o) * 1 . 
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At the free auiface of the ocean 

r = a + C. jp*0, 

80 that, from (6-1), P = 9 -/(>•) C}. 

but on working to the first order of small quantities only 


P » gC, 


a? 

“ai 


(6’2) 


on r = a, since = 

In the differential equations (1-4) and the boundary conditions, P enters 
as a whole. Hence the function/(r) does not affect the determination of P; 
it only affects the determination of the pressure p. 

For the semi-diurnal, diurnal and long-period constituents of the actual 
tides 

^ s= sin® 6 cos (d +2x), 1 


r 

~ = ainff cos (9 cos (<rt -f x), ■ 
F 

^ = 1(3 008*0— l)oosod. 


(6-3) 


respectively, H denoting a constant length appropriate to each case and <r 
being positive. By taking 

F 

g = F{e)(s<x{<jt+ax), 


or and s being positive, more than one of these constituents may be con¬ 
sidered at the same time, and, when F{0) does not include the functions of 
0 in (5-3), it will be a general member of a sequence of functions specially 
convenient for the basin in question. The assumption is made that the wave¬ 
length of the variations of ^ is large compared with the depth of the ocean. 
This assumption is important, as it is the basis of our contention that 
Laplace’s equations are valid for constituents other than those of semi¬ 
diurnal and long periods. It corresponds to the usual criterion for long waves, 
and it is only for such motion that Laplace’s equations have ever been 
assumed to hold. 
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6. Habmonio MOTioir 

m 

For haxmonio OBoillations of period injar in which t enters only through 
Laplace’s equations (1-2) yield 
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and then on substituting into the equation of continuity (1*3), 
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When <r* # a similar procedure may be followed with the equations 
(1*4) and (1*6). The equations {1'4) can be solved algebraically so as to 
give M, V and w in terms of dPjdO, dPjdx and dPjdr, The conditions at the 
ocean bottom, at the surface, and at the coasts can then be expressed in 
terms of P and of these same derivatives. On substituting into the equation 
of continuity (1-6), a differential equation of the second order is obtained 
for P, to be satisfied through the body of the whole ocean. These conditions 
are sufficient to determine P, w, v, w, f and p. 

When (T* « 4<w*, there is a linear relation between dP/dO, dP/dx and 
dPjdr. To determine w, v and w use must be made of two of the equations 
(1*4) and the equation (1-6). 

The procedure may be illustrated more concisely in cylindrical co¬ 
ordinates, and in fact much use will be made of these co-ordinates. Denoting 
them by tu, x ®wtid z with the axis that of the earth, the equations of motion 
may be written as 

du dP 

5--^ "-S’ 

0V „ 1 0P . .. 

(6.3) 
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Using the time factor it is deduced that, when 
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The equation of continuity may be written as 
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When (T =T it follows from (6-3) or from (h*4), that 
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and the equation {6'6) may then be written 
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Also, from (6*3) and (6-6), 
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7. THB POSSIBIUTY ok CBULULAB O80ILLATIOS8 

Sincse the depth of the ocean is very small compared with its lateral 
dimensions, cellular oscillations can only occur when the wave-length of 
the undulations of P in the vertical direction is very much smaller than the 
wave-length of these undulations in the horizontal direction. For the 
possibility of this we examine the equation (6*6), and notice that it depends 
on very small or very large values of 1 — 4<t»*/(r*. 

Near the poles the vertical co-ordinate is z and 0*P/0z* must be large 
compared with 


1 ap\ 

w 0 ot\ 


( 71 ) 



289 


On differential equaHom for the tides 

Tliis will be the caee when 1 *- is very small, unless 

mdm\ dm) ^ nr* 9;i^* 

is also very small. The matter is examined in detail in §§ 11 and 13. 

Near the equator the vertical co-ordinate is w, and for cellular oscilla¬ 
tions (7-1) must be very large compared with 3*P/02®. This may be the case 
when 46>*/cr* is very large, so that the tides are of long period. The matter is 
examined in detail in §§ 12 and 14. 

For other latitudes and other constituents cellular oscillations do not 
appear to be possible. 


8. Laplace’s particular ihtegral foe the constituent 

When the depth is uniform and a ^o) the equations (1*4), (1*6) and the 
conditions at the bottom and at the free surface of the ocean are satisfied by 
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== sin 0 cos 6 cos {ai + x)* 



sin 0 008 0 cos {ai -f x)* 


aa r , , ^ 


O'® f yj , ^ ^ 

*-~cos»oo8(o-< + x), 
u? 0, ^ = 0. 

As there is zero vertical component of current at all levels, it is clear that 
the above expressions, with r = o, P « g^', also satisfy Laplace’s equations; 
and in fact this is the solution of his equations given by Laplace himself, in 
which there is no rise and fall of the ocean surface. 

Of course the satisfaction of coastal conditions requires the addition of 
complementary functions which, in general, do involve a rise and fall of 
the ocean surface. 
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9. Narrow ocrak bottrobo by MBtOBiAKS 

Consider now a basin of uniform depth h bounded by two meridians whiob 
are so near together that there are no transverse currents. Take 


H 


P„(CO80)oO8<rt, 


(9-1) 


where P„( ) denotes Legendre’s polynomial of integral order n. 

On writing v = 0 and dv/dx = 0 in the equations (1*4) and (1'6), and then 
on eliminating w and w, it follows that 
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an equati^li which does not contain <*>. The solution of all the conditions is 
given by 


where 
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When A/a is small, (9'3) gives, to the first ordm-, on r s a and in view 
of (6-2), 
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where 


(9-4) 


On writing v « 0 in Laplace’s equations (1*2) and (1*3), and eliminating u, 
the equation 
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is obtamed. The solution of this equation and the corresponding expressions 
for u and w are given by (9*4), so that Laplace^s equations are valid. 

It follows from the first of (9*3) on r » a, that 
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where g is a known function of h/a. Denoting by the corresponding part 
of (9*4), viz. n(n +1) hja^ the magnitude of qjq^ — 1 may be used as a measure 
of the degree of approximation afforded by the solution of Laplace’s equa¬ 
tions. Now 



(‘-(‘-ri! 

n+l+n|l--| 


and when hja is small, the principal part of this is 


-J«(n+l)-a. 


10 . Canal along parallel of latitude 

Next consider a canal of uniform rectangular section along the parallel 
of latitude, for which 6 ^ a, and suppose that it is so narrow that there are 
no transverse currents. Then 


H 


COB {ai^8x)> 


( 10 - 1 ) 


and there is no point in including the case of s «= 0, as there would then be 
zero tide-generating forces along the canal. As this rules out cases of long- 
period constituents no large values of 2ey/(r occur. 

On writing w « 0 and du/dO = 0 in the equations (1-4) and (1-6), and on 
eliminating v and w, the equation 



sin* a/ 


P =*S 0, 


is obtained, provided that (r*/ 4<t^*Bin*a. On writing 

2a(o s* 
er 8in*a 


( 10 - 2 ) 


—n(n+1), 


(10-3) 
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the solution takes the form 


Z. 

V 

<tA 

w 
or A 

where 




(n+ l)®Bin*a' 


r, n*8in*a~|/, 

Jis) + (‘-a) (;) I 

X C08(cTt + ^X)> 


(10*4) 


^ I ? I j (n + I )^8in^a L n^8in^a\r 

A\ \ a) j(T^a 5* \ j\ a) * 


In obtaining the expressions for v and w in (10*4), the factor — 4(i)® sin® a 
has been removed from both numerators and denominators, so that these 
expressions are determinate when <r 2ci;8ina. On starting with tr = 2a>sina, 
and applying the special method indicated in § 6, the same expressions are 
obtained directly. 

When hja is small, (10-4) becomes, on r ~ a, and in view of (5-2), 


r \ 

* cos (crt+ «;((-), 

_!i. = __i-|_ooB(<rt+«y), i 

(tA sina(r*a '' I 


w _ s* gh 
(tA'~ 8in*a<r^* 


Bin((r< + «x),| 


( 10 - 6 ) 


where 


H 

^'“Bin®a <r»o® . ’ 


and these expresaions are identical with those obtained by solving Laplace’s 
equations (1*2) and (l-S) after writing « = 0. 

It follows from the first of (10'4), on r = o, that 


r 

H 


cos (art + sx) 



and on writing the first of (10-6) in the same form with q„ for q, 




1 a. 

v*n+i|gin8aa 
/ / «* A 

, , ,»«8in 

-l + (n + l)* ■— 

.*« 1 

^ 5® / 

\ a) 

|an-M 
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When hja is small, the principal part of this is 
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^ i . .Ah 28(i)h 

1 - -n(n-fl) ~ --, 

sm*a fa a a 


and this gives a measure of the degree of approximation afforded by the 
solution of Laplace’s equations. 

11. Flat omctrLAB sea 

Consider next a sea of uniform depth bounded by a parallel of latitude 
which is so near to the North Pole that the earth’s curvature may be 
neglected. Using the cylindrical co-ordinates m, x z the coast is given 
by TEF = c, the mean sea surface by 2 = 0, and the sea bottom by 2 ^— — A. 

The equation (6«0) has a solution of the form 


gA 


= Jg{/cm) cos Ak{z + h) cos (crt + sx)^ 


where ^ is a constant length, k a constant reciprocal length and 


Then from {6*4) it foUows that 


u 

(tA 






2s(o 


- j C 08 \k(z + A) sin (<rt + 

JL = 1??^ J',{Km) + COB A/c (2 + h) 008 (crt + sx), 

crA <T* cr *' Krff j 


w 

crA 


O" 

Kg\ 


JJ(kw) sin \k{z + h) sin (crt + hx)- 


(IM) 


( 11 - 2 ) 


From (11-2) it is seen that the condition w = 0 at the aea bottom z = —h 
is satisfied; also that the condition u » 0 at the coast m = c will be satisfied if 


KcJ'g(Kc) + J,(KC) = 0. 


(11-3) 


'I'his equation determines k, and the simplest distribution for a prescribed 
value of a will be given by the lowest root of (11’3). The conditions (5-2) 
at the free surface a = 0 give 


I 

A 


■ ^sin \Kh + cos XkI^ Jj(Krn) cos (crt + ax). 
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P 

so that if ~ = J^{Km) cos (ot + sx), (1 !*♦) 

H 

then —^ »in kKh-h cos X/ch. (11*5) 

A O'* 


When XkH is real and sufficiently large, the expressions (11*2) and (11*6) 
show that cellular oscillations will occur. 

When Xxh is small, it follows that 


where 


gA' "" “*( ~^Kg - Y 


w 

a A' 


- JJ(kw) k{z+ h) Bin {ai+ex). 


H 

A' 


, 4w*—<r* 

Kh-P -, 

xg 


( 11 - 6 ) 


and when z a 0 these expressions are identical with those obtained by solving 
Laplace’s equations. 

From (ll’l) on z = 0, and (11'6) 


and on writing the first of (11-6) in the same form with for q, we have 

q _ tan XkH _ 
q^ ~ AkH 

as a measure of the degree of approximation afforded by the solution of 
Laplace’s equations. When AkH is small, the principal part of qlq^—l is 

For the long-period constituents <r/2(t» is small, so that A is small; also 
s s= 0, and then the lowest value of kc is 3'83. Taking cjh = 100, then 
Kh 0'0383, and Laplace’s equations give a very high degree of approxima¬ 
tion. For the limiting case in which <r-*0 and A-»-0, the solution given by 
(ll'l), (11'2) and (11'6) becomes identical with that given by (11*6). 
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For the constituent <r =» so that A = 0*5774, and « « 1, so that the 
lowest value of kc is 1*84. Again taking cjh = 100, then XkK = 0*0106, and 
again Laplace’s equations give a high degree of approximation. 

For the constituent ifg, « = 2, and A-^cxd. Then from (IM), (11*2) and 
(11*5) it is deduced that P tends to vanish while u and v tend to become 
infinite; but of course at x = 0, 

On sta»rting with <r « 2(t>, (6*7) gives 

dw w' 

and as the solution of this is 

p.(i)V(z), 

it follows that, for finiteness at tu = 0, F(z) ~ 0. Then F == 0 and w — 0, so 
that the conditions (5*2) at the free surface cannot be satisfied. The situation 
is analogous to that of resonance, in that a boundary condition involving 
finite elements can only be satisfied by a distribution involving infinite 
elements. This impossibility of providing, by a finite distribution, the 
necessary vertical currents at the free surface when A is infinite, throws a 
light on the part played by the vertical currents of the cellular oscillations 
when A is large. 

Prom the solution (11*6) with « = 2, it is seen that, as cr->2<e^, and Kh 
remains finite 


P 

gH 


J^iKm) -T + zh), cos {oi + 2x)t 

gh 


^ i (Ji(™) + 2 ,in M + 2*), 


w 

vH 


- Jg(AfTO) 



sin (ai + 2x). 


(11-7) 


In order that these expressions may satisfy the fundamental equations and 
conditions, it is necessary, according to the different orders of magnitude 
involved, sometimes to retain P and sometimes to neglect it. 
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On starting witli <r == 2a> in Laplaoe^s equations the same solution with 
= 0 is obtained. The expressions (11*7) are the result of first taking Xfch 
small with A finite and then of making A-^oo, and this corresponds to the 
procedure offered by Laplace’s equations. But the conditions of the physical 
problem require that A-^oo ^th Kh finite though small, and to this it has 
been seen that there is no definite solution. Hence for the JTj constituent, 
Laplace’s equations give a definite solution when the more general equations 
show that one does not exist* If the curvature of the meridians had been 
neglected in (5*3) as well as in (1*4) it would have followed that ^ = 0 and 
not (1L4); both Laplace’s equations and the more general ones would then 
have given the same zero solution. 


12. Broad EQUATOBIAL CHANNEL 

Consider now a channel of uniform rectangular section along the equator, 
and suppose that it is sufficiently broad to admit of transverse currents. 
The equations will be simplified by supposing that in the neighbourhood of 
the channel the earth is cylindrical with gravity perpendicular to its axis. 
Cylindrical co-ordinates will be used and also 

F 

— coBkzoo&(crt-^sx), (i2*l) 


where s is an integer and A: is a constant such that at the sides of the channel 
sin kz = 0, The case of fc «= 0 is not included, as this would exclude transverse 
currents and merely reproduce the problem of § 10 with a = If the coasts 
of the channel are given by z — 0, z = b, it follows that kb — nn, where n is 
an integer. But in order to prevent the wave-length of ^ from being of the 
order of the depth A, n must not be too large. The assumption that kh is 
small, a consequence of that made in § 5, is important, because it rules out 
the possibility of cellular oscillations except for long-period constituents. 

The appropriate solution of the equation (6*6) is given by 


P 


F{w) cos kz cos {(Tt -f sx)y 


where F{m) satisfies the Bessel’s equation: 

Id/ dF\ ^ 


( 12 - 2 ) 
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Then, from (6-4), 

IdF 2sa)F\ , . , . > 
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u _ —g IdF 280 ) F\ 


V —g 12(0 dF * I , , ^ , 

I 5 “ COS kz cos (cri + sx\ 

<tH — 4w* \<T dm tu ' 




w ^ gk 


F sin kz sin (cri -f 


(12-3) 


with 


and 


dF 28(0 F , 

-— 0 im^d — h), 

dm (T w 

g IdF 28(0 F\ ,, , , 

Jf I , 4--1 jP + 1 (t77 = a), 

<r^ — ^(o^\dm (T m) 


in order to satisfy the conditions at the bottom and the free surface. At the 
bottom w ^ a — h/\t follows that w = 0, and 


- - ?> ^1°- r b »»(«+.’AT). 


(12'31) 


while at the free surface w = a, 
a 


^ rr - {i^(a) 4-1} COS kz sin (cri + sx), 
(tM 


^ -j^4'^’(«) + ^^^[jP(«)+l]jco8fc:co8(<rt + «x)-| 


(12-32) 


(tH 


When hja is so small that it is only necessary to retain the first term of 
the Taylor expansion of 

dF 2s(o _ 

F, 


W V- + - 

dm cr 


this function may be taken as 

*s( 

at m as o. Then 


dF 2a<o 

W-i— + 

dm 




4 " k'^a^) 


F(a) 




(12-4) 


but it is clear that this can only be valid in the absence of cellular oscillations. 
Under the same condition and to the same order, JF(a-T A)/(a —A) may be 
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replaced by F{a)ja in (12*31) and the term involving F{a)~hl omitted in 
the expression for v in (12*32), so that the expressions for v in (12*31) and 
(12*32) become the same. On substituting (12*4) in (12*2), in the third 
equation of (12*3) and in (12*32), expressions identical with those obtained 
by solving Laplace’s equations are obtained. 

The Bessers equation may be written in the form 


dw^ 


(to* i’)4‘ 



(m^F) =- 0 , 


and on neglecting the variations of (.s^ — D/u;*, it follows that 




( 12 - 6 ) 


where 

Then 



F(w) 


_ (g/tET)^ {/c(a — h) cos K(m — a -f fe) — y sin Ar(Tg — a + ft)} _ 

{yKh cos Kh + [y* + K^a(a - h)] sin fch} ~ + y sin Kh 


( 12 - 6 ) 


where 


y == 


2s(o 

O’ 




the form of which indicates the possibility of cellular oscillations. When 
Kh is small, F{a)y as given by (12*6), reduces to Laplace’s solution (12*4), but 
again it is clear that this excludes cellular oscillations. 

For the constituent s - 2, and when in (12*2) and (12*3), fr-^26;, it 
is found, after some reduction, that 


JL 

oA 

j; 

oA 


4& {(s)'+ - [(' - 5 ) * + 'al iiI 

{-(?)■ + - [(1 - ‘ +1 W(l - CM fa CM (rt + 2,;), 


w 

oA 


(T* \TU/ 


sin kz sin [ot -f 2x), 


where 





(ia-7) 
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On starting with s =« 2 and <r » and on using th© equations (6*7) and (6*8) 
the result (12-7) is obtained directly. It is clear that (12*7) does not admit 
of cellular oscillations, and when hja is small it reduces to Laplace’s solution 
(12-4). From the first of (12’7) on w == a 


r 

H 


cos kz cos {oi -h 2 )() 


9 


. 

4a)^a 


and on writing Laplace’s solution in the same form with qQ for we have 



(‘-‘r 


l + P^a® 


(4 + k^a^) ~ 
a 


R-r-‘i . 


as a measure of the degree of approximation afforded by Laplace’s solution. 
When hja is small, the principal part is given by 

q , 20 + h 

q^ 8 4*2i*a* a 

For the constituent s = 1 and <r = w, so that 

y==|. 

As is small, kK is also small, and cellular oscillations do not occur. Treating 
(12*4) and (12*6) as before, 

(pA cos /cA -f [| + p®a(a — A)] sin kK] ^ 

- 1 __- — 1 

q^ {Ar(a-A)co8/cA—|8in/cA}(H-AV) ’ 

the principal part of which is 

q j n-hfiA%*A 
q^ "^4 -h 4A*a* a * 

For long-period constituents, « = 0, so that y = — and 2a>/(r is large, 
so that 
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It is then seen from (12* 6),that, to the first order, 


where 


P 2(i><r i 

a] 

i* 2 (i)k, , V t 

gA ~ kg \ 


1 008 —(tz7-a + a) cosfe coscr<, 
<r 

u 1 a\ 


2 (tik _ 


sin “ — a + a) cos kz sm crt, ( 

<T 1 

V 2(i) / 


. 2 <i)k, ». 1 

crA ^ or \ 

Wj 

sm '— (w — u-k-h) cos kz cos rr/, 

' (T 

w 2 ( 1 ) / a 

\i 

24tik . 

3 

II 

I'S 

j cos - (ti7 —a-fn) Sin Sin trf, j 

H . 2 (i)kh 

-7 Bin-. 

A or 


( 12 - 8 ) 


The motion given by (12*8) involves cellular oscillations, and when hja is 
small the expressions do not reduce to those obtained from Laplace's 
equations. 

When in (12-8), no definite limiting motion is obtained. On 

starting with <r = 0, the equations (14*1) of a later section are found, but 
the presence of the factor ooBhz requires P « 0 and hence v == 0 and ^ 0, 

^ denoting the radial displacement. It is then impossible to satisfy the 
condition g ^ at the free surface. On making cr->0 in Laplace's solution, 
it follows that which is the equilibrium solution, 

and the same result is obtained by putting cr = 0 in Laplace's differential 
equations. Hence Laplace's equations give a definite limiting form for the 
constituents of long period when the more general equations show that one 
does not exist. 


13. The oonstitttbnt 

Consider now an ocean over which the depth is a function of the latitude 
only. On taking tr = 2w and supposing that t and x enter P only tlirough the 
factor the equations (6*3) take the form 


—v) 




w 


(13-1) 


dP 

dz 
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From the first two of these equations it is. deduced that 
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gK<rt+2x), 


where F{ ) is a function to be determined. For finiteness at the pole it is 
necessary that 

f(^) = 0 , for z>o—A q, 

hg being the depth of the ocean at the pole. Write, for shortness, 

lz\ 


F=F\ 


4A^’ 


From the third of (13*1) it is seen that 
iaaw = — j 

and on substituting for v and w in the equation of continuity (6*6), 


(13-2) 


so that 




taau = 


where f{z/a) is another function to be determined. 

Let ^ denote the downward slope of the ocean bottom in the southerly 
direction, so that tan ^ = dhladd. The equation of the bottom may be 
written as 

= (a — 

and on the bottom both h and yjr may be regarded as functions of z. Take 
such that 

tzrj = (a — hY — 

Now the component of current normal to the ocean bottom is 
ttsin + ^), 

and on substituting for u and w in terms of z, the vanishing of this normal 
component gives 

4s) - 


Vol, *79. A. 
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for 0 < z < o - ^ 0 . At the firee surface 

M sin 0 +if 008 0 = itrf, (13-6) 

so that, from (13'2) and (13-3), 

(13-6) 

Take cos a = 1 ~hja. When hja ~ 1/2000, a == 1°'8. 

For <? < a, F = 0, so that from (5-2); (13-2) and (13-3), T = 0, w = 0, 

i,Ta« = 

and hence, from (13*6), 

sin* 6 ?/(co8 d) -f CT'*a^ = 0. 

This defines/( 2 /a) from z = a —l^o 2 ~ a, and, in fact, on using the first 
of (5‘3), 

/(I) - -a>aH. 

It is interesting to compare these relationships near the pole with those for 
the same constituent in the flat sea of § 11, There the vanishing of w made it 
impossible to satisfy the condition w = icrg, while here the curvature of the 
earth does make it possible to satisfy the corresponding condition (13*6) 
through the non-vanishing component u. 

Now on y = a it is seen that 


g 

= - sin 0 li- - 2 cos 6 ^'. 

g off 

F" d‘C’ 8C' 

+ 3 cot 0 A - 2?', 
g 0o* 00 


so that, from (13-4) and (13'6) 




m 


Hi—I'-f) 

( w^cos^ + acos® 8m^\u7i/ )\od 


8in*«ir + ^r 

ir 


(13-7) 
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In (13^7) h, which enters through tzr^, and regarded as functions of 6, 
correspond to that circle of the ocean bottom for which z « acos0. As 
and the remaining boundary condition is obtained from the 
coastal condition or that at the other pole. If the ocean does not extend to 
either pole, then both boundary conditions are obtained from the coastal 
conditions. As a, it is seen from (13-7) that it is possible to have 


so that, as 


ar 

de 




d% 


0 , 




F-^0, F'-^O, 


and from (13*3) it is seen that the conditions for the finiteness of at tzt = 0 
are satisfied. 

Thus there arc two distributions of tides, one on either side of the plane 
2 = a —Aq which is perpendicular to the earth ^s axis and which touches the 
ocean bottom immediately under the pole. Across this plane there is con¬ 
tinuity of the motion, since on both sides 


P-0, 


iu 

aS 


= M) = 0. 

<tH a 


When the depth is uniform, h is constant, ^ = 0, and on r = o, 

= sin® 6^-sin* a. 

The equation (13-7) may then be written in the form 


(sin* 0 - sin* a) ^ - (sin* d + sin* a) cot ^ “- 

+ |28in*0-8 + 4^j^jf' + (8in*<?—8in*a)*yfff = 0, (13-8) 

where 1_ gh I lfe\ 

4(t»*a*\ 2 a/' 

When h/a is small compared with sin*^ and i/r also is small, the equation 
(13’7) takes the form 


JL.11JLK\^ 

8in036'\8in^ W) 





(13-9) 


which is identical with Laplace’s equation (6-2) when tr 2w, and x enters 
through the factor e**x. 
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In Laplace’s solution for an ocean of uniform depth, = 0 and ?= 0 
at 0 0, whereas in the present solution these conditions obtain at 0 « a. 

As 6 increases beyond a the equation (13*8) rapidly approximates to Lap¬ 
lace’s equation for uniform depth. From these facts it can be seen that, for 
an ocean of uniform depth, the solution of the present equations will differ 
very little from that of Laplace’s equations. 

When the depth follows the law h = being constant, so that 

Kq *= 0, and when hja is small, Laplace’s equation (13*9) is valid everywhere. 
In this case the solution takes a very simple form, as noted by Sir G. B. Airy 
in 1842. 


14. Limiting form of long-pkbiod constituents 


Again, consider an ocean over which the depth is a function of the latitude 
only, but now suppose that P is independent of x and L 
Let ^ and rj denote displacement-components in the direcjtions of ru and 
z respectively, so that 


u «= 




w — 


Then the equations (6*3) give 


~ 2o>v — 


dt' 

dm^ 


o ^ 

-^ + 2Wg--0, 


0 = 


^JP 

'dz' 


(141) 


SO that, in the limiting form of periodic motion, 

P=J’(ro), i> + 2wg*0. 4<u*f = -F, 


(14-2) 


where F{ ) is a function to be determined. From tlie equation of continuity 
(6-5) it is seen that 

mdm ~ ’ 

in the limiting form of periodic motion, and hence 


SO that ^ {mF') +/(w), 

where/( ) is another function to be determined. 


(14-3) 
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Take ™ (a—w*, 

and ^ as in § 13. 

Now the component of displacement normal to the ocean bottom is 
^sm(0 + ^) + ijooB{d+^), 

and from the vanishing of this at the bottom it is found that 

f(m) = -^^{mF') + Uui{d+]/r)F\ (14-4) 

w a VJ 


The equation (14-4) defines/( ) in terms of JF'( ) for 0<ro<a-*Ai, where 
denotes the depth of the ocean at the equator. 

At the surface of the ocean 


gain ^4-^0080 = 
so that, from (14*2) and (14*3), 


sin^^’' —coBi?!—^ (tJTJ5’')+/| + 4a>®^ = 0, (14*6) 

\waV7 } 


while 


F{w) = g^\ 

g K 


F' = ■ - 


aom$ W' 


1 

dm 


(wl") 


g_ _9 / sin <9 9g' \ 

aooBdddysoBd Wj’ 


Take sin a = 1 — Aj/o. When A^/o = 1/2000, a = 88®'2. 

For d<a,/(m) is given by (14-4), and on substituting into (14*6) 


(cosd-—) -r^ 
\ o / sin 


d / sin ^ d^'\ 


sin ede\ooB0dd 


A ^ asm^ 008^4 sin v5^\ 4<y®a^ ^ 

• tan^- j --0, 

\ ZjCos^-asm^Biny^/90 g 


(14.0) 


in which h and regarded as functions of 0, correspond to the circle of the 
ocean bottom for which nr =« asin0. At the equator, where for h and 
0 a, it will be supposed that ^ = 0. As 0->a, it is then deduced from 
(14.0) that . aw 

and it follows, from {14-4) and (14-6), that, as —Aj, 

/h-0, F'^O, aF"-^C^0 

OOB*U 

C/ooB*d being evaluated on r «= a. 
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To illustrate the case in which the ooean extends over the equator, it 
will be taken as synunetrioal about the equator. Then, at the equator, 
z => 0 , dC'jdd = 0 , i; = 0 , and hence/(tiT) = 0 , for o — Aj < uj *5 a. The equation 
(14*6) then becomes 


1 d 
sin 6 dB 




= 0 


(14*7) 


for 0 ^ a; and at (9 = a and 0 = In, d^'/dd = 0 . Using the third of (6-3), 
t r 

^ = I?+^* 2(008 B) + constant, 

£1 H 


igC ) denoting Legendre’s polynomial of the second order, and hence the 
solution of (14'7) may be written 


where 


^ - Pj(c 08 B) + <?) + constant, 


H 

A 


^+ 1 , »(»+)).- 


46>*a. 

T’ 


Jf?„(oo 8 B) denoting the Ijegendre’s function 

F(.-in, i + h cos* 6). 

This distribution gives, at tit = a —Aj, 


P' = 0, oF" 


cos®^ 


0, 


^/oos* B being evaluated on r = a, and the value of f must be the same as 
in (14-6). On comparing with § 12 , where a definite limiting form did not 
exist, it is again seen that it is the curvature of the earth which has enabled 
all the conditions to be satisfied. 

Thus there are two distributions of tides, one on either side of the cylinder 
vj t= a— hi, which is parallel to the earth’s axis and which touches the ocean 
bottom along the equator. Across this cylinder there is continuity of 

/, F, F', F",' 

and hence of P, i, 7/ and v. 

When the depth is uniform, h is constant, ^ <^0, and on r * o 
(o) * cos®cos®a. 
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The equation (14-6) may then be written in the form 


4- 


Bind 


dn 


cos 0[oos® 6 — cos* a]* dOj g 


^-0. (14-8) 


When hfa is small compared with cos* and ^ also is small, the equation 
(14'6) may be written as 


1 0 /hBindd^'X 4o>^* 


(14*9) 


which is identical with the form taken by Laplace^s equation (6*2) when 
o’-> 0 and is independent of x- 

In Laplace’s solution for an ocean of uniform depth covering the whole 
earth, d^^Jdd = 0 at 6^ = 90®, whereas in the present solution this condition 
obtains at 0 = a. As 0 decreases from a the equation (14*8) rapidly approxi¬ 
mates to Laplace’s e(|uation for uniform depth. From these facts it can be 
seen that the solution of the present equations will differ very little from 
that of Laplace’s equations. 


15. Comparison with previous work 

The chief result of the paper is to modify very considerably the impression 
created by V. Bjerknes and his co-authors. The emphatic statements of 
these authors appear to be based on the possibility of the existence of cellular 
oscillations of diurnal i)eriod , and on the possibility of resonance caused by 
the tide-generating forces of equal period. Now it has been seen that diurnal 
cellular oscillations are only possible when the horizontal wave-lengths are 
of the same order of magnitude as the depth. This indeed occurs in the 
examples given by Bjerknes and his oo-authors, but it does not occur in the 
actual tides of the ocean. The part of the present paper which most nearly 
corresponds to the examples given by these authors is § 12. 

The motion of § 11 may be regarded as one of the elemental motions used 
by Brillouin and Coulomb in their expansions. There again it is the dynamic¬ 
ally possible oscillations of very short horizontal wave-length which cause 
their difficulties of convergence. 

Comparison with Solberg’s work is possible in comiexion with §§13 
and 14, as the basins here considered include an ocean of uniform depth 
covering the whole earth. The two problems here considered occur at the 
two extreme ends of the range of negative values of 1 — 4^i>*/(r*. It has been 
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shown that though Laplace’s equations apply over the greater part of such 
an ocean, they do not apply near the poles for the constituent or near 
the equator for the limiting form of long-period constituents. But for the 
ocean taken as a whole, the necessary correction to the solution of Laplace’s 
equations is only very slight. Though Solberg does not use cylindrical co¬ 
ordinates explicitly, he does obtain equation equivalent to those of § 13 as 
far as (13'3), But the distribution of tides which has been taken here to 
apply only near the poles, Solberg took to apply to the whole ocean, so that 
he did not obtain the equation (13*7). The problem of § 14 is a limiting case 
of those to be considered in Solberg’s future paper. 
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Reflexion and scattering of X-rays with 
change of frequency f 

I. Theoretical 


By Sir C. V. Ramaw, F.R.S. 

From the Department of Physics, Indian Instituie of Science, Bangalore 
{Received 15 September 1941) 

The paper sete out in an elementary way the theory of two new pheno¬ 
mena of fundamental importance, namely the quantum reflexion and the 
quantum scattering of X-rays. (1) The quantum or modified scattering is 
due to the excitation of the elastic solid or low frequency vibrations of the 
crystal lattice by the X-ray photon. It has a very low specific intensity 
proportional to N (the number of lattice colls) and is distributwl over a 
wide range of solid angles. The view expressed by some authors that the 
elastic solid vibrations of the lattice are responsible for the additional spots 
visible in Lauo diagrams is consequently erroneous. (2) Tlie quantum or 
modified reflexion is due to the excitation of the infra-red or characteristic 
high freqxiency vibrations of the crystal lattice by the X-ray photons. Its 
intensity* like that of the classical or unmodified reflexions is of the order 
though usually smaller in absolute value than the intensity of the 
classical reflexions. The manner in which the direction and intensity of the 
quantum reflexions are connected with the specific modes of infra-red 
vibration is mathematically formulated and discussed. (3) The frequency 
changes which play a fundamental part in the theory of both phenomena 
appear as ne<x>ssary consequences of both the classical and quantum theo¬ 
retical points of view. The law of temperature dependence of intensity is, 
however, quite different in the classical and quantum formulations. The 
experimental study of intensity at low teini)erature8 accordingly furnishes 
a conclusive criterion both for the reality of the fre(piency changes and for 
the quantiun nuxihanical character of the effects. (4) The influence of the 
modified X-ray reflexions on the intensity of the classical reflexions and 
their variations with temperature is discussed and shown to be of even 
greater importance than the effect on the same of the X-ray scattering by 
the elastic solid vibrations. 


1. Inteodtjotion 

The scattering of light in crystals with a change of frequency, discovered 
by me in 1928, has been the subject of intensive investigations at this 

t These papers were sent as a contribution to the discussion on 'Diffuse reflexions 
of X-rays by crystals", but arrived too late to be included in the special number of 
Procudinge (A 976) devoted to this discussion. 
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Institute during the past five years. These are described in numerous 
memoirs published during the period in the Proceedings of the Indian 
Academy of Sciences and have notably advanced our knowledge of crystal 
optics and crystal dynamics. That analogous effects should arise also 
in the X-ray optics of crystals naturally suggested itself> and inspired 
investigations directed towards placing the behaviour of crystals towards 
light and X-rays on a common footing. The natural outcome of these 
researches has been the discovery of two new X-ray phenomena of funda¬ 
mental importance, namely, the quantum reflexion and the quantum 
scattering of X-rays in crystals. The ob^rvations and theoretical considera¬ 
tions establishing the existence of these effects were published in 1940 
(Raman & NUakantan 1940 a, 6 ); they may be briefly summarized thus: 
77te phenomenon of quantum or modified refiexion arises when X-ray photons 
traverse a crystal and excite the infra-red or high-frequency vibrations of the 
crystal lattice; the lattice planes of the crystal then reflect the X-rays in geo¬ 
metrically defined directions, which are, in general, different from those of 
the well-known classical or Laue reflexions; the reflexions occur with a 
frequency (r ± v being the X-ray frequency, and v* one or another of 
the (characteristic infra-red frequencies of the crystal. The qmntum scattering 
by crystals, on the other hand, arises when the X-ray photons excite the elastic 
or law-frequency vibrations of the crystal lattice; the X-rays are then diffused 
over a wide range of solid angles and have a frequency (v±p*), v* the fre¬ 
quency of the excited elastic solid waves being now dependent on the 
direction of scattering. The law of temperature dependence of the irdensity 
of the- effects is determined, in either cxise, by the relation between hv* and kT, 
k being the Boltzmann constant and T the absolute temperature. If 
hv'^>kT, the component of frequency {v — v^) preponderates and the total 
intensity of quantum refiexion or scattering, as the case may be, is approximately 
independent of temperature, while if hv*<kT the two components (v± 
are of comparable intensities and their aggregate increases with rising tem¬ 
perature. The phenomenon of quantum reflexion comes under the first 
category at sufficiently low temperatures, while quantum scattering usually 
comes under the second category. 

The further investigations on the subject carried out at Bangalore have , 
completely confirmed the foregoing conclusions. In particular, the general 
geometric law of quantum reflexion has been derived and has been quanti¬ 
tatively (ionfirmed by measurements made with diamond and a variety 
of other crystals, both organic and inorganic. The quantum-mechanical 
nature of the effects and the changes of frequency indicated by the theory 
have also received experimental confirmation from comparative studies 
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of the intensity of the effects over a range of temperatures inclucfing that 
of liquid air, made with a series of crystals. 

2. Some classical considerations 

The quantum theory of radiation phenomena is an application of quantum 
mechanics to the interactions between matter and the radiation field, the 
latter being itself considered as essentially Maxwellian. Hence, except in 
regard to the question of intensities, purely classical ideas suffice in many 
cases to give a general indication of the nature of the phenomena to be, 
expected in such interactions. It may, in fact, be shown in an elementary 
fashion that any vibration of the atoms of a crystal through which X-rays 
pass necessarily involves a change of frequency in the secondary radiations 
resulting therefrom, and that such changes of frequency play a fundamental 
part in determining the observed radiation effects. 

If the field due to the incident X -rays at the origin be denoted by E cos 2n Pt, 
the secondary radiations from an individual atom received at a distance R 
from the origin may be written as 

cos [2nvt - 2n(E + 2r sin a/2)/A], (1) 

K 

where a and are respectively the angles which R makes with tlie primary 
rays and with the primary electric vector, F{ix) is determined by the struc¬ 
ture of the atom, and r is the j)erpendicular distance of the atom from a 
plane through the origin bisecting the angle between the incident and the 
scattered rays. Any oscillation of the atom perpendicular to r would leave 
the expressioq unaflFected, while an oscillation parallel to r would introduce 
a periodic variation of the argument of the cosine function in ( 1 ). The 
expression for the scattered radiation may then be written in the form 

—(cos [2nvt - Z) cos [2 cos (2nv*t -f Q] 

-f sin (27n4 - Z) sin [2 cos {2np*t -f- f)]}, ( 2 ) 

Z being written for the constant part of 27r(iZ+2rsina/2)/A and 
zcoB{2nv*t‘^^) for its periodic part. The expression within the curly 
brackets in ( 2 ) may be expanded in a series of Bessel functions, and 
written as 

Jo(«) cos (27n^ - Z) T t/i( 2 ) cos [27r(i^ ±p*)t — Z±Q 

— J^{z) cos [27t{v ± 2v*)t~Z±2Q 
Tetc., etc. (3) 
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The principlee of the wave theory indioate that all seoondajy radiations 
having the same frequency are necessarily coherent, wliUe those which differ 
in frequency by howsoever little, are necessarily incoherent with each 
other. Hence, in considering the interferenoes of the secondary radiations 
from the oscillating atoms with each other, it is necessary iirst to separate 
them according to the distinct frequencies as indicated by (3) and consider 
the secondary radiations of frequency v, (I'H- v*), (v—v*), {p+ 2p*), (p—2p*), 
etc., separately. The relative importance of these frequency components 
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Fioubr 1. Gconiotric relation between static and dynamic stratifications. 

depends upon the absolute value of the quantity z which appears as the 
argument of the Bessel functions. If 2 be sufficiently small, Jo( 2 ) is nearly 
equal to unity, Ji(z) may be written as jz, while Ja(z), etc., may be neglected. 
From equation (3) it will be seen that the interferences of unmodified 
frequency are determined by the values of Z giving the phases of the 
seconda^iy radiations, in other words, by the equilibrium positions of the 
atoms. The interferences of the radiations of modified frequency (r+v*) 
and (v - »»•) are, on the other hand, determined by the values of Z- f and 
Z + S resjwctively, in other words, jointly by the equilibrium positions of 
the atoms and by the relative phases of their vibrations. The significance 
of these results is readily appreciated by reference to figure 1 in which the 
lines marked ddd represent a set of lattice planes in the crystal, the lines 
d Jd represent a set of equidistant parallel planes along which the phases 
of the atomic vibrations ore identical, while d*d*d* are the diagonal planes 
passing through the intersections of ddd and AAA. It is evident from (3) 
that the lines d*d*d* represent the planes of atoms firom which the secondary 
racUations of frequency (i^ ± v*) have the same resultant phase. The differing 
signs of (3) indioate that the direction of advancing phase, in other words, 
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the direction of movement of the waves AAA, must be opposite for the 
fte|q[uencieB (v+ 1 /*) and (v— v*), if the same diagonal planes are to represent 
the resultant in both cases. 


3. SCATTKRING OF X-RAYS BY ELASTIC-SOUn WAVES 

The planes marked ddd^ in figure 1 evidently represent a static periodicity 
of electron density in the crystal, while represent the dynamic 

stratifications due to the oscillation of the atoms in these layers, the resultant 
effect of which has the frequency (v±p*) as indicated by (3). If the waves 
marked AAA are of such a nature as directly to involve variations of electron 
density in the solid, viz. if they are longitudinal elastic waves producing 
compressions and dilatations, they should themselves be regarded as 
dynamic stratifications of electron density irrespective of the atomic layers 
in the crystal. Such longitudinal or compressional waves should therefore 
be capable of giving a scattering of X-rays by the sound waves entirely 
analogous to that actually observed with ordinary light in liquids and in 
crystals. The angle through which the rays are scattered is given by the 
familiar optical formula 

8 ma/2 « A, (4) 

and therefore ranges from the value a 0 for zl = oo upwards to the value 
of a found from (4) by putting A equal to the smallest permissible wave¬ 
length for sound waves in the crystal. The scattered rays thus form a diffuse 
cone surrounding the primary beam, their frequency change p* being 
dependent on the angle of scattering. Such a frequency shift in the acoustic 
scattering of radiation (originally predicted by L. Brillouin) has found 
experimental verification in the case of light. It is important to remark that 
though compressional and distortional elastic waves are both operative with 
light in the effect now under discussion, only the former need be considered 
in the case of X-rays. 

Elastic waves of both types and especially waves of distortional type give 
rise to a diffuse scattering of X-rays in another way, namely, by disturbing 
the regularity of arrangement of the lattice cells in the crystal. The effect 
of such disturbance has been considered by Laue (Ann. Phya., Lpz., 
Iteoember 1926) in a very complete manner, taking into aocotmt the changes 
of frequency indicated by classical considerations. Laue’s results are readily 
intelligible from the geometric considerations indicated in figure 1. Here, 
the planes AAA represent the elastic solid waves traversing the crystal. 
Acting on the static atomic layers ddd, the waves create dynamic stratifica- 
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tions d^d^d* whose structure amplitude is proportional to Ji{z) as indicated 
by equation (3). These stratifications have a sensible optical effect only 
when the relation 

2 d* sin i/r = nA (5) 

is satisfied. Here, xjr is the angle of incidence of the primary X-rays on the 
dynamic stratifications, d* being the spacing of the latter. From figure 1 
we write 

d*8in^ = d8in(i^-f €) =3 zl sine, (6) 

where ^ and e are the angles which'the crystal spacings make respectively 
with the elastic waves and the dynamic stratifications. Combining (5) and 
(6), we obtain the formula 

2d8in^sin(i^ + e) == nAsin^^. (7) 

Now, the plane of the elastic waves is entirely arbitrary; in other words, the 
angle ^ appearing in equation (7) may have all possible values, and hence 
the angle of scattering which is 2\jr and the plane in which the scattered 
rays appear are both completely indeterminate. In other words, the elmtic 
solid waves can give only a diffuse scattering of the X-rays spread over a wide 
range of solid angles. 

Since elastic leaves displace the atoms in a lattice cell to the same extent, in 
other words involve no appreciable distortion of their basic grouping, the static 
and dynamic structure amplitudes are proportional to each other. The intensity 
of the scattering by waves of specified frequency r* acting on a particular 
set of crystal planes may therefore be readily expressed as a fraction of the 
intensity of the unmodified reflexion by the same planes in the absence of 
any disturbance. Fi‘om equation (3), it is seen that, apart from the variations 
of the factor sin®y?F®(a), the ratio under consideration would be 2J\(z), 
When z is small, this may be taken as Its magnitude is therefore directly 
proportional to the energy of vibration with frequency v*, the amplitude 
A of which is connected with z by the relation An A sin \(Jr/A. With the 
aid of equations (6) and (6), the energy of the oscillation may be written in 
the form sin® e/sin* where M is the mass of the whole crystal, and 

s is the velocity of the elastic waves in it. Putting this expression equal to 
kT (classical mechanics) or Av* (quantum mechanics), it is easily seen that 
the intensity ratio of the modified scattering in any specified direction 
to the intensity of the unmodified reflexion is an exceedingly small quantity, 
being, in fact, of the order of magnitude IjN, where N is the total number of 
lattice cells. For a crystal large enough to be the subject of experiment but 
not so large as to invalidate the simple theory, this ratio becomes a vanishir^ly 
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amall q'mntity. In practice^ it is easily possible to record the classical X-ray 
reflexions by using thin crystal plates and fine X-ray beams, and it is evident 
that when such a technique is employed the effect due to the scattering by the 
elastic solid waves would be inappreciable. The multiplying factor sin® ^/sin* e 
appearing as a numerical factor in the ratio cannot alter the position stated 
above. For it is a number which may range from say 100“>10,000, according 



FiGt'KE 2. Graph of sin* i^/sin* e against 2e (in degrees of angle); crystal spacing 
is tliat of (111) pianos in diamond, using Cu radiation. 


to the setting of the crystal and the direction of the scattered ray, while, 
on the other hand, the value of N is of an altogether larger order of magni¬ 
tude, say 10^®, for a crystal traversed by X-rays in the circumstances in 
which these considerations are valid. 

Omitting the variation of the structure factor F®{a), the function 
sin®^/8in*€ represents the manner in which the intensity of the scattered 
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radiation varies with the direction of the scattered ray. Its value can readily 
be calculated using the formulae (6), (6) and (7), and its variation with 2e 
(the angle between the Laue spot and a scattered ray assumed to lie in the 
plane of incidence) is shown graphically in figure 2 for a series of settings of 
the crystal. It will be seen from the graphs that the scattering intensity 
shows a maximum or ' peak * when the setting of the crystal planes is nearly 
that required for reflecting the incident monochromatic X-rays. The position 
of this peak for each setting corresponds to the direction in which the elastic 
waves having the longest wave-length or the lowest frequency (and therefore 
possessing the largest amplitude) are effective in scattering the X-rays. It 
will be seen, however, that the jjeak falls away very rapidly both in height 
and in sharpness'and becomes an extremely diffuse * hump ’ when the crystal 
is moved away from the setting at which^the peak coincides with the Laue 
spot. It is evident from figure 2 and from the considerations regarding the 
absolute intensity of the scattering already set out, that mch scattering 
cannot give rise to any phenomenon even remotely resembling a geometric 
reflexion which persists over a mde range of settings of the crystal and is of 
sufficient intensity to be observed under the same experimental conditions as 
the ordinary Laue spots. 

It may be remarked here that Zachariasen^ Lonsdale^ Jahn and others who 
have considered the possible, effects arising from the scattering of X-rays by the 
elastic solid toaves have perhaps overlooked the fundamerUal considerations 
dealt with above. The conclusions which they have arrived at are, in consequence, 
in my opinion wholly illusory. As mil be shown in Part II of this paper, all 
the observed characters of the 'modified* reflexions, namely, their intensity, 
their sharpness, geometric positions, and their behaviour cd low temperaiures, 
seem to contradict completely the idea that the scattering by elastic soUd waves is 
responsible for their origin. 


4. Classical thkory of modifiep X-ray reflexiok 

We now proceed to consider the effect on the X-rays of vibrations in the 
crystal having one or another of the characteristic infra-red frequencies. 
The character of such vibrations differs fundamentally from those of the 
elastic-solid type, and the resulting optical effects are therefore also com¬ 
pletely different. While the elastic-solid vibrations displace the lattice cells 
without disturbing the atomic grouping within them, the situation is 
reversed in the infra-red vibrations; the lattice cells now remain undisturbed 
in their equilibrium positions, while the atoms within the cells oscillate 
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relatively to each other. As the result of such vibration the structure ampli¬ 
tudes of the lattice planes become periodic in time and give rise to geometric 
reflexions having a dynamic character and an altered frequency. Viewed 
from a purely classical standpoint, the preliminary discussion in § 2 continues 
valid; a change of frequency of the secondary radiations appears as a 
necessary consequence of the classical wave principles. The considerations 
contained in § 3, however, require radical modification in view of the altered 
nature of the vibrations with which we are now concerned. 

It is obvious that in the present case the manner in which the secondary 
radiations from the different atoms in the unit cell sum up is different for 
the modified and the unmodified radiations. The resultant of the latter is 
expressed by 

cos (8) 

P 

and of the former by 

Y,Fp{a)Jt{Zj,)cosZ^, ( 9 ) 

P 

it being remarked that the displacements for the p atoms are different 
though their phases may be taken as identical. Formula (9) indicates 
that the vibration amplitudes of the atoms in any particular infra-red mode 
as well as their positions enter into the calculation of the final resultant. 
It may well happen that in a particular case, expression (9) vanishes while 
(8) is finite, or vice versa. 

A general idea of the results to be expected in the present case may be 
obtained by regarding the N cells of the lattice as N oscillators having an 
identical vibration frequency, namely, p*. Each lattice cell may then be 
assigned a vibration energy kT (classical mechanics) or hv* (quantum 
mechanics). If we further assume that the phases of the secondary radiations 
from the N cells are in complete agreement as received in the direction of 
observation, their final effect would bo the maximum possible and would 
be proportional to multiplied by the square of the expression (9). The 
amplitude of the oscillation of the atoms in the individual cells would be 
of the order ^J{kT/2n^/ip*^) (classical mechanics) or (quantum 

mechanics), fi being the reduced mass of the lattice cell. Choosing appro¬ 
priate values for p and v*, the expressions may be evaluated, and it is readily 
verified that the intensity of the modified X-ray reflexions would be from a 
hundredth to a thousandth part of that of the unmodified ones. The general 
procedure indicated above would be apjiroximately valid even when the 
coupling between the N cells is taken into account. For, the effect of such 
coupling is to endow the crystal with N separate frequencies of which a 
large proportion cluster round some particular value. Accordingly, though 
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the resultant intensity would be smaller than that indicated above, it would 
still remain proportional to 

The phase relations subsisting between the vibrations of the different 
lattice cells determine the directions in which the resultant of the modified 
secondary radiations is observable. The geometric representation in 
figure 1, and the formulae (6), (6) and (7), continue to be applicable. The same 
diagram and formulae were employed in § 3 to represent the diffuse scattering 
by the elastic-solid waves. In the present case they describe a geometric 
reflexion because the nature of the vibrations is quite different. The orienta¬ 
tion and azimuth of the phase waves are properties of the particular mode 
of vibration under discussion and would be determined by the symmetry 
of the mode in relation to the symmetry properties of the crystal. They may 
be expected, therefore, to have specific values in relation to the lattice 
planes of which the structure amplitude is varied by the vibration. The 
situation may be pictured geometrically by setting out the possible values 
of 1/d aa vectors from the origin in a three-dimensional diagram. The 
vectors thus drawn would then all be in the same straight line (or along one 
or another of a few straight lines determined by symmetry considerations) 
having a specific inclination to the reciprocal vector l/d of the crystal 
spacing. It follows immediately that the direction of the resulting dynamic 
reflexion would be represented by a single point (or a few specific points) on 
the sx>here of reflexion. 

The manner in wiiich the N degrees of freedom cori'esponding to a 
particular infra-red mode of vibration are distributed amongst the various 
possible values of 1 /A is evidently a matter of great importance, since it 
determines the intensity of the observed reflexions. It is evident that when 
A is large, the vibrations in neighbouring cells do not appreciably differ in 
phasfe. Prima facie, therefore, the frequency of a vibration of the atomic 
grouping within a cell would be influenced to a negligible extent by the 
value of Ay so long as this is many times greater than the lattice spacing; 
the frequencies would diverge from the limiting value only when A becomes 
a small multiple of the lattice spacing. In other words, the discrete fre¬ 
quencies of the system cluster together very densely round the limiting 
frequency and are more sparsely distributed when they diverge from it. 
Accordingly, in the enumeration of the modes of vibration and their geo¬ 
metric representation on the vector diagram of IIA, the great majority of 
the representative points would be located at or near the origin of the 
diagram, while the remainder are distributed along the line or lines mentioned 
in the preceding paragraph, the density falling off quickly with increasing 
distance from the origin. Accordingly, also, the intensity of the modified 
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reflexion would be a maximum when it falls upon the classical reflexion, 
and would diminish rapidly when it separates and moves away from the 
same in altered settings of the crystal. 

5. Quantum theoretical considerations 

The theory so far developed indicates that the components of the modified 
radiations with frequencies {p ± r*) have equal intensities. This is a 
characteristic consequence of a classical treatment of the interaction between 
matter and radiation; in the analogous case of the light scattering in 
(irystals, the result is definitely contradicted by experiment, the spectral 
component of diminished frequency having an enormously greater intensity 
than the component of increased frequency when Ar* > kT, This feature 
finds a ready explanation on the quantum mechanical view of the inter¬ 
actions. The incidence of the photon on the crystal induces a transition 
from a lower to a higher level of energy of vibration or vice versa, the photon 
supplying or taking up the requisite quantum of energy and appearing after 
the encounter with diminished or increased energy, as the case may be. 
When hv*^kT, the crystal finds itself at the lowest energy level, and 
transitions are therefore only possible in one direction. As the temperature 
is raised, some of the higher energy states are thermally excited, and hence 
the photon can induce transitions either to the next higher states or in the 
reverse direction to the next lower states of energy. The quantitative 
formulation of these ideas shows that the intensity of the component of 
frequency should be proportional to 1/(1— e and that of the 

component of frequency to 1). At low temperatures, 

therefore, the former component reaches the f^miting value unity, while 
the latter vanishes. At high temperatures, on tlie other hand, the intensities 
of boQi components approach equality and ultimately become proportional 
to the absolute temperature. 

The foregoing considerations are of such general validity and so closely 
related to our present problem that they must necessarily be regarded as 
applicable to it. Indeed, the change of frequency indicated classically by 
equation (3), and the classical condition for reflexion indicated in equation 
(6), appear independently from the quantum theory as'consequenoes of the 
conservation of energy and momentum respectively in the encounter 
between the photon and the crystal. The modified reflexion and modified 
scattering must therefore necessarily be regarded as quantum effects and 
their intensities as determined by the principles of the quantum mechanics. 
From an experimental point of view, we are concerned now with the sum¬ 
mation of the intensities of the two components of frequency since 
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they both overlap. In the parallel case of light scattering, this sum is 
proportional to 

[e^pVkT^iy^g}ip*lkT^ 1 ), ( 10 ) 

and this expression should therefore also represent the intensity of modified 
X-ray reflexion as a function of temperature, unless the latter be so high 
that the basic assumptions of theory cease to be valid. 



0 100 200 300 400 500 600 

temjjerature 

Fiourk 3. Intensity of quantum reflexion aa a function of temperature. 

I, Diamond; IT, NaF; III, NaCl; IV, KCl. 

In figure 3 the function appearing in (10) has been represented graphically 
for four different values of v*, being respectively the characteristic fre¬ 
quencies for diamond, sodium fluoride, sodium chloride and potassium 
chloride. It will be seen that the increase of intensity with temperature is 
quite negligible in tlie case of diamond and becomes the more conspicuous 
the lower the characteristic frequency of the crystal. The graph, however, 
indicates that in all cases, the function remains finite and reaches the 
limiting value unity at low temperatures. In other words, the modified 
reflexions should persist at the loweM temperatures and their intensity should 
then be independent of temperature variations, 

6. Rklation to the intensity of classical reflexion 

We have already seen that the theory of the quantum or modified 
reflexion essentially rests on the fact that each of the characteristic infra-red 
modes represents the superposition of N co-existent vibrations of the crystal 
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having practically identical frequency. It is easily seen that the result of 
such superposition would be to endow the atoms of the crystal with rela¬ 
tively large amplitudes of vibration. Indeed, if all the N modes were assumed 
to possess identical frequencies and phases, their amplitudes would be 
superposed and the secondary radiations from a lattice cell would be ex¬ 
pressed by 

( 11 ) 

V 

and (12) 

p 

respectively. Though the values of Zj, would be very small compared with 
unity, the arguments of the Bessel functions J^iNz^) and J^{Nz^) may 
easily assume large values; the greatly increased values of the expression 
(12) for the modified reflexion would then involve a corresponding diminu¬ 
tion in the expression for the classical or unmodified reflexions given by (11). 

The effect of the co-existence of N modes of vibrations having slightly 
different frequencies may, of course, be worked out completely ab initio 
from the ex]ire8sion (1) of § 2. It is obvious, however, that the general nature 
of the result, so far as it concerns the intensity of the unmodified reflexion, 
cannot differ much from the situation indicated in (11) and (12) above, 
namely, that the existence of strong modified reflexions by any particular 
set of crystal planes would usually involve a large diminution of the intensity 
of the unmodified reflexion by the same planes. Combining this with the 
indications of the graphs in figure 3, it also follows that the incrmmd 
intensity of the modified refieMons at high temperatures involves a diminished 
intensity of the unmodified ones. Further, the ejxpressions (11) and (12) indicate 
that these reciprocal relationships would usually be selective, in other words, 
just those planes which show increased iniensiiy of modified reflexions would 
also show a large diminution of intensity of the unmodified reflexion. 

From the foregoing discussion, it is evident that the characteristic infra¬ 
red vibrations of the crystal latticje play a fundamental part in the theory 
of the temperature effect in X-ray reflexion, even more than the elastic 
vibrations considered by Laue and his predecessors in the field. As in the 
majority of actual crystals the number of degrees of freedom associated 
with the infra-red modes is much larger than the number associated with 
the elastic vibrations of the lattice, the importance of this remark should 
be evident. 
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It is shown that the quantum theory of X-ray reflexion and scattering in 
crystals developed in Part I is in full accord with the exporimontal facta. 

The theory succeeds in giving a quantitative exj)Ianation of the experi¬ 
mental facts concerning these phenomena as observed with diamond, viz. 

(1) the specular character of the quantum reflexion from the (111) planes. 

(2) the geometric law of such reflexion and eBi)ecia.lly the fact that, in 
general, the reflexion falls outaide the plane of incidence, (3) the subsidiary 
features accompanying the reflexion, viz. faint elliptic 8j)ots and elongated 
streamers noticed in certain special cases, (4) the absolute intensity of the 
reflexion which is an appreciable fraction of the intensity of the claasioal 
reflexion, (5) the failure of the (110) planes to exhibit similar reflexions, 

(6) the persistence of the reflexions by the (111) planes with undiminished 
intensity at liquid air temperature and the relatively small increase of 
intensity at high temperatures, and (7) the appearance of a diffuse scattering 
having an undiminished intensity at low temperatures. The difference's 
between diamond and other crystals in respect of these X-ray phenomena 
are explained by taking into consideration the differences in the frequency 
and character of their lattice vibrations in the infra-red region as revealed 
by the sj>ectro8coj>e. 

1. iNTRODtTCTION 

The two fundamental results emerging from the theory outlined in Part I 
are, first, that we are here concerned with phenomena of a quantum- 
mechanical nature, and secondly, that the infra-red or high frequency 
vil)ration8 of the lattice producie effects radically different in their* character 
from the X-ray scattering by the elastic vibrations, being in fact of an 
altogether higher order of intensity and in the nature of a geometric reflexion 
by tlu5 lattice planes of the crystal. The latter of these two results escaped 
recognition in the classical investigations of Debye, Waller and Laue on 
the temperature problem in X-rays. The reason for this is to be found in 
their acceptance of Bonrs postulate that all the mbratiom of the lattice 
have wave-lengths forming r three-dimensional harmonic sequence deter- 

1 302 ] 
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mined by the dimensions of the crystal; accepting the postulate, it follows 
at once that the infra-red and the elastic vibrations alike result merely in a 
diffusion of the X-rays, tlie effect of the former being even less conspicuous 
than that of the latter owing to the higher frequency and correspondingly 
smaller e-mplitude* The recognition that Bom’s postulate does not cor¬ 
rectly represent the infra-red vibrations of a crystal lattice is thus as 
important for the present subject as an appreciation of the fact that the 
classical mechanics does not correctly determine the results of an interaction 
between the X-rays and the crystal lattice. 

Conclusive evidence bearing on these fundamental points of theory 
was furnished by the experimental work of Dr P. Nilakantan and 
myself ( 1940 a, b). The decisive character of the experimental results 
set out in those papers was due to the fact that the crystal employed, 
namely, diamond, shows the effects contemplated in the theory with ideal 
perfection, and indeed in such manner as totally to exclude all alternative 
explanations. The experiments disclosed the following features, amongst 
others of scarcely less interest, namely, the strictly geometric or specular 
character of the dynamic X-ray reflexions exhibited by the (111) lattice 
planes of diamond, their great intensity comparable with that of the 
ordinary Laue spots in specially favourable settings of the crystal, their 
visibility with undiminished shar|mess over a wide range of settings of the 
crystal though with greatly diminished intensity, and above all, the 
practically constant intensity of the reflexion over a wide range of tem¬ 
perature, These features, taken together, left no room for doubt that the 
observed effects were due to the excitation of the characteristic high^ 
frequency vibrations of the lattice by the incidence of the X-rays. Sub¬ 
sequent investigations with this and other crystals have furnished useful 
information and enabled some details to be more fully elucidated. But the 
case for the theory as stated in the papers quoted was essentially a com¬ 
plete one. 

A good deal of literature has recently appeared on this subject which 
seeks to show, on the one hand, that the theory of X-ray scattering due 
to Fax^n and Waller explains the facts of the cose, and on the other 
hand seeks to convey the im]>re 8 sion that the fundamental observations 
and conclusions reported by myself and Dr Nilakantan had been anti¬ 
cipated in earlier publications from other laboratories. The first of these 
claims has already been dealt with in the theoretical part of this paper, and 
its erroneous character will become even more evident when we proceed to 
consider the experimental facts. As regards the second claim, while the 
literature does contain numerous observations on diffuse streaks and spots 
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in Laue patterns for which very varied explanations had been put forward, 
/ ijoiah to point ovJt that the existence of a distinct new type of specular X-ray 
reflexicm of a dynamic kind by the lattice planes of a crystal toasfor the first time 
recognized and its physical characters elucidated in the publications from this 
Institute quoted above. 

I shall now set out briefly the relevant experimental evidence under each 
of the heads mentioned above, commenting at each stage upon its relation 
to the theoretical aspects dealt with in Part I of the paper, 

2. Thb spxcttlar chabaoter of quantum reflexion 

In the earliest published photographs, the dynamic reflexions by the 
(111) planes of diamond appear as round spots whose diameter in strongly 
exposed pictures is about the same as or a little less than the major axis of 
the elliptic Laue spots, thereby indicating that their size is determined by 
the thickness of the crystal and the divergence of the incident X-ray beam 
and not by any inherent diffuseness of the reflexion. This inference has since 
been thoroughly tested by using thin plates of diamond with a fine slit as 
the source of X-rays and giving long exposures to bring out the reflexions 
with full intensity. Two such pictures are shown as figure 1 a and 6 in plate 32 
for two different settings of the diamond. The quantum reflexions (indicated 
by arrows) appear in the record as fine lines, their measured widths being 
exactly tliat resulting from the finite thickness of the plate and the width 
of the slit used. Further, it is most significant that there is no chaii^ge in 
the width of the reflexion as between the two settings. The experimental 
situation indicated in figure 16 in plate 32 may be compared directly with 
the curve for the same glancing angle, namely 25^ 58', drawn in figure 2 
of Part I. The "diffuse maximum' of scattering in the latter curve extends 
over fully 12° of arc, while the reflexion appearing in figure i 6 as stated 
above has no measurable width. The observed facts thus completely discredit 
the idea that the scattering of X-rays by elastic ivaves is in any way responsible 
for the phenomenon with which we are now concerned. They also show that 
the term "diffuse reflexion’ is inappropriate as a description of it, since 
such diffuseness is clearly not an essential feature of the phenomenon. The 
observed sharpness of the quantum reflexions in diamond is equally decisive 
against the postulate of Bom as applied to the infra-red vibrations of the 
lattice. For it demonstrates that the orientation and azimuth of the phase- 
waves are uniquely defined and independent of their wave-length, instead 
of having an infinite number of possible values as assumed in Bom’s 
postulate. 
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The sharpness of the quantum reflexion is closely related to the geometric 
law of such reflexion, being in fact a measure of the precision with which such 
law can be stated* It is evident that the reflexion can be perfectly specular 
only when the crystal is dynamically homogeneous, which would be the case 
if the lattice vibrations are represented by sharj) lines in the spectrum of the 
light scattered by the crystal, as is actually found with diamond. Any cause, 
e.g. thermal agitation, which disturbs the dynamic homogeneity and results 
in increasing the width of these spectral lines must therefore also impair 
the specular character of the quantum reflexions. The lattice vibrations 
appear in the spectra of the great majority of crystals as rather diffuse lines 
which, however, become shar|)er at low temperatures. Accordingly, it is 
not 8 urj)rising that the phenomenon of quantum reflexion is not shown 
with the same perfection as in diamond by other crystals. Nevertheless, in 
many cases, e.g. calcite or rock-salt, the quantum reflexions apj)ear fairly 
sharp, their angular spread being only a small fraction of the angular 
separation between the Laue and the quantum reflexions. Indeed, the 
experimental facts as observed with the majority of crystals bear no re- 
semblanop to the situation represented in the series of curves in figure 2 of 
Part I. It is thus patent that the Faxen-Waller theory of X-ray scattering 
is completely irrelevant to the phenomenon now under consideration. 

The manner in which a dynamic inhomogeneity of the lattice would 
influence the quantum reflexions may be readily appreciated by reference 
to the three-dimensional representation of the lattice vibrations against 
the reciprocal wave-length IjA. As already remarked in §4 of Part I, the 
N representative points lie densely clustered at the origin, the stragglers 
being distributed along a specific line (or lines) defining the permitted 
orientation and azimuth of the phase waves. The intersection of this line 
(or lines) with the sphere of reflexion determines the direction in which the 
reflexion is observed. A dynamic inhomogeneity of the lattice would result 
in this line, instead of being rigid and fixed in direction, becoming ill- 
defined. Since, however, the origin from which the line is drawn is firmly 
fixed, it follows that the resultin-g spread of the quantum reflexion would> be 
negligible when it lies very near the Lavs reflexion and would progressively 
increase as its angular separation from the latter increases. This is exactly 
what was observed and pointed out in the case of sodium nitrate and ro(‘k- 
salt (Raman & Nilakantan 19406 , c) and is indeed a general feature. As the 
lattice fines in the spectra of most crystals sharpen at low temperatures, 
a corresponding sharpening of the quantum reflexions may be expected in 
the same circumstances. 
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3* GEOMETaiO LAW OF QUANTUM REFLEXION 

The earliest measurements with diamond showed that the dynamic 
spacing d* of the ( 111 ) planes altered continuously with the sotting of the 
crystal, coinciding with the static spacing d only when the classical and 
quantum reflexions appeared superposed. This made it evident that the 
phase waves were not transverse to the crystal spacing in diamond, though 
in other cases, e.g. sodium nitrate, rock-salt and calcite, the measurements 
appeared to support the assumption of transversality. The explanation of 



d (degrees) 

Fiotjkjc 2. Showing tho fiiilure of the Fax6n formula. 

these and other facts was furnished by the general theory of quantum 
reflexion (Raman & Nagendra Nath 1940 ) which yielded the formula 

2d!sin^sin(^-l-6) = ?^A8in^, (1) 

^ and e having the significance already indicated in Part I. Since the plane, 
of the reflexion is that of incidence of the X-rays on the dynamic stratifications, 
it vdll not in general coincide with the plane, of incidence on the static crystal 
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planes. In the particular case, however, when e » 0 and the classical and 
quantum reflexions therefore coincide, and also generally when the plane 
of the phase waves is transverse to the plane of incidence on the static 
spaoings, the reflexion indicated by (1) would appear in the same plane. 
We may then write (1) in the form 

2dBin = nAsini^, (2) 

d and being respectively the glancing angles of incidence and quantum 
reflexion measured with reference to the crystal planes. The earliest measure¬ 
ments as well as more elaborate ones nmde a few months later over a wider 
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Ftgtjke 3. Fixing the orientation of the phane waves in diamond. 


range of settings for the quantum reflexions by the (111) planes of diamond 
fitted the formula (1) rigorously, coming out as 54° 44', that is half the 
tetrahedral valence angle. The measurements made for the particular case 
in which the plane of incidence is transverse to the (100) planes are shown 
graphically in figure 2. 
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In figure 2 the line marked d represents the crystal spacing calculated 
from the experimental data and equation (2), while the lines and d^ were 
respectively drawn assuming the formulae 

2d^mi\(d + <j>) - A, (3) 

d2 8in(^4*^) = Acos^. (4) 

In figure 3 the same data are plotted from the formula (2) assuming 
different values of d- to ilhistrate the^ accuracy with which this angle can 
be evaluated and also the agreement between the evaluated and the known 
crystal spacing (2-056 A). Formula (4) was derived by Fax^n to give the 
position of the diffuse maximum in the intensity of scattered X-radiations. 
The total lack of agreement between the cahulated and known crystal spacings^ 
and the curvature of the line indicate that the considerations on which the Faxin 
formula is based are altogether irrelevant to our present subject. 

The exjjerimental result stated above (Raman & Nilakantan 1941) is of 
extraordinary interest, for it indicates that the phase uxive^ of the infra-red 
vibration which give the (111) reflexions have a completely fixed orientation 
parallel to the (100) planes of the crystal. Its significance from the point of 
view of crystal dynamics becomes clear when it is remarked that the (111) 
planes are normal to the valence bonds between the carbon atoms, while 
the (100) planes bisect the angles between them, and that the atomic layers 
in both these pianos belong alternately to the two interpenetrating lattices 
of carbon atoms of which the oscillation as rigid wholes relative to each 
other gives the characteristic infra-red frequency (1332 cm.“^) of diamond. 

As remarked above, the reflexion given by the formula (1) ceases to 
appear in the plane of incidence (except in the special case where e “ 0) 
if the phase waves are not transverse to that plane. If, therefore, the diamond 
is so set that the (100) planes are inclined to the plane of incidence, the Laue 
and quantum reflexions by the (111) spacings should appear in different planes. 
This remarkable result indicated by the theory was verified experimentally 
by Br P. Nilakantan and myself and is illustrated in figure 4 in plate 32; 
the observed and calculated inclinations between the plane of incidence 
and the plane in which the quantxim reflexion appears are found to be in 
full agreement. 

Other remarkable results also follow from the theory. From considerations 
of symmetry, it is evident tliat if there is a set of phase waves parallel to the 
(100) planes, there must also be two other sets parallel respectively to the 
(010) and (001) planes. Diamond must therefore show three quantum reflexions 
from (111) planes and not one, their relative positions being determined 
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by the angle of incidence of the X-rays and the azimuth in which the 
crystal is set, while their relative intensities would depend on the numerical 

values of the three reciprocal phase vectors l/dj, and l/dg. These 
conclusions, extraordinary as they may seem, have been completely con- 
firmed by the experimental investigations made at this Institute. Mr P. R. 
Pisharoty has worked out the geometrical implications of the theory in a 
most detailed manner and shown that in spite of the i.>erfectly specular 
character of the quantum reflexion, by taking into account the angular 
divergence of the incident X-ray beam, all the observed phenomena, in¬ 
cluding especially the obliqxie streamers diverging from the Laue spots in 
some settings and the elongated elliptic spots on the opposite side in other 
settings are quantitatively explained (see figures 5at, 6, c, d in plate 32). The 
oblique streamers are, in fact, the result of two of the phase vectors being 
nearly tangential to the sphere of reflexion instead of meeting it sharply. 
The intensity and extension of the streamers are determined by precisely 
the same considerations as the brightness and positions of the discrete spots. 
7 'hus, the theory of phase y)aves put forvxxrd in April 1940 has founds a most 
detailed and satisfactory experimental confirmation in the case of diamond. 

Formula (3) follows from the general formula (1) as an ai)proximation if 

is assumed equal to Jtt, and e is small. It suffices roughly to describe the 
observed geometric behaviour of the quantum reflexion in many cages. An 
appropriate choice of the angle ^ in the general formula should lead to better 
concord with observation in all cases. 

4. Intensity of quantum reflexions 

Optical theory indicates that when the secondary radiations from N 
dipoles are of identical frequency and in coherent phase relationship, their 
resultant appears as a directed geometric pencil of intensity proportional 
to A*, while if there is no such identity of frequency, the resultant is a diffuse 
radiation of which the intensity is proportional to N. 'fhe translatory 
movements of the lattice units in a crystal due to its elastic vibrations have 
a continuous spectrum of frequencies, and the case therefore comes under 
the second category. On the other hand, the characteristic infra-red vibra¬ 
tions are shown by the spectroscope to have precisely definable frequencies 
and their effect therefore comes naturally under the first category. The 
geometric character of the quantum reflexions, their physical origin and 
observed intensity are thus seen to be related to each other in a very intimate 
fashion, while the diffuse character of the quantum scattering, its physical 
origin and its intensity are similarly connected. 
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The intensities of the quantum reflexions like those of the classical ones 
are thus necessarily proportional to the square of the volume of the irradiated 
crystal (if this be not too large), while that of the scattering is proportional 
to the volume. This situation may be readily verified experimentally by 
reducing the effective volume to the minimum possible, e.g. by using the 
thinnest possible crystal and the finest possible X-ray beams. The classical 
and quantum reflexions are then seen physically to stand in the same 
category, continuing to be visible in the photographic record, while the 
diffuse or background scattering becomes too feeble to produce any sensible 
effect. 

As explained in Part I, tlie intensity of the quantum reflexion may be 
evaluated theoretically by setting the energy of the individual oscillators 
equal to hv^ and assuming them to be in an identical phase of vibration. 
This procedure yields the limiting intensity at the lowest temperatures and 
for the most favourable setting of the crystal, and conies out as a small but 
easily observable fraction of the intensity of the classical reflexion, of the 
order of about 1 /lOO to 1 /lOOO, depending on the particular circumstances. 
Though no prcciae experimental determinations are available ^ this indication 
of theory is at least of the right order of magnitude. In making an exact test 
of the theory, it would be preferable not to rely on comparisons between the 
classical and quantum reflexions, but to make a calculation of the absolute 
intensity as well as a direct experimental determination of the same. 
Investigations of this kind have been undertaken at this Institute by 
Mr Pisharoty and are now in progress. 

As already mentioned in Part I, theory indicates that the intensity of the 
quantum reflexions by different lattice planes in a crystal need not neces¬ 
sarily stand in the same ratio as the intensities of the classical reflexions by 
the same planes. We may, as an example, consider the case of diamond. 
The atoms belonging to the two interpenetrating lattices in the crystal 
apj>ear interleaved in the (111) and the (100) planes, dividing these spacings 
in the ratios 1:2 and 1:1 respectively. On the other hand, they appear 
interspersed in equal numbers in the (110) planes. From these facta and 
formula ( 9 ) of Part I, it follows that neither the (110) nor the (100) planes 
can give any modified reflexion as the result of an oscillation of the inter¬ 
penetrating lattices, though the ( 111 ) planes can. Though the classical 
reflexions by the (110) planes have an intensity one-third of that of the (111) 
planes, prolonged exposures fail to yield any modified reflexions by the { 110 ) 
planes, in agreement with the indications of the theory. 
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6. QUAKTTTM BfiFLEXION AT LOW TBMPERATUKIQS 

In the scattering of light with altered frequency by crystals, the quantum 
mechanical nature of the effect is strikingly revealed in the speotrosooj>e 
by the enormous disparity in intensity of the radiations with frequencies 
and (v^p*) respectively, the disparity increasing rapidly with the 
magnitude of In the X-ray problem, the components (t'i r*) overlap, 
but this does not obscure the situation altogether, since the sum of their 
intensities continues to behave quite differently in the classical and quantum 
theories. As illustrated in figure 3 of Part 1 , the course of the intensity curve 
depends on r*. The greater its value, the more nearly horizontal is the curve 
at ordinary tem})eratures and the greater the deviation from the simple 
proportionality to the absolute temperature indicated by the classical 
mechanics. Per contra, the smaller the value of p*, the lower the tem¬ 
perature we must reach before the curve flattens out and becomes horizontal. 
Hence, the quantitative study of the intensity at low ten}j>eratures is of 
decisive importance for the subject. Not only does it furnish a test of the 
quantum mechanical nature of the phenomenon, but the course of the curve 
also enables us to measure the frequency of the lattice vibrations responsible 
for the reflexion and thus to establish the physical reality of the frequency 
shift. It also enables us to demonstrate the error of seeking an explanation 
of modified X-ray reflexion in the Fax6n-Waller theory of X-ray scattering. 
For, in the latter theory, the elastic-solid waves giving the ‘diffuse maxima' 
of the scattered radiation are those of wliich the frequency is the lowest 
possible, diminishing without limit as the position of the ‘maximum' 
approaches the Laue spot. Hence, the intensity of the ‘maximum' should 
diminish proportionally with temperature down to the absolute zero and 
indeed for all crystals, including even diamond. 

The theoretical relation between the intensity of quantum reflexion and 
temperature was clearly set out (Raman & Nilakantan 1940 a, b) dealing 
with the case of diamond, and observations at high temperatures were also 
described which supported its indications. It was confidently predicsted that 
the intensity of the quantum reflexion by diamond should remain un¬ 
diminished at liquid air temperature. When the necessary exjierimental 
technique had been developed, this prediction was found to be in complete 
accord with the facts (Raman & Nilakantan 1940 of). 

A proper experimental procedure is obviously imperative for all quan¬ 
titative investigations of intensity. The simple method of dipping the 
crystal into liquid air which has been adopted in this connexion by the 
workers at the Davy-Faraday Laboratory (Preston 1941) is obviously 
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incapable of giving truBtworthy results, as the absorption and diffusion 
of X-rays by the liquid air would mask the effects due to the crystal. 
The cmdiisiona which have been drawn from photographs in which the 
halo due to the liquid air appears superposed on the crystal paUem are 



Figure 6, Design of low-teinj^rature high-vacuum X-ray camera. 


therefore quite illusory. To obtain results having a real significance, a high- 
vacuum low-temperature X-ray camera was constructed and employed by 
Dr P. Nilakantan at this Institute with very satisfactory results for the 
investigations with diamond. The design of the apparatus is illustrated in 
figure 6. Both the crystal and the phbtograpfaic film are placed inside a 
high vacuum, the crystal being held firmly in contact with a meted block 
attached to the vessel containing liquid air or other refrigerant. It should 
he remarked also that for such quantitative work, iyUensifying screens should 
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Tiot be used, as they cannot be relied upon to maintain a constant behaviour. 
Two photographs for diamond taken with this camera at room and liquid 
air temperatures respectively are shown in figure 7 a and b in plate 33 . 
A camera of improved design which enables rectangular X-ray films of 
larger size to be used has more recently been constructed and employed by 
Dr C. S. Venkateswaran in highly successful investigations with crystals 
of carborundum, rock-salt and pentaerythritoL These crystals were chosen 
as having high, medium, and low frequencies respectively in the infra-red 
spectrum. The results obtained with them at various temperatures com¬ 
pletely confirm the theoretical conclusions already set out in the foregoing 
pages. 

6. Quantum eeflexxon at high TEMPisRATUJEtKS 

The majority of (irystals have numerous characteristic infra-red fre¬ 
quencies. The different modes of vibration are, however, far from being 
of equal importance in relation to our present subject. At the lowest 
temperatures, the intensity of the quantum reflexions is proportional to 
A/47r^//r*, while at sufficiently high temperatures it becomes proportional to 
hT Thus in nearly all cases and particularly at high temperatures, 
the infra-red modes which have the lowest frequencies would make the 
largest contribution to the observed intensities of the modified reflexions. 
It may also be remarked, as shown by the formula (11) and (12) of Part I, 
that the static and dynamic structure amplitudes of the different lattice 
planes would be influenced even by the same mode of vibration to different 
extents. Hence by a comparative study of the modified reflexions from 
several lattice planes at various temperatures, it should be possible to 
correlate the X-ray facts with the known spectroscopic behaviour of the 
crystal, particularly in regard to the infra-red vibrations of the lowest 
frequencies. 

The intimate relationship between modified X-ray reflexion and the 
infra-red spectrum is strikingly illustrated by the behaviour of the (210) 
planes of sodium nitrate investigated by Dr Nilakantan and the present 
writer. It is found that pari passu with the rapid decrease in the intensity 
of the classical reflexions by these planes which occurs in the temperature 
range from 180 to 276 ° C, there is an enormous increase in the intensity of 
the modified reflexions by the same planes. This behaviour is not shared by 
other planes in the crystal^ the intensity of reflexion by which is altered by 
rise of temperature to a relatively small extent; it is thus evident that we are 
concerned with a particular mode of vibration of the sodium nitrate lattice which 
is Strongly excited in this temperature range, and not with the general increase 
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of the thermal agitation. The same inference is indicated also by the specific 
heat data, and by spectroscopic observations on the light scattered in 
sodium nitrate crystals. 

7. Quantum scattering of X-eays 

Since the scattering of X-rays by the elastic vibrations of the crystal 
lattice involves a change of frequency, it is a quantum effect which should 
persist at the lowest temperatures. The observed intensity would, however, 
be then sensible only if > kT, in other words when the scattering is due 
to elastic waves of high frequency for which this condition is satisfied. 
8 uch an effect is actually exhibited by diamond, the scattering appearing 
as a diffuse halo at a considerable angular distance from the primary beam 
(figure 8 in plate 33 ). The dark ring at the centre of the halo and the distinct 
maximum of intensity towards its outer margin are noteworthy featxires of 
the phenomenon. It will be seen on a comparison of figure 7 a and 6 in 
j)late 33 that the halo does not disappear at liquid air temperature, but that, 
on the other hand, it is actually more conspicuous and better defined. The 
effect presumably arises from the scattering of X-rays by longitudinal 
elastic waves of high frequency. The peculiar distribution of intensity in the 
halo is probably due to the increasing value of to which the intensity is 
proportional for larger angles of scattering. The variation in the number of 
elastic modes of vibration with the reciprocal wave-length 1 /A will, of course, 
also have to be taken into consideration. 

8. Concluding remarks 

Though the present report is written by me, it is largely based on the 
work of past and present members of the department, including especially 
Dr P. Nilakantan with whom these investigations were first undertaken, 
Dr N. S. Nagendra Nath, Dr C. S. Venkatoswaran and Mr P. R. Pisharoty, 
all of whom have contributed notably to the development of the subject. 
1 desire to place on record my warmest appreciation of their collaboration. 
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Extra reflexions from the two types of diamond* 

By KathxiRbn Lonsdalb 

Royal Inaiitution 

(Communicated by Sir William Brctgg, F.R.8.—Received 21 October 1941) 

[Plates 34-39] 

New oxjKjriinental facts aV>oiit diamond, supported by X-ray photographs, 
are as follows: There are two kinds of extra rofioxions to be seen on well- 
exposod Laue photographs. All diamonds show %)rim<iry diffuse reflexions, 
which are temperature-sensitive but not structure-sensitive. These corre- 
sponti to the diffuse reflexions observed under suitable conditions for all 
other substances. Typo I diamonds, only, show the secondary reflexions 
(sharj) spots, streaks and groups of spots) which have been previoiisly 
deaoribed and which are not at all typical of diffuse spots in general. They 
are not really diffuse, they are not (or only slightly) temperature-sensitive 
and they are strongly structure-sensitive. Primary and secondary rofioxions 
have boon observed for many diamonds and in various orientations, associ¬ 
ated with the {111} {220} {113} {331} Laue reflexions, using Altered and un- 
filtored radiation from copper and u’on targets. There is as yet no explanation 
of the secAmdary reflexions which can aocoimt satisfactorily for the structure- 
sensitiveness, the presence of {220} 8|x)ts, and the apparent incomplotoi^ess 
of the groups of spots actually observed. 

When Sir C. V. Raman sent the preceding contribution to the discussion 
on diffuse reflexions of X-rays by crystals (Proc. Roy, Soc., A, 179, 1-101, 
1941), he was necessarily unaware of various experimental developments, 
since briefly reported (Ijonsdale & Smith, 1941), which must have a con¬ 
siderable bearing on lus, and other, theoretical arguments. These further 
experimental facts are as follows: 

(1) Two kinds of extra reflexions. The extra reflexions given by different 
diamonds are not all alike. They may be divided into two classes, which 
we have called 'primary and secondary reflexions. 

(2) Primary refleximia (all diamonds). All diamonds so far examined show 
the primary reflexion. This consists of a single, nearly spherical spot, which 
really is diffuse and which accompanies the Laue spot when the diamond 
orientation is not more than about ± 3-5^ from the Bragg position for any 
given plane. With the [HO] axis vertical (as it was throughout almost all 

* Thift paper is an addition to the series of papers published as a Discussion on 
‘Diffuse reflexions of X-rays by crystals’ in consequence of the receipt of the pre- 
ceeding paper by Sir C, Venkata Raman. 
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our experiments), jmrmry reflexions have been observed for the {111} {220} 
{ 113 } { 004 } { 331 } planes, using Cu Kol and Kfi radiations, and for the first 
three of these using Fe Kcc and Kfi radiations. Examples of primary spots 
may be seen on plates 35 e,/, 37 a, 5 , d, 38 

( 3 ) SecoTidary reflexions {type I diamonds only). Only some diamonds 
show the secondary reflexions. In particular, those rare diamonds classed by 
Robertson, Fox & Martin (1934,1936) as being of type II do not show them 
at all. [The diamonds actually tested were D2, I) 16 , I) 19 , D22, in their 
classification.*] When the [110] axis,is vertical, the secondary reflexion 
consists of single sharp spots or of well-defined streaks (or both), or of groups 
of sharp spots, according to the angle and direction of incidence. These 
secoyidary spots are very persistent, being still visible even at an angle of 
+12^^ or — 8^^ from the Bragg angle for the (Ml) plane. Such secondary 
reflexions have been observed, using Cuiia and Kfi radiations, for the 
{ 111 } { 220 } { 113 } { 331 } planes, but not for the { 004 } pianos; and using Fe^a 
and Kfi radiations, for the first three of these. Examples are given in 
plates 34 6, rf, 35 6, d, e,/, 36 a, 6, c, 37 a-c, 38 a-e and (very weakly) 39 a, 6, c. 
Photographs previously reproduced in the course of this Discussion (Lons* 
dale & Smith, Sir W. H. Bragg, Sir C. V. Raman) have shown only {111} 
secondary effects. 

( 4 ) Intensity of the extra reflexions. The intensity of the primary reflexions 
does not vary appreciably from one diamond to another. The secondary 
reflexions are, however, markedly structure-sensitive. They appear strongly 
for some diamonds, weakly for others and not at all for type II diamonds. 
Of the diamonds examined and classed as tyj)e I by Robertson et al., the 
following have been examined: 

D 1, a spinel twin, showed weak secondary spots and streaks from both 
individuals; 

D 20 showed a moderate effect; 

D 21 and D 23 showed relatively strong effects. 

The most intense secondary reflexions were obtained from D (2), a small 
octahedral diamond of weight 1 mg. which was found to give uniformly 
inttmse, sharp spots, streaks or groups of spots in all crystallographicaUy 
equivalent orientations, that is, associated with each of the eight {111} 
planes, twelve { 220 } planes, etc. D ( 4 ), another small (slightly deformed) 
octahedral diamond of about the same weight, showed only extremely weak ^ 
secondary effects (plate 39 a, ft, c), while D( 3 ), a beautiful octahedral plate 
from Sierra Leone, 0-6 mm. thick, weight 0-047 g., and of great purity, also 

* Mr Smith and I arw indebted to Professor W.T, Gordon for the loan of those and 
all other diamonds examined. 
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gave exceedingly good sexoridary reflexions in the various orientations. 
D (2), D ( 3 ) and D ( 4 ) were not among the diamonds examined and described 
by Robertson et aL 

(6) Intensity of nx>rmal flexion. It was noticeable that the intensity of 
ordinary selective reflexion also varied greatly from one diamond to 
another; the more intense the secondary ndlexions, the greater was the 
extinction of the normal reflexion. Type II diamonds, and those of type I 
which gave poor secondary efi'eots, showed very little extinction and were 
therefore particularly fine monoohromators; the normal reflexions from 
the {111} {220} and { 113 } planes could be seen in broad daylight on a fluor¬ 
escent screen. 

(6) Position of extra reflexions. The position of the primary spots is given 
reasonably closely by Faxon’s simple formula, and corresponds therefore 
to the intersections of the sphere of reflexion with an approximately spherical 
(and very limited) extension of reflecting power about the reciprocal lattice 
points. These primary reflexions became weaker and more diffuse (and 
therefore more difficult to measure) as the angle of missetting increases 
(plate 36 a, c) and soon disappear. 

The position of the secondary spots and streaks corresponds geometrically, 
as Sir C. V. Raman has pointed out, with their being the intersections of 
the sphere of reflexion with cubic directions in reciprocal space (see also 
Lonsdale & Smith, this Discussion, p. 44 ). It follows that the primary 
reflexion lies at the centre of the triangle of secondary (111) reflexions 
(plates 34 6, d, 36 a, 37 a, ft, etc.) or, in the alternate orientation, it forms an 
approximate background to the sharp secondary (111) spot from which may 
proceed the streaks described by Sir C. V. Raman (plates 35 /, 38 d, e). In this 
latter orientation the primary reflexion may well be overlooked altogetlier, 
but it is most clearly seen when a small slit ( 0*5 mm. or less diameter) 
and thin crystal are used; it is, of course, quite obvious for type II 
diamonds, for which the sharp secondary spot and streaks are absent 
(plates 34 a, c, 39 d). 

(- 7 ) Temperature-sensiiivenesH of extra reflexions. The primary reflexion 
is quite markedly temperature-sensitive. This has been proved beyond 
doubt for both types of diamond, the temperature range covered being 
750 ^ 30 :^” 180 ° C for typo I diamonds, and 30 ^— 180 ° C for tyj)e II 
diamonds. At high temperatures, the general background is rather more 
intense, but the primary reflexion intensity is increased by a factor of at 
least three or four, relative to that at room temperatures. Even when the 
exposure times are varied, the primary reflexions (unUke the Laue and 
secondary spots) are still considerably stronger than those observed on a 
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room‘temperature photograph given double the exposure (plates 38a, 6 , 
r,d,e, 39 a, 6 , c). At liquid air temperatures the primary reflexions are 
weakened in intensity (plates 37 6 , c, 39rf, e). 

The secondary reflexions are only slightly temperature-sensitive. This 
agrees with Sir C. V, Raman^s observation, although it should be noticed 
that there is a slight apparent increase in intensity at high temperatures 
and a slight diminution at low ones (plates 37 6 , c, 38 a, 6 , c, d, e). 

In the low-temperature experiments that part of the diamond under 
irradiation remained covered with a very thin film of liquid air, but the 
general excellence of the Laue })hotographs obtained under these conditions 
showed that no ay)preciab]e absorption or scattering by the liquid air itself 
could have affected the validity of the results. It was also found that while 
no ice formed on the part of the diamond in actual contact with liquid air, 
ice did form on the surface only 1 mm. away. This evidence of the extremely 
low thermal conductivity of diamond makes it doubtful whether any method 
which does not surround the irradiat<>d part of the specimen with the desired 
temperature (that is, which depends upon conductivity for its success) can 
possibly be satisfactory. 

( 8 ) Extra reflexions from { 110 } planers. Sir C. V. Raman has referred 
specifically to the absence of any extra spots corresponding to the ( 110 ) 
reflexion. Diamond, crystallizing as it does in a face-centred cubic lattice, 
cannot of course give any first-order selective or extra reflexions from the 
{ 110 } planes. The intensity of the ( 220 ) selective reflexion is about 46 % of 
that of the ( 111 ). When diamonds of type I are so orientated ([iTO] vertical, 
angle of incidence near to 37*65'^' for Ou 50*1° for YeKa radiation) as 
to give an {hhO) Laue reflexion near to the ( 220 ) Bragg position, strong 
primary and secondary reflexions may be observed with quite a short ex¬ 
posure (20 min. for the 5 kW tube). Diamonds of type II give only the 
primary reflexion. In all orientations some 6 ° or less from the Bragg angle, 
tlie secondary ( 220 ) reflexion consists of a j)air of sharp, inclined sjwts, 
vertically above and below the Laue spot; the primary spot is to one side 
and is, of course, much more diffuse in character (plate 36 6 , c). Some photo¬ 
graphs show primary and secondary reflexions from the (Ill) (202) (022) and 
(113) planes simultaneously (plate 37a). The ( 202 ) and ( 022 ) extra reflexions 
seen on such photographs consist of a sharp secondary spot superposed on 
a more diff use primary spot and sometimes accompanied by a sharp streak 
(plate 36 a), 

(9) Extra reflexions from {113} {331} {004} planes. The (113) secondary 
reflexions (in alternative orientations) are shown in plates 35 d, 37a,d,c. 
The (331) secondary reflexion has also been found in both alternative orionta- 
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tions, and (131) (311) (313) (133) reflexions observed, with the [iTO] axis 
vertical. 

The (004) Laue reflexion (plates 35c, 36 d) is apparently accompanied by a 
primary reflexion only. It may be pointed out, however, that any secondary 
reflexions corresponding to reflecting points on the [ 001 ] axis would coincide 
with the Laue spot in every orientation and could not therefore be observed, 
except by the use of strictly monochromatized radiation. This has not been 
attempted. Detailed contours of the reflecting regions in reciprocal space 
corresponding to the observed primary and aex^ondary reflexions will be 
publislied later, but it is significant that the (220) and (113) secondary 
reflexions correspond to reflecting points along the [ 100 ] and [ 010 ] direc¬ 
tions only. There are no secondary spots associated with either the (220) or 
the (113) reflexions which would correspond to points on the [ 001 ] axis. The 
(331) seondary reflexion corresponds mainly to reciprocal lattice reflecting 
points along the [ 001 ] direction, though there may be weak [ 100 ] [ 010 ] 
branches. 


Conclusions 

It would appear from Sir C. V. Raman’s paper'that the existence of the 
{ 220 } extra reflexions is incompatible with his theory. We have already 
pointed out (Lonsdale & Smith, 1941 ) that the structure-sensitiveness of 
the secondary reflexions shows that these cannot be explained on the Fax 6 n- 
Waller heat theory. Nor can the simple diftraction theory, as it stands, 
explain the absence of secondary spots corresponding to the [ 001 ] direction 
for the (220) (113) reflexions. At present these experimental facts, therefore, 
have received no satisfactory theoretical explanation. 

On the other hand, it must be emphasized that type I diamonds are not 
typical, or even ideal, crystals. The primary ddfuse reflexions, found for all 
diamonds, correspond closely to the diffuse reflexions observed under suit¬ 
able conditions of orientation, wave-length and temperature for all other 
crystalUne substances. The secondary reflexions are quite different in cha¬ 
racter, and indeed, as Sir C. V. Raman has insisted, are not diffuse reflexions 
at all. They are analogous in some respects to the sharp spots or scratches 
which are occasionally observed, superposed on the ordinary diffuse spots, 
in the case of cleaved or cold-worked crystals (Lonsdale & Smith; this 
Discussion, p, 20 ). Examples of these ‘strain’ spots have even been found 
on some photographs of ty]>e II diamonds with worked faces, but they 
disappear when the diamond is shifted slightly. They are not temperature- 
sensitive (plate 39 d, e). 

If the secondary diamond reflexions are to be explained on the basis of 
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strain, however, it mast be a strain which is cubic in symmetry and inhmient 
in the majority of diamonds, although in differing degree. The interdepend¬ 
ence of secondary effects an d extinction, and their variation vriith the diamond 
examined, make it obvious that intensity measurements, whether relative 
or absolute, will apply only to the particular diamonds used, and cannot 
be used for pur]> 08 e 8 of generalisation. 

Mr H. Smith has been associated with me throughout the entire course of 
this research. We are indebted to SirW. H. Bragg and to colleagues both in 
the Davy Faraday Laboratory and elsewhere for much helj) and interested 
encouragement. 
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Diffuse scattering of X-rays by crystals 

The Fax^n-Waller theory and the surfaces 
of isodiffusion for cubic crystals 

. By H. A/Jahn 

Davy Faraday Laboratory, Royal Institution 

(Communicated by Sir William Bragg, F.B.S,—Received 5 July 1941) 

An elementary derivation is given of the Fax 6 n-Waller formula for the 
diffuse scattering of X-rays by thermally excited lattice vibrations and the 
shapes of the surfaces of isodiffusion in reciprocal space for cubic crystals 
investigated. It is shown that for substances with high elastic anisotropy 
large deviations from spherical character are to be expected for the surfaces 
of isodiffusion belonging to each of the individual lattice planes and, more¬ 
over, marked differences in shape between surfaces belonging to different 
lattice planes. The theory is illustrated by oalculationa made for a single 
crystal of sodium, 

Reoent experimental work (Laval 1939; Preston 1939; Raman and 
Nilakantan 1940; Lonsdale, Knaggs and Smith 1940; Siegel and Zaohariasen 
1940,' Jaunoey and Baltzer 1941) has brought added interest to the funda¬ 
mental theoretical -work of Fax 4 n (1923) and Waller (1925) on the effect of 
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thermally excited lattice vibrations on the scattering of X-rays by crystals. 
This theory of TaxAn and Waller has been recapitulatedT recently by 
Zaohariasen (1940), who has shown that it is capable of giving general 
agreement with the experimental results. Zachariasen used, however, a 
less general expression than the complete Fax6n-Waller formula, his final 
formula not taking into account the full elastic anisotropy of the crystal. 
It is the purpose of this paper to deduce from the general expression given 
by both Fax^n and Waller the marmer in which the shape of the surfaces 
of ieodiffusion discussed by Laval (1939) depend upon the three fundamental 
elastic constants of a cubic crystal. It is found that for substances with high 
elastic anisotropy such as sodium, large deviations from spherical character 
are to be expected for the surf aces of isodiflusion belonging to each of the 
individual lattice planes and, moreover, marked differences in shape between 
surfaces belonging to different lattice planes. Theoretically, therefore, the 
diffuse scattering phenomenon is capable of being de veloped into a method 
of determining the elastic constants of crystals, although the experimental 
difficulties may be very great (one of them being, for example, the certainty 
that the crystal under investigation is free from internal strains or other 
imperfections),* These theoretically predicted variations will also be of 
importance in connexion with the rival theories (Preston-Bragg-Jauncey 
block hypothesis, Raman’s modified radiation hypothesist) which claim to 
explain the experimental results as well as the Fax^n-Waller-Zachariasen 
theory. Measurements on a strain-free single crystal of sodium might w^ell 
settle this controversy once and for all. 

The theory of Fax6n and Waller was in the nature of a correction to the 
original work of Debye (1914) on the subject. Debye’s calculation was 
equivalent to a process of first averaging over the thermal motion of the 
atoms, leading thereby to a temperature-dependent Gaussian distribution 
about each lattice point, and then calculating the scattering of X-rays from 
such a distribution (cf. Ewald 1940). Fax6n and Waller, on the other hand, 
pointed out that since the scattering takes place ifrom the instantaneous con¬ 
figuration of the crystal (neglecting retardation effects), calculation should 

♦ For instance, I at one time held the opinion that the triangular spots and the 
streaks found for diamond (Jahn and Lonsdale 1941 ) were indicative of a consider¬ 
able elastic anisotropy for the diamond crystal, but recent oxporimonte of Lonsdale 
and Smith which prove that these effects are found only with the one type of diamond 
€tnd not the other and that, moreover, the variation for different Bragg spots is 
not in accordance with the variation to be expected from the Fax^n-Waller theory, 
show conclusively that the effect in the one tyf)e of diamond is not due to thermally 
excited lattice vibrations of the unstrained perfect crystal. 

t See, for example, Jaunoey { 1941 ) and Ramem ( 1941 ). 
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firgt be made of the scattering from the instantaneous configuration and then 
an average taken over the thermal motion, instead of vice versa as Debye 
had done. The calculation of Fax 6 n and Waller and of Zachariasen has, 
however, been carried out in a manner which tends to obscure the simple 
physical basis of the theory. A much more direct approach to the theory has 
been outlined by Mauguin and Laval ( 1939 ) in a note on the Fourier trans¬ 
forms of lattice vibrations, and it would not be difficult to develop their 
method into a completely rigorous and physically satisfying derivation of 
the whole Fax4n-Waller theory. Preference is given, however, to the 
following very elementary but far from rigorous derivation of the funda¬ 
mental Fax 6 n-Waller formula, which should help to clarify the subject, 
being based as it is on ideas familiar to all crystal physicists. 


1. Elemektaky derivatiok of the Fax]6in-Waller formula 

The fundamental idea behind this derivation is that if the instantaneous 
configuration of a crystal traversed by a single plane wave is considered, 
the successive wave fronts of which make integral intercepts on the crystal 
axes, then the original fundamental basis of the translational lattice is 
replaced by a larger basis determined by these intercepts. This larger basis 
leads to a finer subdivision of the reciprocal space and to a structure factor 
which depends upon the wave form. Thus it can be said that a plane wave 
has the effect of dividing the crystal up into a lattice of congruent, similarly 
oriented and similarly deformed, crystal blocks, the size of the individual 
block being proportional to the wave-length of the wave. The existence of 
the whole lattice of blocks entails sharp scattering only, and the wave nature 
of the deformation of each block entails sharp restrictions on the directions 
for which scattering occurs. In fact, it is found that the single plane wave 
leads finally, so long as its amplitude is sufficiently small, only to two extra 
sharp scattering directions about each Bragg reflexion of the undisturbed 
crystal. Further, making use of the well-known resolution of the thermal 
motion into independent plane waves (normal modes of vibration), each 
with its own temperature excitation function depending upon the funda¬ 
mental frequency of vibration of the mode, it is found that to the first approxi¬ 
mation each plane wave scatters indej^endently. Thus it is seen how each 
Bragg reflexion is su rrounded by a cloud of sharp scattering directions, each 
of which is due to a different lattice vibration, i.e. to a different very large 
set of crystal blocks, in each particular set the blocks possessing the same 
size and deformation but different sets dffiering in the size and deformation 
of the individual blocks, each atom in the crystal belonging simultaneously 
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to every set. The fundamental difference between the Fax6n-Waller- 
Zachariasen theory and the Preston-Bragg-Jauncey block hypothesis is 
here clearly seen, for the essence of the latter was to derive this whole cloud 
of scattering directions from the well-known diffuseness of scattering from 
one small single crystal block. 

Next consider a crystal with one atom in the unit cell, l^et ag be 

the fundamental translational vectors of the lattice, bj, b^, bg the funda¬ 
mental vectors of the reciprocal lattice. Consider the instantaneous con¬ 
figuration of the crystal due to a single plane wave described by 

u, = ^esin27r|^ + ^ + ^|, (1) 

where is the displacement vector of the atom having the equilibrium 
position = liai-hZ 2®2 + ^ 8®3 (^i» ^8 integral), q the small amplitude of 
the wave, and e a unit vector describing the direction of jwlarization of the 
elastic wave (for a general direction of propagation in a crystal the motion 
is in general neither purely longitudinal nor purely transversal). The 
expression (1) can be written in the form 

U; — qe sin 27r(W, X,), 

with W = / bi + y- bj + ~ ba. 

Thus W is the wave vector of the wave (1). It is known from lattice theory 
that if from the origin of the reciprocal lattice are drawn the wave vectors 
W of all possible lattice waves, then for a large crystal the end-points of 
these vectors cover with uniform density the first Brillouin zone of the 
reciprocal lattice. Hence for a large crystal and fairly long waves a sufficiently 
fine selection of waves is obtained by restricting L^, to integral values. 
It is then seen that the instantaneous configuration described by (1) forms 
a complex lattice with atoms in the unit cell, the new fundamental 

translational vectors being 

with corresponding reciprocal lattice vectors 

Bg = bg/Z/g, Bg bg/Z/g. 

Consider now the scattering of X-rays from this complex lattice. 
Elementary theory shows that if 
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where Cq, e are unit vectors in the direction of incident and reflected rays, 
A the wave-length of the radiation, then Bragg reflexions take place only 
when 

B ^ B;v = Bi + Ba 4- Bg integral). 

Further, the intensity of scattering in the direction determined by B^y is 
proportional to the square of the structure factor or weight function ) 
in the reciprocal space of the complex lattice at the point B^. This is given by 


S{B 


N) 


1 ^->1 

_ Y Y V 

P T' .W Jimd ^ 7 


where V = volume of unit cell of complex lattice = v being the 

volume of the unit cell of the undisturbed crystal. Now if the amplitude q 
of the wave is sufficiently small, this can be written in the form 

'S(B^) = i i: ii ii e‘'*"<(*<-®A>{l + 2wig(e,B;v)Bm27r(W,X,)}, 

r J, Z,..l i,~l 

neglecting the higher powers of q. Putting 
«in 2;r(W,X,) = 1 

and (W, X,) , (X„ B^,) = N, + N, *-?, 

JJj 1j2 "3 -^1 

then 

+ 7rg(e, B^) i ^ I ^ |^exp [27rt j(iV, +1) (-^^2 + 1) {N, +1) j] 

- exp [27rt (N,~l) (2Vi - 1 ) (N^ - 1 )jJJ. 

/-I /vi r // 7 7 \“i 

Now H X X exp 27 ri(y-jVj + j:?iy^j + '/-Ns) 

is zero unless Nj = n^L^, iV, « »,Z< 2 , jVg = ?igL^ (TOj, TCj integral) when it 
has the value//iLjLj. Similarly 

S S S oxpr27rt(f (Ni + ]) + -^(N2+l) + j5(jv + i)n 

and S s’ S expr27ri|^(iVi-l) + y*(N 2 -l) + ^’-{iV;,-l)n 

L U-'l ^2 -t'3 /J 
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are zero unless 


+ 1 SK 71-1 Z/j, + 1 — + 1 — 

and 

I 

>-< 

II 

1 

11 

B6 

1 

II 

respectively. 

Thus remembering 



and putting 

b„ = Mibi + wjba + wgbg 



and 

w = r bi + ^bjj+y bs 

/>2 /'a 


= 81 + 62 + 83, 

it is seen that aS'(8y) vanishes except for 


or 


B v - b, , 


when *S^(8 jvt) 


8;v - b,, - W, when iS(8,v) = B^v), 


Ba' - b,, + W, when S{B^) - - nqi^, 8 a:). 


Thus the Fax6n-WalJer vector condition is reached. Further, the intensity 
of scattering in the direction determined by 8 - + W is proportional to 

5'2(8, e)*. It is known that the mean square amplitude of a harmonic 
oscillator is proportional to the mean energy E divided by the square of 
the frequency: 




E 


1 


I hv 
Y^hiffPrZl 




for hv<^kTf 


i.e. for long elastic waves. 

Considering now the superposition of a number of plane waves, it is 
easy io see that in the present approximation (assumption of small ampli¬ 
tudes) each plane wave scatters independently in the above manner. Thus 
taking into account the existence of tliree independent modes of vibration 
with frequencies ^3 directions of oscillation for any given 

wave vector W in the Brillouin zone, the Fax6n-Waller formula 


/(B)- 


(B,ei)« (8, e3)« 

p\ pI pI 
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for the intensity of scattering in the direction determined by the rector B 
drawn from the origin of the reciprocal lattice is reached, where, as stated 
above, 

B (e-Co)/A 

(to, c unit vectors in the direction of incident and reflected ray, A the wave¬ 
length of the monochromatic X-rays) and B and W are related by the 
Fax6n-Waller vector condition 

where b„ is that reciprocal lattice vector of the undisturbed crystal whose 
end-point lies nearest to that of B, i.e. which lies in the same Brillouin 
zone as B. 


2. Surfaces of isobiffusion for cubic crystals 
Now write the Fax 4 n-Waller formula 


/(B) = + ^ (b„ + W ,e,)» ^ (b, + W,e3)« 

vj 

in the form 

‘ = — :s- - +—TJ— 




^ (b„,e3 )( W ,e3) 




(W.ei)* (W.e*)*, (W.e,)* 


Lot Z, m, n denote the direction cosines of W relative to the cubic axes, 
L, if, N those ofb^. Then if 

W - r(/, m, n), 


Ji is the distance of tlie reciprocal lattice point under consideration from 
the origin and r is the distance of the end-point of B from the end-point 
of b^, r is also the reciprocal wave-length of the lattice wave, i.e. 

Vi-^rCi (i= 1 , 2 , 3 ), 

where is the velocity of the wave of frequency Further, let 
denote the direction cosines of the unit polarization vectors e^: 

1 , 2 , 3 ). 
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Then 

1(B) {LA,+ MB,-^-NC,)> 

' ’ c? 

2B I (LAi + MBf 4- NCf) {lAt+mBt +nCi) 

^ r ~ c? 

+ V M<±!!L-?i±2S»)! 

<-l cl 

If r<i JR (proximity to Bragg setting), only the first term need be considered, 
and it is found that for the radial co-ordinate r of the surface of equidifiusion 
(i.e. values of r for which /(B) is constant) 

.. 

In this approximation the surfaces of isodiffusion possess a centre of 
symmetry; the second term which we have neglected would introduce 
asymmetry for larger values of r for >vhioh however the whole acoustical 
approximation to which we are restricting ourselves (neglect of dispersion 
of the lattice waves) no longer applies. 

Now the velocities c^, Cj, C3 and polarkation vectors e^, of the three 
elastic waves of wave vector W having direction cosines /, w, n relative to 
the cubic axes are given by the three solutions of the simultaneous equations: 

{CiiZ3 4.C44(m^ + w3)-«y9Cf}v4,. + (Ci2-f-C44)(iwJS^ + /w(7^) = 0,| 

-f C44(Z3 -h n*) -pci} + (c^a + C44) {ImA^ + mw.6\) - 0, t (2) 

{cxin^ + C44(i* + m^)-pci} 4- (c^a -f C44) {InA^ -h mnB^) = 0, j 

where C44 are the'three elastic constants and p the density of the 

cubic crystal. These equations can be factorized into three independent 
equations for waves propagated along special directions in the crystal, viz. 
for waves propagated along the 100, 110, 111 and crystallographic equi¬ 
valent directions, for along these directions the lattice waves take the form 
of one pure longitudinal and two pure transverse waves. This gives rise to 
simple expressions for the relative intercepts of the surfaces of isodiffusion 
on these major crystallographic directions about any one of the reciprocal 
lattice points. These three special cases are treated below (§3). The expres¬ 
sions derived there together with the condition of centre of symmetry give 
us the intercepts in 26 directions about tlie reciprocal lattice point with 
direction cosines L, iff, N and hence give a fairly complete picture of the 
shape of the isodiffusion surfaces corresponding to any oiystal plane. For 
a general direction of propagation (1, m, n) there are neither pure transverse 
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nor pure longitudinal waves, and the intensity expression t?hen becomes 
much more complicated (in the general case the velocities are roots of cubic 
equations). Nevertheless, a general expression can be found for the inter¬ 
cepts of the isodiffusion surface in an arbitrary direction for a general 
crystal plane in a manner indicated by Waller in his dissertation by which 
the explicit solution of the cubic equations is avoided. This general expres¬ 
sion is derived in § 4 and used to obtain complete expressions for the contours 
of special plane sections of particular isodiff'usion surfaces. In § 5 the diffuse 
scattering surrounding the central beam is investigated separately and 
finally in § 6 some consequeiujes of the theory for the special case of sodium 
are indicated. 


3. InTERCKPTS of the ISOBIFFTTSION SXTEFACKS IN SPECIAL BIRECTIONS 
( 1 ) Elastic watm projiagatcd along a four-fold cuhie axis 
For example ? = 1, m = n ~ 0. 


The determining equations (2) become 

= 0 , 

giving the solutions 

pc\ = Cij, = 1, = (\ = 0, 

pc\ = c^^, = 1, = 0, 

pci = C44, = I, = J 5 j = 0, 

corresponding to a longitudinal wave of velocity \l(CiJp) and two transverse 
waves of the same velocity ^Hc^Jp). Substitution in the expression 


^ == V iLA, + 3IB, + NC \f 
<=-1 pci 

i/* + 

r*(l00) = 


(3) 


gives 

■'ll ''44 

for the square of the relative intercept on the x axis. By symmetry it is 
found for the intercepts on the y and z axes 


r»(0]0) 


hi 




^11 


^44 




Diffuat scattering of X-rays by crystals 


329 


(2) Elastic toaves propagated along a digonal axis 
For example Z « m » 1/^2, » » 0. 

The equations become 

{i(Cu + C44)— pel) Ai + |(Ci2 + C44) ^ 0, 

^44) P^'i} "h i(ci2 + C44) = 0, 

0. 

By combining the first two equations 

{i(%+Ci2 + 2 c 44 )-po?}M, + B,) - 0. 

{i(^ii ““ ^12) ■®<) ~ 

giving the three solutions 

pel - W-n + ^12 + 2C44), - B, ^ I/V2, (\ - 0, 

P^2 ~ ^la)* ^2 ~ ~ l/V^j ^2 ” 

pC^ = C 44 , -^2 ” -^3 “ ^9 ^^3 ^ 1 > 


the first being a pure longitudinal wave and the other two transverse waves, 
this time with different frequen(;ies. Substitution in ( 3 ) gives 

^11 + ^12 + ^^44 ^11 “ ^12 ^44 

and by symmetry 

'r3(io,)= 

+ ^1* + “ ^'it ^44 

,a(on)=.(A±A)!_ + (AzAI%A. 

+ 2C44 Cji — Cjj C44 

Similarly for the llO direction, i.e. I = — m= 1/^2, n = 0, 

~ *^ij) (-^i + ^i) “ 


{i(Cn + Cjs + 2C44) -pc?} (Ai - Bi) = 0, 


giving the intercepts 

H(lTO) 


(f'M—pcf)C5[ — 0, 


Cu + c„ + 2 cm c„ - ■*■ C44 ’ 


Vol 179 . A. 
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and by symmetry 

Cii + Cja + 2c« %-c„ C44 

r*(0lT) = .- + 

^11 ^12 + 2^44 ^11 “' ^12 ^44 

(3) Elastic tmvcji propagated along a trigonal axis 

For example 111 direction, i.e. I — m — n — 1/^3. 

The equations become 

{ J(Cii + 2C4j-pcf}^^+|(Ci2 + C4j - 0, 

{i(^n ”f" 2^44) H- ^(Cj2 + C44) (v 4 ^ + C^) ~ 0, 

{i(^ii 2C44) — pcf} + J(Ci2 + C44) 4* == 0, 

from which 

(^(^11 2^12 + ^ 44 ) i^i + + Q) = b, 

B(Cii-Ci2 + C44)~pc?)(^i-/?,.) * 0, 

{U<^n - + C 44 ) i^i = 0 , 

giving the solutions 

pcf 5 = + 2Cj2 4-4C44), = Bj = — l/<^3, 

pc| = ^(Cji — Cjg + C44), = — 782 — l/V^j ^4 “ 

“ i(^ii ”“ ^ 12 ^' 44 )? -^3 ^3 ~ ” VV®* 

Here the two transverse waves are degenerate (i.e. have the same frequency), 
and hence the corresponding modes are arbitrary apart from mutual ortho¬ 
gonality and orthogonality to the longitudinal mode. Then 

rmu) ^ _ 3 {L^M-2N n 

Cjj + 2Cj 2 4*4^44 Cji —Cj2 + C44| 2 6 ) 

:= ^ ±_^1" 2{1 Hi3f + L^+ MN)] 

Cii 4“ 2Ci2 4- ^44 Cjj — Cj 2 4“ C 44 




Table 1. Relative intercepts of surfaces of isobiffusion along special crystallographic directions 
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making use of L^ + M^ + N* == 1 . By symmetry it is found for the crystallo¬ 
graphic equivalent directions that 

r*(llT) = + ^ 2 {l-( LM-LN-MN )) 

Cii + 2 Ci 2 + 4C44 Cii — Cjjj + C44 




(L^ 




-i-^LM+LN-MN)} 


Cji -f 2 Cj2 + 


r ^44 


^11 “* ^12 "J” 


r^ni) ^ + ^ + , 2{l^(--LM ^LN^MN)} ^ 

Cj 1 + 2 Ci 2 -f- 4C44 Cji — C12 + C44 

These general expressions, together with their special values for j)artioular 
values of L, M, i.e. for particular lattice planes, are listed in table 1 . 
The special directions are lettered from a to m and shown in the accom¬ 
panying diagram (figure 1 ). 



4. InTBROKPTS of the ISOniFFUSION SURFACES 
TN ARBITRARY BIRBOTIONS 

Now proceed to calculate the relative intercepts of the isodiflFusion 
surfaces in arbitrary directions. Restriction is again made to scattering by 
the acoustical vibrations in close proximity to the Bragg setting. Strictly 
speaking this expression is valid only for a crystal with one atom in the unit 
cell, but it can be used also for a general crystal so long as the intermixture 
of the optical and acoustical modes can be neglected, i.e. if there are no 
exceptionally small optical frequencies. 
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Thus, for r<iR, 

h ■ .. 

>12 m /72 

ipc\ ipc^ i pc\ 

+ 2 LM'Z^^ + 2 LN'Z-^ + ^MN'L^- 

i pc\ ^ pc\ i pc\ 

Here Af, Bf, C{ and the velocities are determined by the equations 
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B, 


V? 


vr 


B — A A- A — 4- A •— 


V 4 


- -^is —‘2 + '^a 8 -^ + >l 8 S 


■»pc? 


9 l 
pcV ) 


(* = 1,2,3) 


(4) 


where for a general crystal with 21 elastic constants c„(r^s = 1,..., 6) 
■^11 “ Cni* + c,,m* + C55m* + 2cg,TO» + 2c,jln + 2ci,im, 

■^8* = ^66^* + c»j wi® + C44 w* + 2 c 24 mn + 2c4,in + Zc^lm, 

Aaa = Cjji* + C44m* + c,8?i* + 2c34mn+2c„ln + 2c4jlOT, 

^12 •* ®ld^® “I" CjjWl® + ^44*1® + (^25 + Cjj) WIW + (Cj4 + Cjj) Ifl + (Cj2 + Cjg) Ittl, 
Aiz = Cij(* + C4,m® + C35n»+(C3g + C45)m»+(Cxj + Cj5)l»+(Cj4 + Cj,)(TO, 
■^28 “ C24WI® + C347I* + (C23 + C44) Wlfl + (C34 + 043) In + (C2J + C44) Im 

(cf. Love, Theory of elasticity, p. 287). 

From (4) it is found that 


S^S “> 4 ui:^ + >li 2 S---r + > 4 i 8 2 ^*^'‘ 

i-l “ 4/3Cf “4 pcj 


pcf 






s^>ci»44„2:^+^28 2:-#+^8.s-- 2 

i-l i pc? < pc? i pc? 


4 jP<^o 
pc? ’ 

^ 4^4 


0, 
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ginoe the polarization vectors are unit and orthogonal vectors. Thus 


where 



A22 A 

Aon A 


as 


A 




2 


A,B, 


t p(^\ 









Ai2 

Aj3 

A =. 

^12 

Aiz 

-^23 


^13 

A 23 

A 83 


and {A denotes an element of the matrix A^^ inverse to A. 

In a similar manner 


1 P^i i P^i 


(•^ ^)s»' 


i M 


(•^ ^) 23 - 


Thus the general expression for the shape of the surfaces of iso¬ 
diffusion in close proxinnty to the reciprocal lattice point with direction 
cosines L, M, N is 


r%m,n) = + 

+ 2 LM -f 2 LN{A-^U + 2 MN(A-\^. 


•^11 = Ciil*-fC 44 (m* + W*), 

^22 = c„wi* +044(1*-t-n*), 

•^83 = Cjin*-t-C44(l* + m*), 


■^12 “ (Ci2 + C44)1wI, 
■^18 “ (^18 + ^44) 

^83 = {Cit + Cu)»in. 


For a cubic crystal 
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It then follows easily for a cubic crystal (cf» Waller) 

r*(Z, m, n) 
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c 


.] 


‘C11CI4 + + C12) {Cu - C12 - 2 c^ 4) (IW + /V + w%») 

+ (Cjn + 2 Ci 2 -f C4 J (C^i - C12 - 2 C 44 )^ 

X [L®{c|4 + C44(Cji ” C44) (m^ + n®) H- (c^ ■“ — 2^44) w®n®} 

+ Jif 2(c|4 H- ^44(^11 — C44) (P -f n^) + (^11 + Cjg) (Cji — C12 — 2C44) iV} 

-f W® (044 + ^44(021 — C44) (l^ + m^) + (Cji + C12) (Cii “ Cj2 — 2C44) Ihn^} 

- 2 TjM (Cj2 ^44) {^44 (^11 ^12 ^^'44) ^"^} 

- 2 LN (C42 + C44) {C44 -f (Cii - Ci2 - 2C44) rft2} In 

- + C44) (C44 4 - (Cn - Cj2 - 2^44) l^}mn]. 

The complicated nature of this expression should cause no surprise in view 
of the fact that it contains implicitly a complete account of the full acoustical 
spectrum (frequencies and directions of polarization) of the cubic crystal. 
It must, for instance, include as special values all the special formulae listed 
in table 1 above. That this is the case is easily verified. For example, for 
1/^2, m-^l/V2, w-0, 

,{L^ + M^ + m) + c«(c„ - c«) j~* + iV*] 

(Cij (Ci, 2c„) 

4 


r*(nO) = 


'’44V 


+ ■ 


+ C44(Cj8 + C44) LM 


c„ Ci 


®44(*'ll + ^ 12 ) {^'11 "■ ^12 ~ ^^' 44 ) 


r 2 c 44 (c,i + C^^) (L^ + M^) + (C,j - c„) 1 

= L X (Pl l + Cig + 2C44)iy » + 4C44(Cj 2 + C4«)LitfJ 

+ C„) (Cii - Cij - 2^^^ 

One verifies 

^ 44(^11 ~ <^ 12 ) (®U ®12 + 2 ^ 44 ) ~ ®44{^'U*^44 + (®11 + *'12)(‘^11~^12 — 2C44)}, 

and putting 2 {L^ + M^) — (L—M)* + (L + M)^, 

ArLM = {L+M)‘^-{L-Mf, 


it is found that 


r®44(®ll “ ®12 

L x(i' + 


r*(110) 

_ {L- M)^ 

i+cr 

as given above (table 1). 


“ ^12) (^ ~ ■^)* + ^“'44(^11 + <^12 + 2C44) 

+ M)^ + (Cij — C12) {C41 + Cjj + 2 c4 ^) iV* 


] 


^44(^11 ~ ^12) (^11 + ^12 + 2C44) 
^11 + <^12 + 2^44 ^11 ” <^12 ^44* 
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The above general formula can be used to derive expresaionB for the 
contours of isodiffueion in special planes of the reciprocal lattice. For 
example, for the contours in the 100, 010 plane of the reciprocal lattice put 

JV = 0, I/ = co8 0, M = sm0, 

n = 0, 1 = cos m = sin <j>. 


and it is easily found that 


r\ 0 , 


C44 cos* (0 - { 4 ) + C41 sin* (0 — ^ 4 ) + ^ sin 20 sin 20 

A 

Cii C 44 + i(Cjj + Cjj) (Cij - Cjg - 2C44) sin* 20 


^11 + + (^44 ~ Cii) 20 cos 20 — (Cjg + C44) sin 20 sin 20 

2^11 C44 + i(Cii + Cjj) (Cjj — Cjj—2C44) sin* 20 


For 0 => 0 (100 reflexion) this becomes 


r*(0,0) 


C44 cos* 0 + Cjj sin* 0 

‘^11 ^44 + — ^12 “ 2C44) sin* 20 


and for 0 = 46 ° (110 reflexion) 


r*( 46 °, 0 ) = 


Cn + C44 — (Cjt+C44) sin 20 


2^11^44 + J(Cii + Cjj) (cj4 — Cjj — 2C44) sin* 20 






k 

I 

>l(z) 

Fioukb 2 




Further, expressions for the contours of special plane sections of special 
reciprocal lattice regions can be derived. Thus a section through the 001 
reciprocal lattice point perpendicular to the 001 axis is given by 


n = 0, w* =1, i=s:Jlf=*0, N ^ If 

firom which 


— ^11^44 ^ fax ^It) (^11 ^12 ^ „ J|_ 

^44 {^11 ®44 + (^11 ^is) (^U "" ^18 "" ^^44) ^^44 ’ 


and these particular sections are circular for all cubic crystals. On the other 
hand, for a plane section through the 111 reciprocal lattice point perpen- 
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dioular to the trigonal axis, the contours have only trigonal symmetry. 
For, letting (j> denote the angle between the radius vector in the plane and 
the projection of the on the plane (figure 2), it is found that 

^ COB ^ sin </> 

COS 6 sin 6 

2 j 

n = 

giving i + m -f » = 0, 

Jm + Zn-fwiw. 

Ihri^ H- Z*n* + m%* J, 

Ihn^n^ = ^ cos® 30, 

so that with L ^ M N — l/>y/3 

r®(0) =C ^4 4 ^ ^44) ^la ) fal ^12 ^^44) 

^ r^ll ^44 i^44(^ll + ^12) (^11 “ ^12 ~ 2^44) ++ 2 Cj 2 + C44) 1 

L (<^11 ^12 "" 2C44)® 008 ® 30 j 

This theoretical result would appear to be more reasonable than the 
generalization Laval makes from his experimental results, namely, that the 
contours in all cases in a plane perpendicular to the axis joining the reciprocal 
lattice point to the origin would be circular. 


6. Diffuse scattering about the central beam 


Consider finally the scattering at small angles near the central beam, 
i.e. the diffuse scattering belonging to the 000 reflexion. The particular term 
considered above vanishes here because JR == 0. Returning to the general 
Fax^n-Waller formula, it is found that for the 000 scattering 


/(Z, wi,n) 


t-l pc? 


.„C? 

^ S:d + ’« Sir5+«*2 - 


‘pc? 


iPC? 


pc? 


+ 2lm S -■?- + 2ln 2 +2mn 2 

T /oc? t pc? < 


BjC, 

pc? ■ 
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For a cubic crystal this becomes 

+ 2044(0^1 - Cj 2 — 2C44) ( Pm ^ + Pn ^ + m ^ n ^) 

r/i X _ ____ 4- 3(Cix — C12 ^ 2044)^ 

’ ’ >llC|4 + C44(Ci,4-Ci8)(Cii-Ci8'~2C44){i“m* + ^V + mV) 

«. (^11 ^'44) (^11 ^12 "*" 2C44)® 

Thus in the present approximation (neglect of the dispersion of the 
latticje waves), the scattering intensity depends only on the direction 
cosines of the lattice wave determining the direction of scattering (see 
figure 3). Thus the contours of isodiffusion in the Brillouin zone surrounding 
the 000 point of the reciprocal lattice are straight lines through the origin 
in this approximation. 



6. SOATTERINO FOR SODIUM STKOLK CRYSTALS 

Illustration of this theory may be made by e valuating certain of the above 
formulae for the special case of sodium. Taking the values of the elastic 
constants given by Quimby and Siegel (1938), viz. 

== O'TOOCn, C44 = 0-014cn (at 200^K) 

(relative values only), the relative intercepts of the isodiffusion surfaces 
belonging to the 002, 110, 222 Bragg reflexions are found to have the values 
given in table 2 for the 26 directions shown in figure 1 (putting Cu = 1). 

As is seen a large anisotropy of the isodiffusion surfaces for sodium is 
predicted by the Fax^n-Waller theory. This is due essentially to the smaU- 
ness of the fundamental elastic constant wluch has as a consequence 

the existence of transverse waves of particularly small frequency along the 
digonal axes of the crystal. Finally, calculation has been made of some of 
the curves of isodiffusion in the 200, 020 plane of the reciprocal lattice 
(cf. Jahn 1941), Sodium crystallizes in a simple body-centred lattice, so 
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that, aB is well known, the reciprocal lattice of the undisturbed crystal is 
face centred. A part of the 200, 020 plane of this reciprocal lattice is shown 


Table 2 


w 

B 

002 

110 

222 

a 

100 

1 05 

1*02 

103 

b 

010 

106 

102 

103 

c 

001 

1 

1-06 

103 

d 

110 

106 

0*748 

0*857 

e 

101 

211 

1*66 

0*867 

f 1 

oil 

211 

1*66 

0-867 

9 

1 llo 

1*05 

2*89 

2*43 

h 

1 101 

211 

1*66 

2*43 

i 

I on 

211 

1*66 

2-43 

j 

' 111 

1*38 

1*09 

0-698 

k 

111 

1-38 

1*09 

1*54 

1 

111 

1*38 

1*62 

1*54 

m 

111 

1*38 

1*62 

1*54 


in figure 4 together with the shape of curves of isodifiFusion surrounding the 
reciprocal lattice points. It is to be hoy)ed that experiments will be forth¬ 
coming to test these predictions of the Fax6n-Waller theory. 



Ftottrk 4 . Part of 200,020 plane of reciprocal lattice, showing shapes of 
sections of isodiffusion surfaces predicted by the Fax^n-Waller theory. 
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Statistical mechanics of binary systems 

By Klaus Fuchs 

University of Edinburgh 

(Communicated by M. Bom, F.R.8.—Received 31 March 1941— 
Revised 17 June. 1941) 

Mayer’s method for the expansion of the partition fimction of a gas is 
adapted to the oaloulation of the partition function of a bmary solid solu¬ 
tion. The partition function is expanded in powers of the atomic fraction. 
Singularities in this expansion correspond to a phase transition. The singu¬ 
larity can be calculated in the simplest case of a binary solution with a 
two-phase region. This (Jase is treated in ftdl; the limits of solubility and 
the specific heat are obtained. The latter is discontinuous at the phase 
botmdaries. 


1. Introduction 

The simplest approximation in calculating the partition function of 
binary systems is obtained by assuming that the atoms of the two sub¬ 
stances are distributed at random over the lattice points. In actual fact the 
random distribution is not the most probable configuration, owing to the 
fact that the interaction energies between like and unlike atoms in general 
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diflFer, Therefore, even in solution, like atoms will tend to coagulate or to 
keep apart from each other as the case may be. This effect is well known from 
Bethe’s theory of superstructure (1935); according to this theory there 
remains a certain degree of ‘short distance order’, even above the critical 
temperature, when no superstructure remains. Early attempts to take this 
fact into account usually had to introduce some more or less arbitrary 
assumption (cf. Guggenheim 1935). The development of the theory of 
superstructure supplied methods by means of which an approximate treat¬ 
ment of the present problem could be given. This was done by Rushbrooke 
(1938), who used Bethe’s methods, and by Kirkwood (1939), who applied 
his own order-disorder theory to this problem. 

In this paper 1 wish to treat this problem by another method. The situa¬ 
tion is very similar to that found in the evaluation of the partition function 
of a gas. In the ideal gas the most probable configuration is a random dis¬ 
tribution of the molecules. In actual fact the probability that two molecules 
are near each other is greater than the probability given by a random dis¬ 
tribution, owing to the attraction between the molecules. This problem 
has been solved by Mayer and his collaborators (Mayer 1937; Mayer and 
Ackermann 1937; Mayer and Harrison 1938; Mayer and Goepert-Ma.yer 
1940). He obtained an expansion of the partition function of the gas in 
terms of the reciprocal volume and was able to show that certain singu¬ 
larities in this expansion are connected with the transition to the condensed 
phase. 

In this paper I shall employ the same method in order to obtain the 
partition function of a binary system, assuming central forces between 
the particles. The partition function is obtained as an expansion in powers 
of the atomic fraction. The singularities in this expansion ore connected 
either with the appearance of superstructure or with a two-phase region. 
The former case will not be treated in this paper. 

In attempting to determine the singularities of the expansion we meet 
the same difficulty as in the theory of gases. In principle the singularities 
are determined by the asymptotic value of the coefficients in the expansion; 
however, it is extremely difficult to assess this value without introducing 
assumptions which are not easily justified. As in the theory of oondonsa- 
ation, indirect methods must be used and this can be done very easily for 
a binary solution with a two-phase region. Once this is done, the free 
energy and therefore also the thermal energy and 8j:)ecific heat can be 
obtained for any atomic fraction. 

The notation used by Born and Fuchs (1938, in the following quoto<l 
as I) will be employed throughout, and I shall quote freely from that 
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paper since many equations need only slight modifications in order to be 
applied to the present problem. 

Numerical calculations in this paper refer to the body-centred cubic 
lattice. 


2. ThK COKJy'IGURATIONAL ENERGY AN1> THE PARTITION FUNCTION 

Consider a system of N atoms, composed of . 4 -atoms and 
B-atoms, Here and Cf, are the atomic fractions ; their sum is unity 

+ ( 2 * 1 ) 

The N atoms are distributed over N lattice points. Any distribution con¬ 
stitutes a thermodynamical configuration. 

I introduce the following simplifications: 

(1) The thermal oscillations are independent of the configuration. I 
may then disregard them altogether, since they give only an additive 
constant. Only if changes of volume are taken into account should the 
volume dependence of the thermal frequencies be included. 

(2) The interactions between like and unlike particles differ only if the 
two particles are nearest neighbours, but not if they are farther apart. This 
simplification is not essential for the application of the following method, 
but it should be a good approximation if the difference in the interaction 
arises mainly from the repulsive forces. 

With these simplifications the total energy of a configuration can be 
expressed in tenns of the numbers a, 6, c of nearest neighbour bonds between 
two -atoms, two J?-atoms or an . 4 -atom and a i?-atom: 

E - + + (2*2) 

Here Vaa,V^ and Va. are the interaction energies between the corresponding 
pairs of particles when they are nearest neighbours, and F' represents the 
remainder of the energy. 

The bond number a obviously depends only on the configuration of the 
A-atoms. But, if the latter is given, the jB-atoms must necessarily occupy 
the remaining vacant lattice points, so that the total configuration is also 
determined apart from trivial intercbanges of the ^-atoms, I should 
therefore expect that the three bond numbers a, 6, c are not independent of 
each other. 

Indeed, a short calculation gives (of. Guggenheim 1935) 

E^aV^NV% ( 2 - 3 ) 
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where 




F" = F' + inV,, + «c„(F^ - F^). (2-5) 

The partition function of the system is now given by the sum over all 
configurations 

I mentioned above that it is in fact sufficient to consider only the configura¬ 
tions of J-atoms; thus the partition function can also be written in the 
following form: 

) I ^ -conf. ^• .4 -coni. 

Apart from the factor exp (—nV'/kT), this partition function is the parti¬ 
tion function of a system of c^N particles distributed over N lattice points, 
with an interaction energy v between two particles given by 

{00 if the two atoms are at the same lattice point, 

V ^ < V if the two atoms are nearest neighbours, ( 2 ’ 8 ) 

10 otherwise. 

Let denote the potential (2*8) between the ith and jth j>article at the 
lattice points 2^, 2^. Then the partition function may be written in the form 

. S S - S n (M^c^N). (2-9) 


3, Expansion of the partition function 

The expression on the right-hand side of equation ( 2 * 9 ) is exactly analogous 
to the expression of the configurational partition function Q^jN ! of a gas, 
except that the integration over the co-ordinates is replaced by the sum¬ 
mation over all lattice points and that N is replaced by c^jY (cf. 1 , 1 * 3 ), 

I introduce as in I 

— 1 if the two atoms are at the 

same lattice point, 

fif - ^— 1 = ^ ^-VjkT _ 1 if f atoms are nearest ( 3 * 1 ) 

neighbours, 

^0 otherwise. 

I now proceed with the expansion of the partition function analogous to 
Mayer*s expansion. The calcula;tion is exactly the same and need not be 
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repeated. Instead of the cluster integrals and irreducible cluster integrals 
(cf. I, 1*6 and §2), I obtain here cluster sums and irreducible cluster sums, 
which will be denoted by the same symbols b'l and respectively. Instead 
of the total volume, arising from the integration over the co-ordinates of 
a particle, with the integrand equal to 1,1 obtain a summation over the 
lattice points, giving the total number N of lattice points. The volume v i>er 
particle must then be replaced by Njc^N = /«, where/„ is defined by 

/„ = ^- (3-2) 

Analogous to (I, 3*2) the partition function (2*9) is 

^ fM, (3-3) 

where the JP-functions are defined by (1,3*1). The relation between the 
cluster sums and the irreducible cluster sums is the same as for the corre¬ 
sponding integrals (cf. 1,3*2) 

(3*4) 

As in I we introduce the G-funotions 

== (3-6) 

{3-6) 

The expression of the -functions in terms of the (?-functions was proved 
in I in general, and can be applied immediately. 

Lot then E be the smallest singularity of fj)^) on the positive g-axis 
and define 

(3*7) 

Then takes the plae^e of the reciprocal condensation volume. For 
smaller than c„ we find, corresponding to (1,6*10), 

lira ^ ~ In = 0 ^{Z, /„6,) - In Z, (3-8) 

jV-y OoC^iV 

where Z is the root of the equation = 1, or with (3*2) 

(?,(Z,6,) = c„. (3-9) 

The free energy ie defined by 

A = ~hT\nQ^~RT lira ^Inf^^v 

N-.® A' 


(3-10) 
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Substituting ( 3 ’ 8 ) and the expression (2-6) for V this gives 

A = Ni^mcJnZ- 0 ,(ZM + r>Ca{V^-Vu,)+lv^+ F'j. (3-11) 

For greater than c^, the free energy is given by the same expression with 
Z replaced by Z. 

In Z and Oq[Z, 6i) can be expressed in power series of the atomic fraction 
corresponding to the power series in the reciprocal volume for the gas. 
From (I, 6*8) we have 

lnZ-lnc«-Go(^«,y?,), (3-12) 

and from (1,6-5) 

Go(Z,^) = Ca(l (3-13) 

Thus the free energy (3»11) can also be written in the form 

^ * r{ln c„ - 1 - G„(c„, + Go, i(c„, /?,)} c„ + nc„(F^ ^ ^ 

(c„<c„). (3-14) 

^ = ^^{Cnan c„ - /4)) - c„( 1 - 1 + V' 

(c„>c„). (3-16) 

By exchanging the indices a and 6 we obtain similar equations for the free 
energy for small concentrations of the B-atoms 

^ = A:T(ln — 1 — Go(c,^, ^{c^, — V^) + -+ V* 

( 3 * 10 ) 

^ =. iTKEln ct - Go(Cfc, A,)] - c,[l - <yo.i(c6. /?,)]} + «c,(F^ - F^) + |f„„+F' 

. (3-17) 

where = c^,. (3-18) 

If c„ or Cf, are greater than 1 the expressions (3-14) and (3-16) hold over the 
whole range of concentrations and the two substances form a solid solution 
for any concentration. The same is clearly the case if is greater than 
unity. In the latter case the expressions (3* 14), (3-16) have a common region 
of validity, in which they must be identical; it follows that neither of them 
can have a singularity throughout the whole region of atomic fractions and 
as well os must be greater than unity. 
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If we neglect the change of volume with the atomic fraction it follows of 
course that and Cf, are identical, since in this case the definitions (3-7) and 
(3-18) coincide* 

4. Binary solutions with a two-phase region 

The expression (3-15) for the firee energy holds up to an atomic fraction for 
which the large cluster sums bi begin to depend on the size of the lattice. In 
this region the free energy is linear in the atomic fraction. For greater than 
1 the free energy, according to (3-16), is not linear. It follows that this 
atomic fraction, for wliich the linear expression (3*15) breaks down, is smaller 
than or equal to 1 — 

Consider the case that (3*15) holds right up to l — Then there are 
three distinct regions: small atomic fractions of -atoms (c„<c^), small 
atomic fractions of J5-atoris (c^, ^ c^), and a region in between in which the 
free energy is linear. In the first two regions the two substances form a solid 
solution; in the middle region we have clearly a two-phase region. 

The atomic fractions Ci, then are the limits of solubility. In principle 
they are given by the asymptotic value of the irreducible cluster sums. But 
in practice it is impossible to evaluate them. One can, however, determine the 
limits of solubility by an indirect method. In the two-phase region we have 
two different expressions (3*16) and (3* 17) for the free energy. They must be 
identical. Since the free energy in this region is linear, I obtain two con¬ 
ditions which are sufficient to determine the two limits of solubility. If I 
wish to take into account the change of volume between the two atomic 
fractions, the irreducible cluster integrals and the interaction energies in the 
two expressions (3*15) and (3*17) are not identical, and I shall add a suffix 
a or 6, indicating that the values of these quantities for the volumes corre¬ 
sponding to the atomic fractions and are understood. Furthermore, I 
have to add in this case the free energy due to the thermal osoillations. 
The two conditions then are 

A:T{lnc„ + lnc,-Oo(c„,/?<“))-(?o(c,,iffn} = (4*1) 

/?<“>) - /?<«) - c„ + c,] + In c„- In c, - G^(c,, /S<“>) 

+ Oo{ct,m = n{F<g- + (4-2) 

If the change of volume can be neglected, the last equation is identically 
satisfied. The first reduces to 

kT{ln'c^-Go{c^,fi^)} = inF. 


(4*3) 
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Witih (3*12) this can also be written in the form 

Z - (4*4) 

which shows the physical significance of E. 

With (3*7) the solution of (4*3) is now 

(4*5) 

A few words are necessary to explain how it is possible that the series 
(3*7) defining can 'know’ which volume will be the correct volume at the 
other side of the two-phase region. Strictly speaking this is not the case 
according to our definitions, and the singularity Z is always given by (4*4). 
But a slight change in the definition of the partition function (2*9) will 
supply the large cluster sums in (3*7) with the necessary 'knowledge’. If 
I include in this definition an integration over all possible lattice constants, 
tlie cluster sums must also be integrated over the lattice constant and then 
the large cluster sums will automatically take their maximum value as a 
function of the lattice constant. Now, the important large cluster sums in 
the definition of must be those corresponding to the most probable 
configuration on the other side of the two-phase region, and they will 
therefore take their values for the corresponding lattice constant. The strict 
calculation would introduce further complications. But instead of starting 
a priori from the total partition function (including various lattice con¬ 
stants), we may start from a partial partition function and then api)ly the 
tw'o-phase rule. This is what I have done in fact in deriving the equations 
(4*1) and (4-2) for the limits of solubility. 


5. Thk cluster sums for F = 0 

Consider the special case that the interaction V vanishes 

+ {5*1) 

Then the energy is the same for any configuration. Taking, for example, 
complete separation of the two substances, the energy is 

{CaVaa + + NV'^ Jv{c„n(F^ - F^)+1 Ft, + F'j. (6-2) 

The Boltzman factor in the partition function (2’6) is now constant and the 
sum gives the total number of configurations N !: 


Qn 


N\ 

(c,N)\{c,N)\ 




(6-3) 


*3-* 
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By means of Stirling’s formula the free energy is 

A = iv|*:r(c„lnc„ + C6lnc6) + c„»(l^-P;j) + |»^6+7'|. (6-4) 

Comparison of this expression with (3*14) gives 

c„{l + (?„{c„,^,)-«o,i(c„,/ff,)}--(l-cJln(l-c„). (5-5) 

Expanding the logarithm and comparing coefficients I find 

A = ( 5 ' 6 ) 

With this value of the irreducible cluster integrals the G'-funotions can easily 

be summed. The result is 

Go(c„, A) = In (1 - cj, OoJc„, A) = +1. (6-7) 

GiK,A) = {6-8) 

= (5-9) 

Now, we have the following expansion of the exponential function (cf. 
1,3-4) 

r-o 


Introducing the value (6-7) for 0^, 


S F(l\l,A)C 

r-o 


Comparison of the coefficients yields 


F(V,l,A)^{ 




,5.10, 

0 

For r =» 1 -1 the JF-function gives, according to (3*4), the cluster sum 6/ 
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0. Binary soiitmoNs at otgh tempbratures 

At sufficiently high temperatures we can expandgiven by (3*1), and 
therefore also the cluster sums in powers of the reciprocal temperature 


fii 


( 




\ 


— 1 — ip 

V 1/ F\* 

2(m") " ‘neighbouring lattice points, 
0 otherwise, 


(61) 


( 6 - 2 ) 


Now, the limiting cases T-^oo and F“>0 are clearly identical. The 
temperature-independent parts of the cluster sums are therefore identical 
with those fotmd in the last section 

= (6-3) 


Furthermore, since in each irreducible cluster sum each particle is con¬ 
nected with at least two others, we shall obtain in the temperature-depen¬ 
dent part at least two factors l/kT; the only exception is which contains 
only one bond between the two particles. The value of is easily obtained. 
Thus (n is the co-ordination number) 




-n 

0 (v>l). 


I now split p into three parts 


(6-4) 


{6-5) 


The 6^-funotions are linear in the and therefore additive, 

GxKJ,) » + (0-6) 

The <3>-funotions with contain according to (6'4) only one term, 
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With the help of this expression and (6'7) the partition function (3*14) can 
be written in the form 

^ = kT{c^ In Cfl + (I — c„) In (1 — c„)—c„ fi,) + c„, ^)} 

+ |Fc* + nc„{F^-F^)+|Fa, + r (c„<cj. (6*8) 

and a similar expression for small values of c^. 

At very high temperatures one need consider in first approximation only 
the temperature-independent part. In that case, however, the expansion 
(6-8) has no singularity and holds for all atomic fractions. The same holds 
for the corresponding expression in The two expressions must therefore 
be identical. This gives the following equation: 

= (l-c„){Oo(l-c„./?;)-Go.i(l-c„,/?;)}. (6-9) 
Successive diflferentiation with regard to gives 

G'o(Ca.^;) = -Oo(l-c«./?:). (6*10) 

-- G'i(c„, An = 0,(1 -c„, Ai), (6*11) 

;l{0,(c„.An-0,(c„,A;)} = ( 6 * 12 ) 

In particular for c„ = 1 - c„ = ^ 

Oo(i,An = 0 , 0,(4,a:) = 0,(4,a:). (e-is) 

7. The cbitioai. tempbkatctbe 

It has been seen in the last section that for high temperatures the two 
substances form a solid solution for any atomic fraction. If for low tem¬ 
peratures this is not the case, there must be a critical temperature T^, such 
that above this temperature the two substances form a solid solution for 
all atomic fractions but not below this temperature. 

For the critical temperature and the corresponding critical atomic frac¬ 
tion C we obtain formulae analogous to those in I (cf. 1,7*3) 

(?,(C\An»l. (3',((7,An = <> (J’-^’c). (7*1) 

These two equations are sufficient to determine the critical temperature 
and atomic fraction. However, the critical atomic fraction can be obtained 
easily in a different way. For the critical temperature the two limits c„ and 
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Cf^ correspond to the same atomic fraction, i.e. l — In that case, 
however, the volume is the same for both atomic fractions and therefore 
Cfl » Cft. The solution of these two equations gives the critical atomic fraction 

C - i (7^2) 

Introducing this value in {7-1) we obtain two equations for 

(T^T,). (7-3) 

It can easily be shown that there exists an identity between these two 
equations. With (5*8), (5*9) and (6*7) they can be written in the form 

= {T = n (7-4) 

According to (6*13) these two equations are identical. 

The numerical solution of this equation is given in the Appendix. The 
result for the body-centred lattice is 

-^^^ = <>60. (7-5) 

It is interesting to note that there is no solution for positive values of V. 
The critical temperature corresponding to the appearance of superstructure 
is therefore not given by these equations. 

8. THK limits of SOLUBHoITY 

Below the critical temperature there exists a two-phase region between 
the limits of solubility and c^. These are given either by a singularity in 

the series or by the equation 0 ^( 0 ^, = 1, whichever gives the 

smaller value (of. I, § 6). In both oases the equation (4*3) must hold, which 
has been derived in general, 

lnc„-(?o(c„,A.) = |~. (8-1) 

Now, it can easily be proved that the solution of this equation does not 
coincide with the solution of = 1, the latter being in fact larger than the 
former (strictly speaking there is no solution of = 1, since beyond the 
singularity this series is only semi-convergent). 

It follows that below the critical point c„ is a singular point* and that 

(T<T,). (8-2) 

♦ Mayer and Harrisou (1938) lias foimd for gases a small region below the critical 
temperature where the oondansation volume (corresponding to our Ca) is given by 
t= 1. No such region occurs for binary solutions with a two-phase region. 
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With (5-7) and (6-7) the equation (8-1) can be written in the form 

In c„ - In (1 - c„) - G,(c„, yT,) == (1 - 2cJ. (8-3) 

The series in this equation converges well even near the critical tem¬ 
perature, For low temperatures, however, it is more convenient to use the 
series (4*6) since it gives directly the solution The calculation is carried 
out in the Appendix. The result is given in figure 1. 



Fioubb 1 . Tlitt phase diagram of binary solid solutions with 
a two-phase region in the body-centred lattice. 

At very low temperatures it is sufficient to consider only the first term 
in the series (4*6). Then we have 

{kT<^\V\Y (8-4) 

V being negative, the limits of solubility tend to zero for T against zero. 


9. 'rHK SPECIFIC HEAT 

Now consider a binary solution with a definite atomic fraction c^,. As 
the temperature changes, the most probable configuration will change with 
the temperature. At low temperatures like atoms tend to keep apart from 
each other, as it is energetically more favourable; but at higher temperatures 
the probability of like atoms being in neighbouring positions increases, 
until for infinite temperature it coincides with the probability obtained 
from a random distribution. This change is accompanied by an increase in 
energy and leads therefore to an additional specific heat. The total thermal 
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energy absorbed in this way can be obtained immediately. At zero tem¬ 
perature there is complete separation of the two substances. The energy 
is then 


At infinite temperature there is random distribution with an energy 


■/*8 ^ 


The difference is 


Nn . 
'2 


{9-1) 


(9-2) 


(9-3) 


In order to obtain the thermal energy for any temperature, we use the 
thermodynamical connexion between the free energy and the thermal 
energy. It will be most convenient for this purpose to introduce instead of 
the temperature the variable ^ defined by 

F 




kT' 


(9-4) 


The mean value of the energy is then from (2-7) 

E = + 

Qdi^ ’ 

or, introducing the free energy (3'10), 

Using the expression (3-14) for the free energy, we obtain 

In the two-phase region we have to take into account that c„ is also a func¬ 
tion of the temperature. From (4*3) and (4*6) one obtains the alternative 
equations 


(9-6) 


(9-6) 


(9-7) 


0C„ 


'. + 0, 


(c ^ 

“’agj 


lnO,(ei»i,h,) + 0,^€*nS,^y (9-8) 


0g 

Using the expression (3'16) for the free energy in the two-phase region, the 
mean energy is 




>C«)- 


(9-9) 
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Companng this expression with (9*7), it will be seen that the two expressions 
coincide for = c^. There is therefore no heat of transformation for the 
transition from the two-phase region to the region of solubility. 

At low temperatures it is more convenient to use in the two-phase region 
the expansion of the free energy in terms of the cluster stuns bi, it is given 



Fiamas 2 . The speoific heat for various atomic fraotiooa of binary solid 
solutions with a two-phase region in the body-centred lattice. 

by (3-11), if in that equation Z is replaced by Z, the latter being given by 
(4* 4). The result is 

J - Nv\^\n{Ca- *,)) - j + AF" (c„ > c„). (9*10) 

The specific heat is given by 




^_ V_dE 

dT^ kT*dg' 


(9-11) 
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From (9'7), (9-9) and ( 9 * 10 ) we obtain 


l(C„,A) 


(9-12) 

(c«>Ca). 

(913) 


c„ = 6,)} (c„ > c„). (9-14) 


It is interesting to note that in the two-phase region the specific heat does 
not depend on the atomic fraction. 

Comparison of (9-12) and (9-13) shows that the specific heat is discon¬ 
tinuous at a temperature T(Ca), for which the given atomic fraction is 
identical with the limit of solubility c^. Since 0^ and 0^ converge for the 
singularity and is smaller than unity, the speoific heat below the 
temperature T(c^ is larger than above by the finite amount 


Jc„ = lim K(r(Ca) + €)-c„(3r(c„)-e)] = Nk^H, 

c—>• 0 


(in + Go(c„,^')} 


(9-15) 


The numerical calculation for the body centred lattice is given in the 
Appendix. The result is shown in figure 2 . 


10 . Comparison with the theories of Rushbrooke 
AND Kirkwood 

Let us, in conclusion, compare the results of the present paper with those 
obtained by Rushbrooke ( 1938 ) and Kirkwood { 1939 ). It will be sufficient 
to compare the formulae for the free energy and the critical temperature. 

Rushbrooke’s result for the deviation of the free energy from the free 
energy of a perfect solution (i.e. V = 0 ) is given in the formula at the bottom 
of p. 298 of his paper up to terms in the square of the atomic fraction. 
Higher terms can easily be obtained from the equation for S. on the same 
page. The result is in the present notation 


+ 1 - 3c^ -h (Rushbrooke). ( 10 - 1 ) 
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Substituting for the (S'-series in (6*8) according to the equations (A. 5) and 
(A. 7) of the appendix, 

AA = A-Jnf;„c„-in]^6C6-iiT{c„lnc„+Cjlncj,} 

= J?r{-in^c„c,-^£ (10-2) 

With the 7 ^ given by (A, 9) and n ^ 8, it follows that Rushbrooke’s equation 
agrees with (10'2) up to the third power in 

For the critical temperature Rushbrooke finds the equation (of. p. 309 
of his paper) 

6^/2 =: 1 (Rushbrooke), (10-3) 

n 

which agrees with the equation (A. 14) of the appendix up to the third 
power in 

Kirkwood obtains a priori an expansion in powers of the reciprocal 
temperature. He finds (equation (23) of his paper gives the * fifee energy of 
mixing’ from which (c^lnc^ + c^lnc^)iV^i;r must be subtracted in order to 
obtain AA) 

A A « ET{ - - MM (Kirkwood). (10*4) 

On substitution of the value (A. 10) for in the equation (10*2), it is 
found that this equation reduces to (10*4), if only terms to the third power 
in g are retained. 

Similarly Kirkwood’s equation (32) for the critical temperature 

2 + in^-f* as 0 (Kirkwood), (10*5) 

is obtained from the equation (A. 14) of the appendix by retaining only 
terms to the second power in 


Appendix 

1. The irreducible cluster sums 
The first few irreducible cluster sums are 

fix = S/i 2 > /?a =* i S 2/12/23/81* 

It It u 

As “ i(3A80 + ^Asi + Aai)» 

As * A(i2A«o+0OA« + ioA«+ 6 OA 4 S+ lOAu 
+ 30A46 + 30A4a + 16A«7 + 10Aa+A4»)- , 
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Here the sum extends over all lattice points and the function is given by 
(3-1). 

The component sums of and are best illustrated by means of the 
corresponding ‘bond figures’, each bond representing a factorunder the 
summation sign. They are shown in figure 3. 


>^30 












fiAl 


Fiqukb 3 . Bond figures of the component irreducible sums of and 


The summation over the lattice points is tedious but elementary. The 
result for the body^centred lattice is 


A = -1 + 8/. A = -i + 12/*. j 

/?8«-i + 8/» + W* + 48/‘, I (A. 2) 

J _ 40/» - 310/< - 480/» + 60/«, ) 

where / = -1 = -1. (A. 3) 


The cluster sums b( oa>n now be obtained from (3'4). The first few are 


= 1. =* 

6* “ + Pifit + iA. • 

65 - j 


(A. 4) 
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2 , The O-functions 
First consider the function 

Ca{GoKj:)-G^l(cM = i: (A.5) 

)/».l KT" X 

Here the /?' are in accordance with (6*3), (6-4) and (6*5), 

+ 1 + 

= A + J (>^> 1 ). (A. 6) 


From the equation (6*9) it follows that the function (A. 5) is symmetric in 
and = 1 — c^. It can therefore be written in the form 




In this form it converges more easily than in the form (A. 5). By expanding 
the right-hand side and comparing coefficients we find 


/^i = ri. Ai = ra-3ri. 

0<A<*(I/+1) AUJ'-h x-'-6A)l 




(A. 8) 


From these equations the y„ can be obtained successively. With (A. 2), 
(A. 6) one finds 

ri = 8(/+g). 

r,«24(/+g)-12A 

r8=80(/+£)-40/* + ^/* + 48/‘. I 

y, = 280(/+ g) -140/* + - 70/* - 480/» + 60/*. 

Expand these expressions for high temperatures {kT > V) ; then 
yi = 4|*-ig*+jc*-*g«+....' 

} (A. 10) 

y* = 68g*-120g», 
y4 = 6361*+.... 


It seems that each y„ starts only with the (v+ l)th power of ^ = VjkT, 
though I have not been able to prove this in general. It is therefore probable 
that at high temperatures the expansion up to the term with y 4 is correct 
up to the fifth power in the reciprocal temperature. 
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Bifferentiation of (A. 7) gives the equations 
Go(c„,/?;) = = (l-2c„)2V,c^„(l-cJ>’, 

(A. 11) 

3. The limits of solvbility 

At low temperatures it is possible to use the expansion (4*5), with the 
cluster sums bi given by (A. 4). But this expansion converges rather badly 
at higher temperatures, where it is more convenient to use the equation 
(8*3). Substituting for 0^ the value (A, 11) it takes the form 

lnc,,^ln(l^cj - + (A. 12) 

which is best suited for numerical calculation. The values of the limits of 
solubility obtained from this equation with the values (A. 10) join 
smoothly with those obtained for lower temperatures from (4*5), a fact 
which gives a good check on the accuracy of the calculation. 


4. The critical temperature 

The critical value corresponding to the critical temperature satisfies 
the equation (7*4). With (A. 11) it takes the form 


2 + 4g+2V.(i)'' = 0- 

(A. 13) 

With (A. 10) this equation reduces to 


2 + 4g + |2+M» + |ig< + ili^*+... =0, 

(A. 14) 

with the solution lortu “ ~ 

(A. 16) 

6. The specific heat 



The specific heat above the temperature r(c^) is given by (9*12), or, after 
introducing the expressions (A. 5), (A. 7), by the equation 

c„ = (c„ < c„). (A. 16) 

For values of near J and temperatures near T{Ca) this series does not 
converge as well as those we have met before, but it is still possible to 
obtain a fair estimate of the specific heat, which is found to be very small 
ndeed. 
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Below T(Cg) the speoifio heat is given by the alternative ezpresedons 
(9>]3) or (9’14). The latter converges badly except at low temperatures. 
The G-functions occurring in (9-13) are (cf. (5’7), (6'8), (6*7) and (A. 11)) 

+ (A-17) 

1 - /?„) = -g- + ngc„ - c„{(l - 2c„)*27»Y.cr^l - ^aY~^ 

-2Z-y,c'{l-cJ-}. (A. 18) 

With the help of (A. 12) the latter equation can be reduced to 




- c„(l - 2c,fZvy ,^-\\- Cj-K 

(A. 19) 


Substituting these expressions the speoifio heat (9-13) is 

c, = Nki^ 

L 

c„(l - cj (1 - 2 c„)»j|+i:|| ci(l - cj 


I'+i 


+ 


1 - 2c„ + c<,( 1 - c„) {In c„ - In (1 - d„) - (1 - 2c^)* Ivy, c^-i( 1 - c^)”-!}] 

(A. 20) 


The sums in the second term oonveige very badly (except at low tem¬ 
peratures) and it is only possible to obtain the order of magnitude. For¬ 
tunately they turn out to be small compared with the other terms (not more 
than 10 %). Neglecting them altogetlier (A. 20) becomes 



C^+Vl-Ca)‘'+^ 8*7^ 
j; +1 Sg® 



1 - 


_ c^(l-cj(l-2cj» 

2c„+c„( i - c„) {In c„ - In (1 - 


Ca)}]' 
(A. 21) 


which has been used for numerical calculation. If tends to ^ both numer¬ 
ator and denominator in the second term of (A. 21) tend to zero, but the 
quotient remains finite. It can easily be verified in general that this also 
holds for the exact expression. 
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Penetrating cosmic-ray showers 

By L. JAnossy 

Physical Laboratories^ University, Manchester 
(Communicated by P. M, S. Blackett, F.R. 8 .—Received 13 June 1041 ) 

l Plat 43 40 ] 

Observations giving evidence for the existence of showers penetrating at 
least 60 cm. of load are reported. These penetrating showers are shown to be 
parts of extensive air showers. A detailed discussion shows that the pene¬ 
trating showers are neither energetic cascades nor knock-on showers; they 
are, however, probably connected with the production of mesons. The 
connexion of the penetrating showers observed at sea-level with the produc¬ 
tion of mesons in tlie atmosphere is discussed with the following alternativo 
assumptions: (1) that the mesons are produced by jihotons, (2) that tlie 
mesons are mainly produced by protons and possibly neutrons. 

1. Intropitctiok 

It is now recognized that most of the cosmic-ray showers consist of 
primary cascades and knock-oh showers, e.g. W.M. Nielsen (1938), Jdnossy 
(1938), though another view is held by Sohmeiser and Bothe (1938). It has 
been pointed out, however, by Auger and co-workers (1939) that the high 
penetrating power of the extensive air showers suggests that they contain 
a small number of mesons. Fmthermore, the analysis carried out by Euler 
and Wergeland (1940) on Auger’s data shows that the observed spread of 
extensive air showers covering up to 10® sq. m. can only be ac(‘ounted for 
by assuming the presence of a small number of x)enetrating particles in the 
showers. This view is, however, not supported by the recent calculatioiis of 
Bethe (1941), 

Cloud-chamber photographs have not yet given any clear evidence for 
the presence of mesons or protons in extensive air showers (P. Auger and 


Vd, irg. A. 


24 
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Daudin 1939; JAnossy and Lovell 1938). However, by means of counter 
experiments penetrating showers containing more than one penetrating 
particle have been observed independently by Wataghin and oo-workers 
(1940) and J&nossy and Ingleby (1940) and JAnossy (i94i)» 

2 , The expebimeotal aerangement 

(i) The observations were carried out with the counter arrangement 
reproduced in figure 1. The counters shown joined with lines were con¬ 
nected in parallel. Fivefold coincidences were recorded. By 

means of eight neon indicator tubes it was recorded photographically 
which of the counters H were discharged simultaneously with each indivi¬ 
dual coincidence. A sample of such a photographic record is reproduced in 
figure 2 (plate 40). The dimensions of the counters are given in table J, 


Table 1 . Dimemicyns of counters 


description 

diameter, cm. 

length, cm. 

1, A, B 

3-5 

40 

H 

3*6 

60 

2, 3 

2*6 

40 



Fiotthe 1 . The experimental an’angemont. 


The ciieuit controlling the neon lamps will be described elsewhere. It is 
important to note that the resolving power of the circuit was found by 
control experiments to be such that less than one accidental neon flash on 
any of the eight lamps was to be expected for 100 fivefold ooincidenoes. 
The efficiency of the neon lamps for recording counter discharges was 
greater than 99 %. The resolving power of the coincidence circuit was so 
high that casual coincidences could be neglected. 
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(ii) The object of the experiments was to observe showers penetrating up 

to 50 cm. Pb, For this purpose the absorbing material (8 — 8^) which 

could be varied from 0 to 50 cm. lead was placed between the top counters 
1-2-3 and the bottom csountera A-B as shown in figure 1 . The whole counter 
arrangement was surrounded by 60 cm. Pb in order to absorb all side showers 
whose penetration was less than this thickness of lead. The total weight of 
the absorber was 16 tons, and the general lay-out of the apparatus is shown 
in figure 3 (plate 40). 

A shower was only recorded when it discharged more than one counter 
near the top of 8 and more than one near the bottom of 8 . This arrangement 
was chosen to prevent ordinary laiock-on showers being recorded. The 
arrangement responded, however, to certain multiple knock-on showers, the 
contribution of which will be discussed later (§3(ii)). The photographic 
records showing the discharges of the counters H give evidence of the size 
of the showers. 

A variable absorber T was placed close above the top counters to in¬ 
vestigate, transition phenomena. 

(iii) In table 2 observations are given which show the occurrence of 
showers with a range of at least 60 cm. Pb at sea-level. 

Table 2 

8 50 cm, Pb, T = 1*8 cm. Pb* 


n : 

= 0 

1 2 

3 

4 5 

0 

7 8 

number of cases 
with n counters 
dischajTgod in H 

77 

64 14 

9 

13 9 

7 

7 6 

rate per 100 hour 

— 

— 

— 

— — 


— 


n = 

0-1 

2-8 

total count 


time 

lunnbor of cases with n 
counters discharged in H 

141 

64 

205 

278 hr. 16 min. 

rate per 100 hour 


61±4 

23 ±3 

74 ±6 


— 


These showers are clearly far more penetrating than those observed for¬ 
merly (J&nossy 1938 ; Schmeiser and Bothe 1938 ). These very penetrating 
showers are so very rare that they could not be detected by the experiments 
referred to, and thus the present experiments are not at all in contradiction 
with previous results. For the same reason these results do not contradict 
those derived from oloud-ohamber photographs by LoveU ( 1939 ). 

* Owing to a slight change in the counter arrangement the hgures given in table 2 
are slightly higher than those reported earlier by Jdnossy and Ingleby ( 1940 ). 


24“2 
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3. Discussion of thb nature of the showers 

The following arguments appear to prove that the observations referred 
to in table 2 cannot be accounted for in terms either of energetic cascade 
showers or of knock-on showers, unless the theory of either or both of these 
processes breaks down completely for high energies. Since there is no 
evidence for such a breakdown, we conclude that the observations establish 
the existence of a new type of penetrating shower. 

(i) Cascades, (a) The absorber S = 50 cm. of lead corresponds to i — 125 
in cascade units. According to a rough extrapolation of Bhabha and 
Heitler’e data, an initial energy of about 10 ^® eV is required for an electron 
to produce a cascade shower penetrating through this absorber. Assuming 
the electron spectrum to be of the type 

S,{E)^dEIEy+^ (\<y<2), ( 1 ) 

the frequency of occurrence of electrons of 10 ^* eV is estimated to be less 
than 2 x 10 “^® per m.^ per hr. Thus the rate of occurrence of electrons suffi¬ 
ciently energetic to produce cascades penetrating S is negligible compared 
with the rate of showers observed which is 0*23 per hr. 

The extrapolation of the energy spectrum up to energies of the order 
10 ^^ eV appears justified by recent considerations of Blackett and Lovell 
( 1941 ) and of Blackett ( 1941 ). Nevertheless, it appears worth wlule to give 
two other independent arguments, which do not involve any assumption 
about the energy spectrum of electrons, to show' that the penetrating showers 
are not cascades. First, a cascade shower of 10 ^® eV must contain an enor¬ 
mous number of particles and would always give rise to records w == 8 
which is contrary to observation. Secondly, the ionization produced by the 
total cosmic radiation in the lead surrounding the apparatus (« 5 fl *5 x 10 ® c.c.) 
can be estimated to be about 10 ^® ions per hour. The average energy to 
produce an ion is 32 V, therefore the energy dissipated in the absorber is of 
the order of 3 x 10 ^® eV per hour. On the other hand, an electron cascade of 
10 ^® eV initial energy must be almost completely stopped in the absorber 8 
and so will convert almost all its energy into ionization. Thus the ionization 
produced in 8 by one cascade shower penetrating 50 cm, of lead con be 
assumed to exceed 10 ^® eV. Since the contribution of showers and bxirsts 
to the total ionization is known to be small, the frequency of cascades 
penetrating S must be smaller than 


rate of ionization 
ionization per cascade 


3 X 10i®/10^® 3 X 10~* per hour. 
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This rate is negligible compared with the rate of showers observed, and 
therefore the penetrating showers cannot be accounted for in terms of 
energetic cascades. 

These considerations would be invalidated if the cross-section for radia¬ 
tion loss and pair production for high energies should prove to be much 
smaller than predicted by the theory of Bethe and Heitler. Since there is 
no evidence for a breakdown of tliis theory we think that the observed 
showers are not cascades. 



10 20 30 40 50 

thickness of absorbers 


Figure 4, The shower absorption cnrvo. 

(6) Apart from these quantitative considerations the following observa¬ 
tions suggest that the more penetrating showers are distinct from cascades. 
In figure 4 the logarithm of the shower rate i?(T =« 1-8 cm. Pb, w> 2) is 
plotted against the thickness of the absorber S'. This curve shows a marked 
change of slope near /lS' = 15 cm. Pb, indicating that the showers which 
predominate in the region S<15 cm. Pb and those predominant in the 
region 8 >15 cm. Pb are of two distinct types. The sloiie in the region up 
to 15 cm* Pb agrees well with that predicted by the cascade theory for 
cascade showers, while the slope of the second part of the absorption curve 
is of the order of that corresponding to the absorption in lead of the pene¬ 
trating component near sea-level, which is shown by the broken line. 

In figure 5 the frequency of occurrence of records with n = 0,1,8 
are given for three diflferent thicknesses of 8, namely, 0, 7-5 and 30 cm. Pb. 
The scales have been chosen as to make the area of each diagram (a), (6) 
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and (c) the same. The distributions in the oasoade region (S = 0, 7-6) are 
somewhat difiFerent from that observed under the thicker absorber (8 =(80), 
thus suggesting again a different mechanism. 



Fioubk 6 , Size distribution of showerH with variotiH absorbers. T = 1*8 cm. Pb, 

(ii) Knock-on showers. It has already been pointed out that our experi* 
mental arrangement does not record ordinary knook>on showers. But a 
double knock-on shower, i.e. a meson producing a secondary near the top 
set of counters and producing an independent secondary near the bottom 
counters could give rise to a fivefold coincidence and such a 

process would be recorded, A double knock-on gives rise to a photographic 
record n = 0 or 1 according to whether the meson passes through a gap 
between the counters or discharges one of the counters H, Similarly, 
records with n > 2 cannot be due to double knock-on showers but they 
might be due to triple knock-on showers, that is, to processes in which one 
meson produces three independent secondaries at suitable points. We 
discuss the contributions of these processes to our records by reference to 
the data collected in table 3. 

In table 3 (1, 2, 3) means counters 1, 2 and 3 connected in parallel; 
(A)-(B) means counters A and B in coincidence. represents the rate of 
mesons crossing the apparatus. The coincidences are mainly due to 
knock-on showers, a secondary being produced near the bottom counters. 
Thus the average probability per meson of producing such a knook-on is 
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s= 2 %, Similarly, represents the rate of knook-on showers where 
secondaries are produced near the top counters. The probability for this 
process is RJB^ =1*1 %. Assuming that the production of secondaries near 
the top takes place independently of the production of secondaries near 

TABIiE 3 

T == 10 cm. Pb, cm. Pb 


description 

symbol 

rate per liour 

double comcideuces (1, 2, 3)-(A, B) 


3400 

triple coincidences (1,2, 3)-(A)-(B) 

R* 

68 

fourfold ooincidenceH (l)-(2)-{3)—(.4, B) 

R. 

38 

fivefold coincidences n = 0, 1; (lH2)”-(3)-(AHf^) 

Rr, 

0-68 


the bottom, the probability for a double knock-on giving rise to a fivefold 
coincidence 1-2--3-A-B is the product of the two probabilities given above. 
The calculated rate of double knock-on showers is therefore equal to 

R^RJR 2 ~ 76 per 100 hour. 

This rate is very nearly equal to the observed rateiJgof records n « 0,1 given 
in table 3. From the close agreement between these two rates we conclude 
that most of the records J? (n “ 0,1) are due to double knock-on showers. 

Since the lead above the counters H is placed in much the same way as 
the lead above the counters A, B, the probability of a knook-on secondary 
actuating the counters H can be assumed to be nearly equal to R^jRz, 
the probability of a knock-on actuating the counters A, B. Thus the rate 
of triple knock-on showers is expected to be 

E^RJEl = 1*5 per 100 hour. 

This rate is very much smaller than the rate of the records for n ^ 2 and 
S « 30, which is found to be 

R(n't2) ^ 36±5. 


Thus the records for R{n'^ 2 ) cannot be attributed to triple knock-on 
processes. 

In order to meet a possible objection to this argument we have to discuss 
the validity of the assumption that the productions of subsequent secon¬ 
daries by the same meson can be regarded as independent processes. In 
fact, this assumption is not strictly valid since the cross-section for the 
production of secondaries increases with the energy of the primary. There¬ 
fore, on the average, a meson which has already given rise to a secondary is 
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likely to be of more than average energy and so will have more than an 
average chance to produce subsequent secondaries. Using, however, the 
cross sections given either by Bhabha (1938) or, by Massey and Oorben 
(1939) this effect appears to be negligible. Cloud chamber observations of 
Wilson (19386) have verified these cross sections up to about 3 x 10® eV. 

One can, however, account for the records with w > 2 in terms of knock-on 
showers by making the assumption that for very high energies the theoretical 
cross-section is much too small. The observations of Wilson (19386) do not 
necessarily contradict such an assumption since high-energy mesons are 
very rare. 

Assume for instance that the probability of a meson greater than 10^^ eV 
energy being accompanied by secondaries is of the order of 100 %. All the 
records with n ^ 2 in terms of triple knock-on showers can then be accounted 
for. The average number of secondaries per meson greater than 10* eV is, 
however, hardly affected by the contributions of the secondaries due 
to mesons of about 10^^ eV energy, owing to the small number of the 
latter. 

Since the records with w = 0, 1 are already well accounted for in terms of 
double knock-on showers due to mesons with average energies, the func¬ 
tional dependence of the knock-on cross-section on energy must be such 
that the rate of double knock-on showers due to high-energy mesons 
becomes small compared with the observed rate of records w 3s= 0 , 1. 

It is therefore possible to account for the records ni 2 in terms of triple 
knock-on showers, but the assumptions required for this purpose are rather 
artificial. It appears therefore reasonable to assume that our records ore 
not due to knock-on showers. 

4. Propejrtiks of the penetrating showers 

In discussing the properties of penetrating showers it is essential to 
distinguish clearly the two most probable types of processes, namely: 

(1) The simultaneous production of several penetrating particles. 

(2) The production by a single penetrating agent of several soft secon¬ 
daries on its way through matter. 

The experimental data available at present do not yield sufficient 
evidence to distinguish between these two possibilities. It is likely, however, 
that the mesons in the atmosphere are produced by a process of the type (1), 
while no evidence exists for the occurrence of a process of the type (2), It 
is assumed therefore in the following sections as a working hypothesis that 
the penetrating showers are due rather to process (1) than to process (2). 
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(i) The absorption effect. The absorption curve of the penetrating showers 
is reproduced in figure 4 , and the oorree^onding data are collected in 
table 4 . 

Tablb 4 
T = 1-8 cm. Pb 

S (cm. Pb) rate n ^ 2 

16 47 ±6 

30 38 ±3-6 

60 23 ± 3 

The order of magnitude of the absorption eff'ecjt is that of the penetrating 
component of cosmic radiation. It is therefore reasonable to assume that 
the showers consist of mesons. The assmnption that associated mesons do 
occur is supported by some cloud-chamber photographs taken by Braddick 
and Hensby (1939), Herzog and Bostick (1940), Powell (1940). 

(ii) The. size of the showers. Penetrating showers giving rise to records 
with n ^2 must consist of at least two mesons both penetrating 8 . Thus for 
/S = 50 cm. Pb the minimum energy of showers with w ^ 2 is 1*2 x 10® eV and 
the average value of n (including only the values 2 ) is approximately 4 . 
The frequency of records with w — 8 corresponding to sliowers of energies 
greater than 6x 10®eV is still appreciable. It is difficult to estimate the 
total energy of the showers, since the actual number of partitiles is 
unknown. The following effect, however, gives some indication. 

The flashes on individual records are not entirely distributed at random 
but show a tendency to form groups as is illustrated in table 5 . This tendency 
of the showers to discharge groups of neighbouring counters suggests that 
the average density of the pailiicles in a sliower is greater than one particle 
per counter. A rough estimate based on this effect gives the lower limit for 
the average particle density as two particles per counter, i.e. one particle 
per 100 cm.®. 

Table 5 


number of records with n = 4 or 6 


60 

nxmaber of cases in which the 

f observed 

17 

counters discharged are lying 

-j calculated for random 


si<ie by side 

\ distribution 

3 


(iii) Connescion with the extensive air showers. A single counter C was 
placed at a distance of 3 m. from the centre of 8 and sixfold coincidences 
1 - 2 - 3 -were recorded. Results obtained with this arrangement are 
given in table 6. The frequency of these showers is 11 ± 2 per 100 hr. and is 
of the same order as the frequency of records with n 2 obtained with T == 0 
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and (S' - 30 om. Pb (see table 7). This indicates that all the penetrating 
showers observed with T = 0 are parts of extensive air showers. 

Table 6 
S = 30cm. Pb 

numbers observed 

_—^ rate per 

T n = 012345678 100 hour 

light roof only 1 3 0 1 4 0 0 I 1 11±3 

l*8cm. Pb 0 3 0 1 2 3 3 1 2 11 ±3 

The records with n — 0, 1 form a comparatively small fraction of the 
records given in table 7. This is in accordance with the view that most of the 
records with n = 0,1 while recording fivefold coincidenoos are due to double 
knock-on showers. 

(iv) Transition effect The absorber T was varied while 8 was kept con* 
stant and equal to 30 cm. Pb. The results of these observations are collected 
in table 7. The transition curves are plotted on an equivalent mass scale in 
figure 5 and the following conclusions are based upon these observations: 


T 


Tablk 7 


rates per 100 hour 


cm. 

g./cui. 

material 

= 0 to 8 

n = 2 

0 

— 

light roof only 

.56 ± 4 

16±2 

0-8 

8*5 

lead 

89±0 

30±3‘6 

1-8 

200 


127 ±0 

38 ±3*5 

/>■() 

50*6 


99 ±8 

44 ±6*6 

100 

1130 


104 ±9 

36±6 

20 

6*4 

aluminium 

73 ±6-5 

17 ±2*6 

0*6 

17-6 


91 ±6 

23 ±2 

220 

60 


116+0 

37 ±3-6 

380 

103 


130 ±5*6 

41 ±3 


(o) The penetrating showers observed with T = 0 come from the air, and 
a few from the light roof. The frequency of showers increases however 
considerably above this zero as the thickness of the absorber T increases. 
An increase of T from 0 to 1-8 cm. Pb produces for instance an increase in 
the rate of showers with n ^ 2 of 22 ± 4 per 100 hour. Therefore about half 
of the penetrating showers are produced in T. If the jienetrating showers 
consist of mesons, then the result shows that mesons must be created in the 
absorber T. 
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The creation of mesons by a non-ionizing agent at high altitudes has been 
recently observed by Sohein and co-workers ( 1940 ). 

( 6 ) The initial slopes of the transition curves in lead and aluminium 
define the relative cross-sections for the production of the showers in these 
materials. The observed slopes can be well accoimted for by assuming that 
the cross-sections in various materials arc proportional to Z® (Z atomic 
number); to show this, curves with slopes corresponding to Z* cross-sections 
have been drawn through the observed points in figure 6 . 

The Z* dependence suggests that the process responsible for the pro¬ 
duction of penetrating showers involves an interaction with the Coulomb 
field of the nuclei. 



Fioubb 6 . The transition effect of penetrating showers in lead and ahuninium. 

(c) The lead transition effect shows saturation for thicknesses exceeding 
about 6 cm. Pb, Therefore the radiation producing the penetrating showers 
has a range of this order. One is inclined to identify this radiation with the 
soft component of cosmic rays. That the showers are initiated by the soft 
component is also supported by the fact that saturation is reached for 
aluminium absorbers at a greater moss equivalent than for lead absorbers. 
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Both effects, the range of the shower producing radiation and the Z® 
dependence of the cross-section for shower production, can be accounted 
for by assuming that the showers are due to meson pair production by 
energetic photons or electrons. The curves fitted to the experimental points 
in figure 0 are calculated on this assumption. The simiiltaneous agreement 
of the calculated lead and aluminium curwes with the observed points is 
noteworthy. 

Nevertheless, the possibility cannot be ruled out that the close agreement 
of the range of the radiation producing the penetrating showers with that 
of electron cascades in lead is accidental and that the radiation producing 
the shoM’^ers consists of, say, protons or neutrons, provided one assumes that 
protons or neutrons of high energy are suitably absorbed in lead and 
aluminium. 

Observations of Rochester and Bound (1940) seem to favour the assump¬ 
tion that protons suffer an absorption in lead exceeding that due to ioniza¬ 
tion alone. Further, the abnormal energy loss for cosmic-ray particles 
traversing a lead plate observed by Wilson (1938a) might be due to protons. 

The proton hypothesis accounts for the penetrating showers in a less 
simple way than the photon hypothesis. But a general argument by 
Johnson ( 1939 ) gives strong evidence for the view that most mesons are 
produced by primary protons and not by the soft component. It seems 
therefore important to explore both the proton and the photon hypothesis. 

5 . Penetrating showers and meson production 

In the following section it will be assumed that the penetrating showers 
consist of simultaneously produced mesons. An attempt will be made to 
show that simple assumptions about the processes involved can be found 
which account for both the production of mesons in the atmosphere and 
the penetrating showers at sea level. 

(i) The photon hypothesis. The value of the cross-section for the pro¬ 
duction of mesons or groups of mesons by photons can be derived from the 
penetrating shower data as follows. 

rate of cosmic-ray particles crossing the arrange¬ 
ment figure 1 4000 per hour 

rate of photons, energy greater 1*6 x 10 ® eV 400 per hour 

rate of photons having an energy sufficient to 
produce two mesons each with a range exceeding 
30 cm. Pb, i.e. photons E> 10 ® eV ® spec¬ 
trum) 27 per hour 

rate of showers giving records n^2 produced in 
the first cm. of T 


0*12 per hour 
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Since the mean free path of photons in lead is about 1 cm., the probability 
foraphoton JF> 10*eV to produce mesons instead ofgiving rise to an electron 
pair is roughly 0-12/27 ~ 5 x 10-®. 

The cross-section for the production of a meson pair by a photon is 
according to Booth and Wilson (1940) 

^ 5 I c^\ hv „ , 

(/* mass of the meson). 

This compared with the cross-section for the production of electron pairs in 
lead gives 

hv 

^moson/^electron ~ (theory) 

and for fi = 170 m. and hv = 10® eV we get 

fh i(h _ ^ (theory) 

meson/ electron (5 x 10 -3 (observation of penetrating showers). 

Thus the theoretical cross-section is about 250 times too small to account 
for penetrating showers. The disagreement is even more pronounced if one 
remembers that the average penetrating shower contains at least ten 
penetrating particles (§4(ii)). 

The cross-section for meson pair production in lead as derived here from 
the penetrating shower observations is of the right order of magnitude to 
account for the meson flux produced in the atmosphere assuming the cross- 
section varies as Z*. This is shown in an unpublished calculation (J4nossy 
and Lockett). ComparealsoHeitler (1938) and Nordheim and Hebb(i939). 

It may be noted that in order to account for the atmospheric mesons it is 
essential to assume that the cross-section for meson production is pro¬ 
portional to Z®. If one were to assume, for instance, that the cross-section 
varies with Z instead of Z®, then the rate of mesons produced in the atmo¬ 
sphere would be expected to be greater by the factor II. Thus 

the frequency of mesons produced in the atmosphere estimated using Z 
cross-section would be larger than the observed meson flux. 

(ii) Proton hypothesis. The consequences of the assumption that both the 
penetrating showers and the atmospheric mesons are due to primary protons 
will be discussed, 

(a) To account for the properties of the penetrating showers obtained 
in § 4 in terms of incident protons a process of the following tyi>e is suggested. 

A protop suffering a close collision with a nucleus is either slowed down 
considerably emitting a number of mesons or else it disintegrates into a 
number of mesons (and possibly other particles). 
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According to § 4 ( 46 ) the probability for such a collision is proportional 
to and therefore the mean free path of a proton expressed in cascade 
units should be independent of the material; it amounts to 2-3 cascade 
units (figure 6). 

The rate of incident protons will be roughly equal to the rate of pene¬ 
trating showers observed. Thus near sea-level one expects in 3 hr. about 
one energetic proton of suitable direction incident on T. This corresponds 
U) one proton among 12,000 cosmic-ray particles, an estimate which in¬ 
cludes only fast protons and is therefore not in disagreement with the 
much higher rates observed for slower protons. 

(6) It will now be shown that the particular process for the production 
of mesons by protons described above can be used to give a reasonable 
account of the production of the meson component in the atmosphere by 
primary protons. 

Suppose for the moment that the primary cx)smic radiation consists of 
protons only. The primary energy flux is according to Regener (1933) and 
to Bowen and Neher (1938) about 2x10^^ eV per cm.® per min. The 
primaries must have energies exceeding 3 x 10* eV according to a general 
argument based on the latitude effect. Thus the average energy of the 
primaries can he assumed to be about 6 x 10*eV and therefore the number 
of primaries per cm.® per min. at the top of the atmosphere is estimated to 
be 2 X 10^^/6 X 10® = 33 per cm.® per min. According to (a) the frequency 
of fast protons at sea-level is about 1/12,000 per cm.® per min. 

The protons, if absorbed ‘catastrophically^ by the act of meson pro¬ 
duction, decline in number exponentially through the atmosphere. The mean 
free path of a fast proton is thus obtained by comparing the intensities at 
the top of the atmosphere and at sea-level as follows 


^proton 


H _29 

(-^top/^ea level) 12*7 


~ 2*2 cascade units. 


This value for the mean free path of protons is in good agreement with 
that derived for the radiation producing the penetrating showers from the 
transition effect. The curves fitted to the observed points in figure 6 are 
based on a mean free path of 2*5 cascade units. 

We conclude, therefore, that the proton hypothesis gives as good an 
account of the production of mesons in the atmosphere and the penetrating 
showers observed at sea level as the photon hypothesis. The obvious 
advantage of the proton hypothesis is that it does not lead to difficulties 
with the east-west effect. 

(c) The assumption made above that the primary radiation consists of 
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protons only is not essential to maintain the order of magnitude of the value 
obtained for Aproton^ Assiuning for instance that only 10 % of the primaries 
are protons, the calculated free path is 2*7 instead of 2*2 cascade units again 
in sufficient agreement with the experiment. 

The fact, however, that the penetrating showers are parts of the extensive 
air showers makes it very likely that the whole of the soft component is of 
secondary origin and that the primaries are protons and possibly neutrons. 

Regarding the actual process of production of the soft component, it is 
not very likely that the extensive air showers which have frequently 
energies up to lO^^-l 0^® eV are due to energetic decay electrons and knock-on 
secondaries only. It appears more likely that electrons or photons are 
produced simultaneously with the mesons. 

Finally, the proton hypothesis is not necessarily in disagreement with 
the observations of Schein and co-workers (1939, 1940) giving evidence for 
the production of mesons by non-ionising agents, since it can be assumed 
that fast neutrons have properties similar to fast protons and that the 
mesons observed by Schein were produced by neutrons. 

[Note added in proof, A process for the production of the meson com¬ 
ponent similar to that given in § 6 (iia) has been suggested by Hilberry 
(1941) based on theoretical considerations by Carlson and Schein (1941). 
I received these papers after the conclusion of the present paper.] 

This work was started early in 1939 in collaboration with P. Ingleby who 
lost his life in an air accident, while engaged in experimental work for the 
Air Ministry. 

I wish to thank Professor P.M.S. Blackett for much encouragement and 
valuable discussions. My thanks are also duo to Dr W. Heitler for many 
inspiring discussions throughout the work, and to Dr G. D. Rochester for 
his friendly assistance. 
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Explanation of platk 40 

FitUTHE 2 . Each vertical column represents the discharges of one of the counters H, 
Each horizontal line represents the discharges of the counters H occurring simul* 
taneously with a fivefold ooinoidenoe The first and lost linos of the 

photograph are time marks. The second horizontal line is the record of a coincidence 
1-2-3-A-B accompanied by the discharge of the ooimtor H no. 2 , this is an example 
of a record n = 1 , Similarly, the next line is an example of a record n= 4, 

FiotTKK 3. The experimental arrangement. 
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The summation of infinite harmonic serie^ 

By F. SoDDY, F.R.S. 

{Received 11 June 1941 .—Revised 8 September 1941 ) 


Infinite harmonic aeries with alternating signs, capable of being extended 
to infinity in both directions, of which the Leibnitz series for ^n, 
is typical (Sj^ = Jtt), can be very simply transformed into very rapidly con¬ 
verging doubly infinite series, termed in which the successive terms ore 
the reciprocals of any number, n-f 1, of factors in arithmetical progression, 
the first two (in one case the first three) factors of the sucoossive terms con¬ 
stituting the same arithmetical progression: 

/On = 2 d - 

1 

= 2(idrnl S-zzznz:::- nr r= Si, 

M- Qo(o-4'2Ald) (a+2Ar+l.d) ... (a + 2Af-fn.d) 


as for example 


TT 

4.n I 


M -I' 00 1 

2: -----— 

jif».-.aD(4M4*l)(4M + 3)... {4Af-h2n+l) 


(n = 0, 1, 


3 , 


00 ), 


With n = 9, five pairs of equal terms give the result correct to 1 port in 
17 millions. With n = 39, the oomputation of eleven terms gave 14 places 
and of twenty-five terms 31 places of decimals. 

The method may be extended to harmonic series, as that for which 
a = d = 1, Slimming to log, 2, for which, in the doubly infinite form, the 
denominator of one of the terms vanishes, by use of a special set of numer¬ 
ators termed Summate Numerators, When n is large this is the quickest 
way of computing the first large terms of SI and also of the Euler trans¬ 
formation series, termed *8', 






s 

3/-1 


2^ 




(a+d)... + 




the relation of which to <8^ is discussed. 


The transformation of an infinite harmonic series into one very rapidly 
converging can be effected very simply for the doubly infinite form 

_ 1 _ 1 _ l_ _l _ 

^ + 2d a-d^a a + d^a + 2d 

where d is the common difference and a is the ‘first term \ now become the 


*3 
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mid-term, of an arithmetical progression. It is denoted by 5 /), and its 
relation to the ordinary singly infinite series 8 ^ is given by 



I 1 
a + rf a 4- 23 



J 


1 

a— 3 


1 1 

- 2d^a 


3 d 



(la) 


in which S^) is expressed as the difference between two singly infinite har¬ 
monic series termed and 

The commonest examples of are the series summing to log^ 2 , for 
which a d ^ 1 , and the Leibnitz series for Jtt for wliioh 2a = d = 2 , and 
which are here characterized and distinguished by single and double dashes, 
as and respectively. When a is an integral multiple of d, as in 8 '^, 
the method is not directly applicable as the denominator of one of the 
terms of the series vanishes and the further consideration of the log^ 2 series 
may be deferred. For 6'^, S'Ls is is method may be 

illustrated for this series and those derivable from it. 

The algebra is similar to that on which the generalized theory of finite 
differences is largely based, as, for example, iii the Euler transformation, 
which, however, deals with algebmic identities and is therefore generally 
applicable though not generally useful. In the case described the result 
follows from a particular property of the harmonic series wMch is trans¬ 
formed into a very rapidly convergent set of series. This will be denoted 
by 8 “^ to distinguish it from the Euler transformed series which will be 
termed 


s -■ 






1 “ 


. 1 . 


2 ^ la(a + d).,,ia^W^)dJ 


With this method the latter is obtainable from the former by a further 
transformation. It would ap}>6ar that for the harmonic series is a 
concisely formulizable general expression only because of the peculiarity 
of the harmonic series mentioned. To facilitate computation and also to 
include the logg 2 series and derivatives, in which a is an integral multiple 
of d, a summation of the initial terms of both 8 "^ and 8 ^ by means of 
what are termed Summate Numerators is described. 

The harmonic series have the particular property that any number, n -h 1 , 
of terms, if the unit numerators are replaced by the binomial coefficients of 
the expansion (1 sum to a single term, in which the denominator is 
the product of the (n -h 1) denominators of the single terms, and the numer- 
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ator is the same whatever part of the series is summed, being independent 
of a and a function only of n and d. Thus using — — C3, ..., (— 1)” 

to denote these coefficients, where Cq and are unity; and = n\ 
Cgand c„.„2 — l)}/ 2 !; Cg and - {n(n—l)(w — 2 )}/ 3 !; and so on: 


gp 

a-\-bd 


--^----- ( - 1 - - 

a H- 6 'T 1. d a 4 - 54 -2. d a + 64 *w.r/ 


___ ^n\ _____ 

(a 4- bd) (a + b +1 .d) (a A' 2 . d){a + S + w. d) 


( 2 ) 


n is any 4* integer, including 0 if 01 is conventionally reckoned unity, and the 
method derives from the fact that b may be any integer, 4- or —, without 
the expression (2) being invalidated. The partial fraction of (n 4-1) terms on 
the left will be termed and the rational fraction with ( 7 i- 4 -1) factors in 
the denominator on the right by The summation of these is a way of 
summing the original series, if an appropriate spacing factor, s, or number 
of terms of separating the successive terms summed, is used. Then b is 
sM^ as M assumes successive integral values over the range of summa¬ 
tion. The spacing factor is denoted by a left-hand subscript as ^ or 
It is convenient to start sometimes with a negative term of P„, which 
may give a different series, and in this case the suffix s is preceded by 
a minus sign as Thus 




or 


.P --XP, or 


(2a) 


A particular term of the series may be indicated by a right-hand super¬ 
script as P^ or R^, 

When^ 1 , because of the equality of the sum of the 4 * and - coefficients, 

Af«"4*co = + M^q 

S 1 ^:.= S A = 0 and s 1 ^ = ^ = (3)* 

M—p M^p 


The second relation of ( 3 ) is a form of the well-known solution for the sum 
of a finite number of terms of a series, the terms of which are 4- and the 
reciprocals of any number of factors in arithmetical progression, the first 
factors of the successive terms constituting the same arithmetical pro¬ 
gression. 

* The expressions throughout with asterisked numbers are arrived at when 
suocessive terms of »P„ with the assigned spacing are arrayed in successive hori¬ 
zontal lines and summed vertically. 


2y2 
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When 5 = 2, because the + and — coefficients both sum to 2“"^, 

+ _ 1 \Af 

A = 2-1 s „r-if^ = 2-i«„, 

00 Jlf « — 00 ® *1“ 

+ 00 

'Sn = 2i-» S = 

Jkf—~oo 

M^-hao ] 

= 2(id)"n! V 


Af=-oo (a + 2J/d) (a + 2M + 1 .d) (a + 2M + 2.d)... (a + 2M + n.d) 


(4)^ 


Af = + CO 

Also Sx) = ^ 

00 




Af — + oo _ 1 

=: 2 (iid)'^n\ S _^_=-_ __ -_.. 

M=^-cc(a + 2 M 1 . d) (a + 2 M + 2 .rf)... (a + 2 ] 0 ^ +1 . rf) 

In this way the doubly infinite harmonic series with alternating signs, 
Sj), is transformed into the doubly infinite series the terms of which are 
the reciprocals of any number (w+ 1) of factors in arithmetical progression, 
the first two factors of the successive terms constitvitiiig the same arithnietical 
progression, multiplied by the constant 2 {ld)'^n\. 

Applying the general expressions ( 4 ) and ( 4 a) to the Leibnitz series, for 
which Sxx is |7r, the result is 


( 4 a) 


Af = +oo 


1 


4.7i! 3filco(4if+l)(4iH+3)...(4jf + 2n4- 1) 

(n = 0 , 1 , 2 , 3 , ...,oo), 

Ai'* + oo __ ] 

“ M^. CO (’ 4 M + 3 ) ( 4 M + 6 r.Tr( 4 jtf + 2 » + 3 l 

(n = 0 , 1 , 2 , 3 ,00). 


( 5 ) 


( 5 a) 


Both forms with w = 0 reproduce the Leibnitz series, which thus appears 
as the first of an infinite mimber of the series denoted 5 ^. With m = 1, 
the two forms (6) and ( 5 o) give the Leibnitz series with pairs of successive 
+ and —, or — and + terms, respectively, combined. For (6), which may be 
regarded as the normal form, when n is odd, owing to the negative factors 
in the denominator occurring in pairs, all the terms are +, and two cases 
arise according as i(n +1) is even or odd. For the first, there is a single 

central term for JIf = - \(n +1), of the form 7--- —^ -^, the terms equi- 

(1,0.0... ny 

distant on either side being equal. For the second, the series divides into 
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two identical series extending respectively from M — ^ J(n — 1) to +00, 
and from ilf «= — -f* 3) to — 00. They are reformnlized as (66) and (5c): 

^ 1 I 

I *r~ nr 

Af —i(n- 


Af i«*4. CO 

8 . w! ” 2( 1.3.6... n)* 3) + 3 )... { 4 M+ 2 n+l) 


( 5 b) 


(» = 3,7,11,..., 00 ), 


A/ + 00 


(6c) 


8 , n! Af (4itf + 1) ( 4 M + 3)... (4iJf + 2n + 1) 

(n = 1,5,9, ...,oo). 

For even values of n in (5) the terms are 4- from — to + oOy the others 
being negative, so that, when arranged in order of magnitude, after In-f 1 
4 terms the signs alternate, the Jir,st factors of the successive terms then 
being in arithmetical progression. This is useful in computation in that the 
limit is approached from either side alternately, but otherwise they need no 
separate consideration because combination of successive 4 and — pairs 
gives the forms with the next higher (odd) values of n just reformnlized. 
Before^ considering these new n series further a few other variants may be 
noted. 

For odd values of n using form (5) when i(w4 1) is even and form (6a) 
when it is odd, and adjusting the value of M to make the denominators 
symmetrical, as is allowable since the summation is to oo in both directions, 
8 }) becomes 

4, n! 


3/?-oo [163/2- (»- 2)2]... [163/2- 1] 


(6rf) 


(» = 1 , 3,6 . 00 ), 

which may bo combined with the easily derivable series 
3 

to give 
rr 


A/- + 00 


Af“ + oo 

(ra)w ![r«i^' 


;tfil,,(163f2-l){43f2_l) 
(_ l)*(n+8) 


(6e) 


«2J [ 163/2 - (w - 2)2]... [ 163/2 -1 ] [43/2 -1 ] 

(n = 1,3,6, ...,oo). 

By removing the second, fifth and every subsequent third term from the 
Leibnitz series, which sum to — -^n, there remains 


n Jf-+»(-l)i>^ 
3" 


or 


3/±L,63/ + 6 


S (■ 

JU -0 


*^^[63/+ 1 ■'■63/ + 




(0/) 
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for which d is 6, and applying (4) gives 

TT 




2.3^+1. n! jifil«>(12Jf+l)(12itf+7)...(12M+ 6W4-1) 

(n - 1,2,3,..., 00 ). 


(5(7) 


A curiosity, got from the Leibnitz series by using the same device with 
s == 6 for even values of n, is 




6 ” 0, (12^^^ 1)... (12Jlf+ w-^3) 

{n ~ 0,2, 4,6, ...,oo), 


(5/^)* 


in which it is now the first three factors of the successive terms of alternating 
sign that are in the same arithmetical progression as the factors of each 
term, thus 


TT 


1 


1 


4 - 


1 


48 1.3.6 7.9.11 13.15.17 

77r 1 1 


2304 




1 


-1.1.3,5.7 5.7.9.11.13 11.13.15.17.19 


■f...; 


(5i) 


and so on, the signs being alternating. 

Lastly may be noted the form from (6) by summation also of n from 
0 to 00 , 

n«=a) M““|-c30 I 

T " „?0 «(4illf+l)(4ilf + 3)...(4Jf+2»+l)• ^ 

In the same way nje is derived from (6c), ■J{7r(e*— 1)} from (6g), and from 

(6A). 

^[7r(c-2e»-2c-* + e-i)]. 

The curious law of convergence for these n series may be illustrated for 
expression (6c) with n = 9: 

Jlf = - 2 and - 3 -1 and — 4 

TT _ 1 1 

Ol ~ (1.3.6.7)*70i ■^(1.3)2.6.7.9.11.13.15 

0 and — 6 1 and — 6 2 and — 7 

1 . 1.1 




1.3.6...17.19 6.7...21.23 9.11...26.27 
1.3 


17.19 


= 0*0093, 


=0*0062, 


21.23 


26.27 


.., ( 6 ) 

.0*052, 
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Values for tt: 

2-659740264-0-47738928 + 0-00443396 + 0-000027640 + 0-000001434-. 

3-13712954 3-14156360 3-14159104 3-14159247 

Deficit at 5th <;erm, one in J7-5x 10*. Remainder 0-00000018.... 

Thus, even with quite moderate values of w, the first — 1) doubled terms 
(comprise nearly the whole sum. These are referred to as ‘large terms' in 
contradistinction to the 'small terms’ for the values of M from 0 to +oo. 
The rate of convergence is at its maximum with this form for M ^ I, being 
(1.3)/{(2w + 3) {2n -f 5)}, or with n = 9, and it only reached the asymp¬ 
totic limit of the Euler transformed series, wlien M, reckoned from — \(n — 1) 
as zero, is greater than V2(n). For form (55) the maximum convergence at 
M = 1, l/{(2w-f 3) (2n-i-6)} is three times greater. With large values of n 
the sum of the small terms is infinitesimal. 

In a computation of rr by (56), n = 39, the ten large terms (one central 
and nine double) of themselves gave the rcJBult correct to 11 places of 
decimals. The first small term added gave three more places, with five the 
result was corre(;t to 22 places, with ten to 27 and with fifteen to 31 places. 
The method could not perhaps yet competes with those developed over 
centuries with the entirely special methods for this one constant from the 
geometry of the circle by wliich Shanks ultimately obtained a value for n 
correct to over 700 places of decimals, though that is perhaps a question 
of the number of digits that could be incorporated in a calculating machine. 
For large values of Jf, it comfiares unfavourably with the Euler trans¬ 
formed series, in that the asymjitotic limit of its rate of convergence is 
zero, and, after M is greater than about 2n, quicker comjiutation would 
be got by increasing n rather than M. But the method is universally applic¬ 
able to any harmonic series with alternating signs, including the series 
for logc 2 and its derivatives, about to be considered, and is extremely 
powerful over any conceivably useful range. 

When n is large, the computation is assisted by another method of 
summing the large terms, which is equally applicable to the Sjg series, 
including that for logg 2 . For these, owing to the summation starting at 
ilf — 0 , there is a deficiency, termed which is easy to evaluate, due 
to the numerators of the first {n—l) terms (two less than the number of 
terms in ) not reaching the constant value 2 "“^^: 

Af-o Jif-0 a + Md 
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where for ifi written M„_a, which will be called the deficiency tern, 

the left-hand Buperecript being the value of Jlf from which the summation 
starts, and the right-hand subscript denoting that the number of terms 
involved is two less than for The deficiency term may be evaluated 
as follows: 




P (1 c 
a a-hd a + 2rf 


+ ^ (-ir-^Pn-a ^ (g)* 

a-t-«-3.d a+n — 2.d 


whereCfl, C-^, C\, C„_ 3 , c;,_j are a special set of numerators, called summate 
numerators, derived from the binomial coefficients as follows: 


Co Cj -f C 4 + Cg j-...; Cj — C 3 -t- Cg -|- C 7 -t-...; 

C'a = C 44 -Cg + C 8 +...; C 3 = Cs-|-c, + Cg+... and so on, (9) 

being 2»-i -1; C^, 2’*-i - n; • • •; C„_ 8 ,»; and C^.*, 1. The summate numer¬ 
ators are the same for all Sb series, and even when n is large are quickly 
computed. Hence 




M = + «> 


-f-2(id)".n! S 


Af-o (o + 2Md) (« + 2M +l.d)...(a + 2M + n.d) 


, ( 10 ) 


Jlf =» + 00 


logg2==od;_3 + 2‘-" .n! J - 


1 


Af-o (23r-f l)(2Jlf-f-2)...(2Jlf-t-n-|-l) 


, ( 11 ) 


A/-+ 00 


- = “d;_3+2n! (4M+l){4M + 3)...{^M + 2n+iy 

Comparing (12) and (5) 


^^n-2 = ^ 


t +oo 


1 


(4Jf 4-1) (43f-b 3)... (4Jf-H 2w-t-1) 
1 


+ 0O 

-2S 


t (4Jlf4-l)(4Jlf + 3)...(4Jf-t-2»4-l). 


0 


M — 1 


' Af.-?(»- 1) (4Jlf +1) (4if -I- 3)... (4Jlf 4- 2n 4-1) ’ 


( 12 ) 


(13) 
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because, with n odd, the set of terms from Jtf = 0 to +qo is identical with 
the set from — |(n+ 1 ) to — co. Hence the deficiency term is the sum of 
the large terms multiplied by n !. 

Generally for any iSj. series, may also Ims written 


A .-2 

and 




n—2 




2 


== “■Pn-.S + 2.'*P„.3 + 2^«P„ ..4 + 2* «P„. 3 + .. 

= f/ 2!rf* 

2 « ^ 2 %(« + d) ^ 2 ®«(a + d) (o + 2 d) ^ ‘ 

_ (w-2)!d“-2 

2 “-ia(« + d) (« + 2 d)... (tt + . d) 


. + 2 «-s>»P„ ' 

= S 

Af-l ) 


(U)* 


Thus the sum of the ^(n— 1 ) large terms of iSj, equals the sum of the first 
(n - 1 ) terms of the Euler transformed series S%. 

-A^PPlying (14) to expressions (11) and (12) 


Ioge2 = 


Jt, WM^ 


2 ^ p 


. w! 


J/ »=> -f 00 I 


(W+n+i)’ 


* M~1 2(1 .3...21^-1 ) 

A/?n (4ilf+T)(4j^T3);::]4l^^^^ 


For (16) and (16) w = 2 , 3, oo. These three different ways of computing 
the large terms are illustrated for Jtt, ii ==; 9, the first being by summate 
numerators, the second by the Euler transformation, and the last by the 
direct method first described. When n is large the first is preferable to the 
third and both are shorter than the Euler method. It is perhaps noteworthy 
that the ‘degree of evenness’ of the numerator of the first expression 
within brackets reduced to a rational fraction is necessarily of the order 
of tmce n : 




2-8) 266-?i’ + 2L»_H3 93 
3 6 7 


+ + n or 2 »r 23 1 

^9 11^13 isj ^Lm7l3:T5j 


i+l + i, + J.4._L i_ 9 9 

26 16 ^ 36 315093 3003 6435 


2.9! 


2.9! 


(1.3.6.7)». 9.11 (1.3)*. 5.7.9.11.13,16 ■ 


(17) 
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Finally, the general expression for the relation between the 
large terms and the Euler series, independently of the afd ratio so long as it 
is not a whole number, may be recorded, rt ~ 3, 5, 7, oo. 


1 

2(ld)^,n\ s --=.=— 

M^-~Hn~~x)(a-^2Md) (a-{-2M + 1 (a-f 2J[f 4 -n . d) 

~ Jif-i L 2" L(a + d)... (a + .d) (a-d)(a- 2 d)... (a- Md) 


)] 


Jtf-(n-l) 

S {SI- 


Sis) 


or 


MMn-l) 

S SI. 

Af-1 


(18) 


AU the terms of Sj] arc 4-, if d > a. 


The stone-iron meteorites called pallasites: 
a synthetic study of their structure and 
probable mode of formation 

By Lord RAYiiSioH, F.R.S. 

(Received 16 June 1941 —Revised 18 July 1941) 

[Plates 41, 42] 

Pallositos possess a remarkable structure of olivine, enclosed in a sponge 
or three-dimensional not of nickel iron. Structures which are more or less 
of this character arc obtained in metallurgy, but palleu^ites cannot have 
originated in tiie same way, bocauso the included olivine is less fusible than 
the metal, while iron slog is more fusible. The structure of the specimens 
figured can, however, be closely imitated by pouring molten alloy into a 
compact layer of stone fragments. The fragments used are angular or 
roimded, according to the character of the pallasite to be imitated. 

Meteorites, as is well known, fall for the most part into two classes: those 
consisting mainly of iron, and those consisting mainly of stone. There is, 
however, an intermediate and much rarer class, of which less has been 
written. This consists of olivine in a three-dimensional net or sponge of iron. 
Such meteorites are known os pallasites, ifrom the original example reported 
of iron from Asiatic Russia, by P. S. Pallas, in 1776. 
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Pallasites have been classed by Wadsworth (1884, pp. 75 - 83 ) with certain 
terrestrial rooks consisting of magnetite < and olivine. The magnetite is 
considered as a secondary alteration of metallic iron, but, beyond the 
general resemblance of structure to the meteoric pallasites, no evidence of 
this is offered. The suggestion has not, so far as I am aware, been taken up 
by subsequent writers. 

As regards the origin of |)allasites, very little seems to have been written. 
Daubr^e (1879) says that they resemble certain metallurgical products. 
Merrill (1902) considers that in the Admire pallasite described by him the 
iron is of later introduction than the olivine. He seems, if I understand 
him rightly, to think it probable that the iron has been reduced chemicjally 
in situ from lawrencite and troilite (1902, p. 11 ). The views of Gold¬ 
schmidt (1922) will be referred to later. Paneth (1940, p. 18 ) considers 
that ‘a complete mixture of the two phases iron and stone must have 
been a preliminary stage. There are many other proofs for the original 
molten state of iron meteorites, for instance the regularities in the distri¬ 
bution of rarer chemical elements between the iron, iron sulphide and stone 
phases can hardly be explained under any other assumption.’ 

One of the typical pallasites is that from Imilac in the desert of Atacama, 
Chile (Fletcher 1889, p. 243 ), of which there is a very large specimen in the 
British Museum. I purchased many years ago a specimen of this met<K)rite 
(see plate 41 , no. I) which came from the collection of Mr James R. 
Gregory, of 88 Charlotte Street, Fitzroy Square, and have often looked 
at it and speculated how this curious structure could have come into 
existence. The simple dilS(!ulty which I felt was this—the material was 
evidently to be classed as an igneous rock; and if it had over been in a state 
of fusion, why did it not separate into two layers, iron at the bottom and 
stone at the top? I considered, as Sorby (1864) and Goldschmidt (1922) 
had done earlier, whether it could have been formed under conditions 
where gravity was scarcely operative. But in such a case the interfaces 
would be controlled by surface tension, and the structure of my specimen 
at any rate did not suggest anything of the kind. 

With regard to Daubr6o’s remark about similar structures obtained in 
metallurgical operations, I consulted Dr C. H. Desch, F.R.S., who suggested 
examining ‘puddled ball’, which is iron containing slag, and is produced 
at one stage in the manufacture of wrought iron. 

He kindly procured a specimen for me. The amount of slag contained is 
usually smaU compared with what there is in the pallasites. However, on 
tentatively grinding flats with a carborundum wheel on a number of pieces, 
one was picked out which more nearly corresponded to these, and the flat 
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Bxuface, after smoothing with fine carborundum, was photographed, using 
a low-power microscopic objective. The photograph is reproduced, plate 41, 
no. II, with ] 3*5-fold magnification. It will be seen that this magnification 
brings the structure about up to the coarseness of the meteorite (no. 1). 
Apart from the difference of scale, these structures have some points of 
resemblance, though the slag particles in the iron are less angular in outline 
than in the meteorite. It is to Iw remarked that the iron is worked into 
this form in a pasty condition, which explains why it does not separate 
into a distinct layer. 

I have succeeded in producing a similar b\jt much coarser structure using 
sodium as the metallic component, and paraffin wax as the non-metallic 
one. The sodium w as melted, with a layer of molten ])araffin above it, and 
when partially solidified it was vigorously stirred with an iron rod. On 
cooling, the mass (jould be exposed in sections by paring with a knife, and 
a structure very similar to no. II (plate 41) was obtained, but much coarser, 
nearly as coarse as the meteorite itself. This is reproduced in no. Ill, but 
it is not now thought to have any real bearing on the problem in hand. 
Paraffin wax is more fusible than sodium, while olivine is much less fusible 
than iron: thus the above process cannot well represent what happens in 
the formation of the meteorite. Similarly the slag contained in puddled 
iron is more fusible than iron, and this apparently comparable case is not 
really helpful. 

The high melting-point of olivine was only realized (with disappointment) 
after I had spent a good deal of time on the problem. Bowen and Schairer 
(^935> P- 1^13) melting and solidifying points of vaiious mixtures 

of Mg 8 Si 04 and Fe 2 Si 04 in the form of curves. These show the temperatures 
at which solidification begins and is complete as a function of the percentage 
of Fe 2 Si ()4 in the initial mixture. 

The olivine from the Pallas meteorite contains SiOg 40-24 %, MgO 47*41 %, 
FeO 11*80 %. This is equivalent to 83 % Mg 2 Si 04 and 16*8 % Fe 2 Si 04 . 8uch 
a composition should melt completely at 1840*^ C and solidify completely 
at 1690^ C, according to Bowen and Schairer’s curves. The melting-point 
of iron is 1530° C, and of the nickel iron of the meteorite no doubt some¬ 
what less, so that there is an ample margin of certainty in saying that 
the nickel iron will melt at a temperature at which the olivine remains 
solid. 

This being so, it is evidently possible to pour molten iron into a mass of 
olivine fragments without melting them, and the possibility is opened that 
the structure may have arisen thus. 

It is a question for experiment how^ good an imitation of the pallasite 
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can be made in this way. My laboratory is not equipped for casting iron 
and steel or for slicing hard materials, but it seemed that a satisfactory 
experiment could be made without this. Steatite was selected to n^present 
the olivine, and plumber’s solder to represent the iron. An iron mould was 
constructed (see figure 1) consisting of a slightly conical tube of 5 cm. 
diameter, with flat end-plates clamped on, and a small tube at the top for 
pouring. This was filled with angular 
fragments of steatite of various sizes, 
none of them much larger than a pea, 
and free from dust. The mould was 
heated so that the metal should not be 
prematurely chilled, and was filled up 
with the molten solder. 

To exhibit the structure, the cylin- 
drical mass was cut up into disks with 
a hack saw, and these were filed flat. It 
was found to be a very satisfactory 
copy of the structure of the meteorite, 
as may be seen by comparing the two 
halves of the c()mf)OHitx3 photograph 
no. IV (plate 41), which shows how very 
similar are the shapes and mutual re* 
lations of the fragments as seen in 
section. 

1 conclude rather definitely therefore 
that the structure of the Imilac meteo¬ 
rite and others like it has arisen in the 
same way. In the experiment, the 
particles are prevented from floating 
up by being packed tight in the mould. 

In nature we may suppose that they are held by the pressure of super¬ 
incumbent material. 

Fletcher ( 1896 , p. 38) remarks that stony meteorites (he is not here 
speaking of pallasites) appear to be made up chiefly of irregular angular 
fragments, and that many of them resemble volcanic tuffs. According to 
the view here taken the pallasite structure has arisen in a similar way, 
angular fragments of olivine have become immersed in melted nickel iron, 
and in this way what may be called a breccia with a metallic cement has 
been formed. 

There is no reason to doubt that the same result would be obtained Avith 
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nickel-iron and olivine, and in this way artificial products almost or quite 
indistinguishable from the pallasite itself might be produced by an experi¬ 
menter who had the necessary facilities. But it is doubtful whether much 
more would be learnt from this than from the present experiment. 

The experiments of this paper were originally inspired by examining a 
single specimen of a pallasite—^the oidy one conveniently accessible to mo. 
I have since examined another like it—the Eagle Station pallasite—in the 
Mineralogical Department at Cambridge. My artificial imitation repro¬ 
duces this as well or better than it reproduces Imilac, Most < £ the illustra¬ 
tions of pallasit/es which T have seen show very much the same structure; 
for example, the Brahin figured by Daubrfe (1879) and one figured by 
Wadsworth (1884). Others are figured by Merrill (1916) from Ahumada, 
Chihuahua, Mexico, and from Admire, Lyon Co., Kansas, though no 
precise information as to ncale is given. There appears to be no special 
reason for doubting that the conclusions drawn from the Imilac meteorite 
apply to these also. 

Certain other pallasites, in particular the Brenham pallasite (Kunz 1890), 
no. V (plate 42 ) and the Springwater j)alla8ite (Nininger 1932), no. VI 
(plate 42 ), left-hand half, contain rounded grains of olivine in nickel iron, 
some of them drop-like. A photograph of the Brenham pallasite is also given 
by V. M. Goldschmidt (1929), and he expresses the view that the rounded 
grains of olivine result from drops melted in situ, their shape being deter¬ 
mined by surface tension in the absence of any strong gravitational field. 
1 have been allowed to examine and photograph specimens of these 
meteorites in the British Museum (Natural History) and wish to thank 
Mr F. 0 , Bannister and Dr M. Hey for their kindness in giving me facilities 
under the present difficult conditions. 

It must, I think, be admitted that most of these rounded olivine grains 
are very far from possessing the perfectly spherical form shown, e.g. by 
the oil drops suspended in a mixture of alcohol and water in Plateau’s 
experiments. If all the sections were perfectly circular, that would no 
doubt prove that the grains were sj>herical. An occasional circular section 
does not prove that the grain in question is spherical, or even that it has 
a figure of revolution. Consider, for example, an ellipsoidal pebble, and 
many j)ebbles approximate to this. Two of the sections of an ellipsoid 
through the centre are circular, and any sections parallel to them are also 
circular. 

It seemed worth while to try whether the strut^ture of these meteorites 
could not be successfully imitated by the method used in the case of the 
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Imilac meteorite, substituting pebbles rounded by attrition for the angular 
fragments that were used in that case. Angular fragments of st/eatite of 
suitable size were mixed with steel hexagon nuts, and put in a box of 
elongated shape. This box was kept in slow rotation about one of its shorter 
axes, and the contents which only filled a fraction of it, fell to the opposite 
end every half-second. About an hour of this I'educed the angular frag¬ 
ments of steatite to a rounded outline. These rounded pieces were packed 
into the mould as before. Molten solder was poured in, and the casting 
cut up into slices. One of these is shown in no. VI (plate 42), with the 
Springwater pallasite for comparison. It would seem that the essential 
features are fairly well reproduced in the experiment. 

The extent to which the process of rounding the pebbles by attrition is 
carried is of course arbitrary, and it may be that it was not (jamed quite 
far enough to get the best imitation. My stock of steatite was used up, 
and several attemj>ts to get more were unsuccessful. However, it was 
found that chalk was a fairly satisfactory substitute, and fragments of this 
were rounded by attrition until something like the ultimate approximately 
ellipsoidal form had been attained. Photograph no. VI (plate 42) shows a 
casting containing these. They were intentionally packed somewhat loosely 
in the mould, and the photograph shows how th(?y may sometimes appear 
isolated in the section without apparent contact with their neighbours. 
The contacts are of course really in other planes than that of the 
section. Their resemblance to Plateau’s .suspended oil drops is illusory, 
and the same probably applies to apparently isolated dro])s in the 
meteorites. As might be expected, some of the sections are approximately 
circular. 

A point worthy of attention is the distribution of the metal near the 
point of contact of two rounded grains or pebbles. Melted metals in general, 
os in the familiar case of mercury, do not wet stone surfaces. Thtis the 
melted metal would not fill up the narrow spaces near the point of contact, 
and a neck characterized by the absence of metal would apparently join 
the two rounded pebbles, forming more or less of a dumbell shape. This 
neck would be originally a cavity, but in cutting the section it gets filled 
up with debris from the cutting operation. The expected appearance is 
found in the artificial castings (plate 42, nos. V and VI) and also in the 
meteorites (nos. V and VI), 

It seems then that the two kinds of pallasites can both be imitated by 
these methods, using angular fragments for the one and rounded pebbles 
for the other. The conception of a general fusion of both metal and stone 
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in the absence of a gravitational field* will certainly not help ns in the case 
of the Imilao meteorite and others like it, because angidar outlines would 
not be consistent with this mode of origin. It seems, therefore, better not 
to appeal to this hypothesis in the other case either, but to regard the one 
as a breccia and the other as a conglomerate, each with metallic cement. 

My assistant, Mr R. Thompson, has given efficient help in these experi¬ 
ments. 
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Description of Plates 41, 42 

I. Imilac meteorite (pallasite). The bright part is nickel iron, the dark part 
olivine. Actual size. 

II. Puddled ball obtained in the manufacture of wrought iron. The bright part 
is iron, the dark part slag, x 13*6 diameters, 

HI. Aggregate obtained by stirring up sodium in course of solidifioation with 
paraffin wax. Bodium bright. Paraffin dark. Actual size. 


• As a matter of scientific taste, most would probably prefer not to resort to the 
hypothesis that gravity was absent unless they were compelled. There appears to 
be positive evidence that, in some cases at least, meteorites have not acquit^ their 
present structure under the action of gravity. Merrill ( 1920 ), describing the Cumber¬ 
land Falls Meteorite, considers that it is composed of detrital material which must 
have been deeply buried and compressed. ‘This’, ho says, * carries with it the sup¬ 
position that the meteorite is but a sprawl from a very much larger mass....How 
large such a mass must be it is impossible to say, but that it must have been of 
planetary dimensions would seemingly be a safe assumption/ 
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IV. Left-hand half. Imilac meteorite f actual mze. Hight-hand half. Artificial 
*paUa«iUi’ structure, ma<le by charging a mould with angular fragments of steatite 
and filling up with plumber’s solder. Actual size. 

V. Brenliam pallaaitc. Actual size. From a sj)eeimon in the British Museum. 

VI. Ijcft-hand Jialf. Springwator pallasite. Actual size. From a sj>ecimen in the 
British Museum. Right-fiand half. Artificial ‘ pallasite ’ structure mode by charging 
a mould with fragments of steatite rounded by attrition and filling up with 
plumber’s solder. Actual size. 

VII. Fragments of chalk rounded by prolonged attrition. In plumber’s solder. 


Interaction between adsorbed substances of simple 
constitution and insoluble monolayers. II 

By Kennkth G. A. Pankhcrst 

{Communicated by N. K. Adam, F.R.S .— 

Recewed 14 March 1941 —Remsed 20 June 1941) 


Penetration of monolayers of aliphatic substances and sterols, by aliphatic 
alcohols and acids of chain length from fivc^ to eight carbons, is similar to 
that by the four-carbon alcohol and acid except that it is muoli more power¬ 
ful. p-Ethyl x)henol penetrates much more than phenol. Each CH, group 
added to the hydrocarbon chain decreases the concentration requirtMl for 
equal penetration by a factor of about 4*6. Ulie penetration is, with these 
substances, non-specific, resulting only in a disruption of the cohesion of 
the monolayer, 

A single-wire surface balance, sensitive to 0*01 dyne/om,, is described. 

The principal interaction between insoluble monolayers and solutions 
of phenol, butyric acid and butyl alcohol was shown by Adam, Askew and 
Pankhurst ( 1939 ) to consist in a non-specific jfenetration of the monolayer 
by the dissolved substance, with the disruption of its cohesion. There was 
also some displacement of the adsorbed molecules of the soluble substance 
from the surface, by the insoluble monolayer; but there was no evidence 
of any specific interaction between the polar groups of the soluble and 
insoluble substances. In this paper the work is extended to higher homo- 
logues of these soluble substances, fatty acids and alcohols up to eight 
carbon atoms and p-ethyl phenol. 
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Rksults and discussion 

The interaction was similar to that previously found, but as would be 
expected the longer chain soluble molecules penetrate at much lower bulk 
concentrations and up to much higher surface pressures than do the lower 
homologues previously investigated. A much greater degree of cohesion 
in the monolayers can be disrupted with the eight-carbon than with the 
four-carbon penetrants. 

Figui'es 1-4 show some typical results which should be compared with 
figures 1-7 of the previous paper. The 0*001 % solution of octyl alcohol 
has greater penetrating i^ower than even the 0*3 % solution of butyl 
alcohol; 0*06 % p-ethyl phenol is more effective than 0*5 % plienoL 
Similar relations hold good for penetration into cholesterol and its ketone, 
coprostenone; and as before, ooprostenone is more easily penetrated than 
cholesterol, probably because its molecules are considerably tilted in the 
monolayer, and there is less cohesion than in cholesterol. Table 1 indicates 
the extent to which the cohesion of the various monolayers is destroyed; 
a perfect gaseous film would have a pressure of 1 dyne/om. at 400 s(j. A 
and 4 dynes/cm. at 100 sq. A; in some cases the observed pressure ap¬ 
proaches quite closely to these figures, showing that practically no cohesion 
remains in the film. 


Table 1. Surface pressures at large areas (20-22 ' C) 



n/50 

?i-amyl alcohol 

?j*hexyl 

alcohol 

«fc.-()ctyl alcohol 

a*caprylic acid 

p-ethyl phetutl 

monolayer 

area H(U 

006% 

010% 

0*03% 

0001 % 

0*003% 

0*001 % 

0*003% 

0*05% 

0*10% 

Irturic acid 

100 (0-46) 

(1-36) 


(302) 

UH3 

4*63 

2*42 

3*48 

— 

... 


400 (0*29) 

(0-47) 

(0*90) 

(0-52) 

0-50 

0*82 

0*88 

1*20 

— 

— 

niyristic acid 

100 0*21 

0-78 

(1-42) 

207 

2*60 

3*50 

2*96 

3*95 

3*60 

(1*60) 

400 0-18 

0-73 

((M98) 

1-01 

0-32 

0*99 

0*96 

0*95 

116 

(0*66) 

palmitic acid 

100 0-07 

0-27 

()-52 

0-82 

0-42 

1*32 

201 

3*81 

3*70 

3*88 

400 0-04 

0 13 

0-31 

.030 

0*38 

0*47 

0*36 

1*16 

0*86 

0*94 

l>©honic acid 

UM) o>or> 

0*14 

0*30 

0-33 

0-37 

0*98 

1 67 

2*20 

0*60 

1*01 


4(K) 0-01 

0-09 

017 

0-27 

0-32 

0*60 

0 25 

0*48 

0*27 

0‘4H 

palmitonitrilo 

100 0 16 

103 

1-51 

2-00 

MO 

2*70 

2*29 

3*80 

3*83 

(1*95) 

400 0-16 

0-31 

0-57 

0-64 

0-57 

0*96 

0-67 

1*<K) 

0*68 

(041) 


Kigurtss in parentheBos indiciaUi that Home eollajjse or Bohition wan taking place. These pi’essurea are therefore it 
accurate and U>w. 


Table 2 compares the penetration into monolayers of cholesterol and 
ooprostenone. In all cases penetration is greater into that monolayer 
which has the smaller cohesion initially. 

From the above results an estimate can be made of the concentrations 
in bulk solution, at which a substance of one chain length has a similar 











F dynes/cm. JF millivolts 



Fiouhe 3. Palmitonitrilo on «cc.-octyl alcohol, 20-22'' C, 



Fiouke 4. Cholosterol (full lines) and coprostenone (broken lines) 
on n-caprylic acid (triangles) and jt>-ethyl phenol (circles), 20® C. 
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penetrating effect to a higher or lower homologue differing in length of 
chain by several carbon atoms. Comparing myristic acid on butyl and 
octyl alcohols, 0*001 % octyl alcohol (m/ 13,000) penetrates more than 
0*3 % butyl alcohol (m/24*7); the ratio of concentrations for equal pene¬ 
tration being of the order of 600 or )K) 8 sibly more. This gives, for the ratio 
of concentrations for the addition of only one carbon atom to the chain, 
a factor of about five. Traube’s well-known rule states that for simple 
adsorption at a water-air surface, the factor is of the order of three. 
Langmuir ( 1917 ) showed that this factor indicates a decrease in free energy 
on adsorption of 640 cal./mole for each CH^ group in the chain. The factor 
of five is unusually high and indicates a free-eriergy decrease in penetration 
of the order of 1000 cal./mole for each CHg group in the penetrant. 

Table 2. Surface pressures of cholesterol and coprostenone 
ON solutions of p-KTHYL PHENOL AND CAPRYLIC ACID (20'' C) 




n/50 

/>-ethyl phenol 

caprylic aci<l 

monolayer 

area 

HV\ 

0*05 % 

0-10 % 

OOOl % 

0'003 

cholofltorol 

100 

004 

1-66 

(MO) 

0-58 

1*38 


400 

0-02 

0-21 

(0*30) 

014 

0‘45 

coprostenone 

100 

0-02 

3*55 

— 

1-65 

2’90 


400 

001 

0-53 

— 

0*13 

L20 


A survey of the remaining results in this paper and in Part I gives a 
mean value for the ratio of concentrations required to produce equal 
increases in surface i)res 8 ure, by disruption of cohesion, of ca. 4*5, extremes 
varying from 3*7 to 6 * 2 . A rough estimate of the concentrations of solution 
required to abolish fluctuations of surface potential found at areas greater 
than the limiting area of coherent films shows a ratio of 4*5”5*0 for each 
CHg added to the chain. The decrease of free energy when these sim])le 
molecules j>enetrate an insoluble monolayer thus appears to be definitely 
larger than when such molecules are adsorbed at an air-water surface, 
although the present experiments do not permit a close estimate of the 
difference to be made. 


Experimental 

The technique of surface pressure and surface potential measurement 
was the same in principle as in the previous paper, except that a single- 
wire torsion balance was used instead of a two-wire instrument for 
measuring surface pressures, the mirror indicating the position of the float 
being mounted on the torsion wire used for applying the force to the float. 
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Sensitivity to 0*01 dyne/cm., which is believed to be much greater than has 
hitherto been achieved with a balance of this type, was attained by atten¬ 
tion to the following details. The horizontal torsion wire, 19*4 cm. long and 
4*9 cm. above the surface of the water, carried the mirror and a light rigid 
framework with two prongs fitting slightly loosely through holes in the 
mica float. The float was connected to the sides of the trough by silk 
threads lightly paraffined or vaselined (Guastalla 1929 ). Using a phos- 
phorbronze wire of 0*20 mm. diameter, the sensitivity was 0*20 dyne/cm./ 
degree of twist of the torsion head; a wire of 0*11 mm. diameter gave 
0*019 dyne/cm./degree. The wires could easily be changed, with a soldering 
iron, in a few minutes. 



Table 3 




concentration 

AV 

^Ay 

solute 

/o 

mV 

d3mes/om. 

n-amyl alcohol 

0*05 

85 

61 


010 

113 

8-2 

n-hexyl alcohol 

0*03 

63 

7*3 

aec.-octyl alcohol 

0001 

23 

10 


0003 

67 

6-5 

n-caprylic acid 

0001 

— 

1-7 


0003 

— 

6-9 

p-ethyl phenol 

005 

— 

10-6 


010 

— 

20-7 


The alcoh<)ls and acids were purified until the boiling range was usually 
2 ^' C or less (caprylic acid and octyl alcohol, 3° C). p-Ethyl phenol, 
ra.p. 45'' C, was prepared by acetylation of anisole and reduction by the 
Clemmensen reaction, and purified by crystallisation from carefully dis¬ 
tilled light petroletim (b.p. 40-60^ C). The surface tensions of the solutions 
used as substrata were determined by the drop-volume method using a 
micrometer syringe (of. Adam 1938 , pp. 376-82) and their surface po¬ 
tentials by Sawai’s method ( 1935 ) using a polonium air-electrode. Table 3 
shows the results. 

My thanks are due to Professor N. K. Adam, F.R.S. for his interest and 
valuable criticism and for supplying most of the pure long-chain com¬ 
pounds, to Dr C. Dor 6 e and Dr V. A. Petrow who kindly provided the 
sterols, to Mr J. 8 . F, Gill for preparing the jo-ethyl phenol, and to 
Mr G. W. Alliss who constructed the new surface pressure balance. Part 
of the cost of the apparatus was met by a grant from the Dixon Fund of 
the University of London. 
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Structure and thermal properties associated with some 
hydrogen bonds in crystals 

IV. Isotope effects in some acid phosphates 

By a. R. Ubbklohdb and I. Woodward 

{Communicated by Sir William Bragg, F,R,S,—Received 4 April 1941) 

fPJate 43] 

The isotope effect has been measured for (NH 4 )ldBp 04 . Expansion of the 
crystal lattice takes place on substituting deuterium for hydrogen. The ox- 
ponsion is in the direction of the hydrogen bonds, and is of the same magni¬ 
tude as in the isoinorphous KHJPO 4 . A contraction of th<» lattice at right 
angles to the plane containing tho hydi’ogon bonds is considerably larger 
for (NH 4 )H 2 P 04 than for KH 2 PO 4 . From an appliciation of the calculus of 
errors, tlie accuracy of the results is estimated b) bo 

ail = + 0 00269 ± 0 00006, = -- 0 00123 ± 0 00009, 

Further investigations on the monoclinic form of KD 2 PO 4 has shown the 
presence of curious diffuse reflexions in moving-film photographs. Attempts 
to obtain (NH 4 )D,P 04 or KHJPO 4 in the monoclinic structure were un¬ 
successful. 

In acid phosphates of the general formulae MH 2 PO 4 and M^HPO^, it is 
possible to make comparatively small perturbations in the structure of 
crystals, both by varying the positive ion, and by substituting deuterium 
for hydrogen. As was described in previous publications, one eifeot of sub¬ 
stituting deuterium for hydrogen in KH 2 PO 4 is that the acid phosphate 
crystallizes spontaneously from solution in a new form (Ubbelohde and 
Woodward 1939 ; Ubbelohde 19396 ). The tetragonal form of KD 2 PO 4 could 
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only be obtained by special nucleation, and when compared with the tetra¬ 
gonal form of KH2PO4 it showed an expansion of the crystal lattice in the 
direction of the deuterium bonds. 

Experiments descTibed in the present paper were carried out to obtain 
fresh information on the role of hydrogen bonds in determining the structure 
of acid phosphates. Preliminary information on the structure of the mono¬ 
clinic form of KT)2P04 includes studies of intensities of X-ray reflexions, of 
pyro-electric properties, and of the curious streaks in moving-film X-ray 
photographs of single crystals. Further light on the occurrence of the mono- 
clinic form of KD2PO4 was also obtained from experiments on the structure 
and isotope efiects of (NH4)H2P04. Attempts to obtain the monoclinic forms 
of (ND4)D2P04 and of KH2PO4 were unsuccessful. The main conclusion 
from all these ex}>eriments is that in the acid phosphates the hydrogen bonds 
must make a contribution to the lattice structure such that quite difibrent 
arrangements of atoms can have much the same stability and lattice free- 
energy. This may have an important bearing on the thermodynamical 
properties of the crystals. 


The isotope effect fob (NH4)H2P04 

The monodinic form of (Nl)4)D2P04. It was shown by Hassel (1925; 
cf. Wyckoff 1931) that (NH4)H2P04 is isomorphous with KH2PO4, and 
crystallizes in the tetragonal sphenoidal system, space group 
a = 6 = 7-53 A, c — 7*54 A, with four molecules to the unit cell. If 
(ND4)D2P^^4 showed a behaviour similar to KD2P()4, and could be crystal¬ 
lized in both tetragonal and monoclinic forms, much information about the 
structure could be obtained by comparing intensities of X-ray reflexions in 
isomorphous potassium and ammonium salts. To test this possibility, 
(ND4)D2P04 was prepared by rex>eated crystallization of (NPl4)H2p04 of 
analytical purity from DgO. The final crystallizations were made from 
99-6 % leave approximately this proportion of deuterium 

atoms in the product. 

In contrast with the behaviour of KD2PO4, it was found that in all spon¬ 
taneous crystallizations of (ND4)D2P04 from supersaturated solutions of 
varying concentration, only tetragonal crystals were obtained. A further 
attempt to obtain a monoclinic form of the ammonium salt was made by 
dropping freshly prepared nuclei of monoclinic KDgPO* iiito supersaturated 
solutions of (ND4)D2P04 in 99 * 6 % DjO. The crystals obtained could 
frequently be identified by their external habit, but in doubtful oases the 
crystal form was identified by taking X-ray rotation photographs. Only 
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the tetragonal form was found. Even the small crystallites adhering firmly 
to the needle of monoclinic KD2PO4 were found to be tetragonal crystals 
of (ND4)D2P04, on examination with a low-power microscope. Preferred 
directions of growth of these crystallites, relative to the nucleating crystal, 
were evident on visual inspection, but could not be established with great 
precision. The c axis of the growths made an angle of abotit 20° with the 
(001) plane of the nucleating crystal. 

The conclusion from these nucloation experiments is that (ND4)D2P()4 
shows far less tendency to crystallize in a monoclinic form than KDgPO^. 
The failure to obtain the ammonium crystals in a monoclinic form makes 
investigations of the structure of the potassium salt much more difficult. 

The tetragonul form of (ND4)D2P04. Lattice spacings of the deuterium 
and hydrogen compounds were compared using a multiple exposure X-ray 
spectrometer (Ubbelohde 1939a). To minimize errors due to absorption, all 
the crystals used were of similar size and shape. Oscillation and some 
rotation photographs were taken with crystals mounted for both a and c 
axes, and unfiltered Cu K radiation from a gas tube was used so as to give 
(i as well as a reflexions. 

In a tetragonal crystal, the axes of the ex])ansion ellipsoid coincide with 
the crystal axes, and are equal in the direction of the a and b axes. The 
expansion a' along a plane normally inclined at an angle g to the c axis is 
given by the simple expression 

oi' — AB cos 2^, 

where A -B, ajg = ^ + B. 

IVelve such equations, each obtained from the mean of several indepen¬ 
dent measurements of a', were used to calculate the best values of A and 
B by the method of least squares. The best values were found to be 

^ = -f 0 ‘ 0 (K )73 ± 000005 , B O-OOIOO ± 0 - 0006 , 

from which and can at once be calculated. 

In view of present refinements in the theory of bond lengths in crj^stals, 
it is highly desirable to have a reliable estimate of the range of uncertainty 
attached to any experimental results. For actual bond lengths, such as that 
of hydrogen bonds as det/ermined by Fourier methods, estimates of ranges 
of uncertainty present a problem not yet completely solved, owing to the 
fact that no systematic calculus of errors has been devised (Robertson and 
Woodward 1936; Brill, Hermann and Peters 1939; Robertson 1940). The 
magnitude of isotope effects can be determined with much greater precision 
than that of actual bond lengths, both on account of the fact that relative 
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measurements are involved, and because a standard calculus of errors is 
directly applicable to the results (Whittaker and Robinson 1937). To apply 
this calculus to obtain the probable errors in the values of and ags, the 
original equations are preferably rewritten in the form 

a' = ajj[l - cos 2^]/2 + oc^[l + cos 2gJ/2, 

Standard methods when applied to the twelve independent values of a' give 
aji = + 0-00269 ± 0 - 00006 , a^g == - 0-00123 ± 0 - 00009 . 

A plot of the smoothed curve showing expansion in different directions is 
given for comparison with the observed values of a' in figure 1, and a polar 
diagram showing the relation of the expansions to the approximate positions 
of the hydrogen bonds in the crystal is given in figure 2 (plate 43 ). 



/) 

maximum 


Fioube 1 . Lattice doformatioii (isotope effect, D for H) for (NH 4 )HgP 04 . 

It will be noted that the isotope effect (D for H) in (NH4)H2P04 is closely 
similar in direction and magnitude to the effect in tetragonal KHaPO^. 
(An obvious misprint occurs in III, p. 422 , but the correct figures are given 
in the adjoining diagram.) This makes it all the more puzzling that the 
monoclinic form of the ammonium salt has not yet been obtained. Further 
j)oints are discussed below. 


ThK MONOCLINIO FORM OF KDgPO^ 

In addition to using the tests previously described (Ubbelohde 1939^), 
the chemical identity of the crystals was verified from direct phosphate 
analyses on a semi-micro scale, using single crystals whose monoclinic 
structure was previously established by X-ray rotation photographs. An 
average content of P2O5 found for the monoclinic crystals of KD2PO4 was 
51-47 % (theory 51-64 %). Together with the molecular weight determina¬ 
tion from the X-ray data, this evidence excludes any simple acid salt other 
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than KDgPO^, and is probably as definite as can be obtained with com¬ 
paratively small amounts of material. The fact that repeated crystallization 
from pure 99*6 % DjO gave the same salt as crystallization from the original 
mother liquors is a further argument against any acid salt of comjH)sition 
other than KD2PO4. One or two tetragonal crystals were occasionally 
found amongst the mass of monoclinic crystals of KD2PO4 which separate 
from supersaturated solutions. 

In order to minimize the effects of slow reversion to the tetragonal form 
(see below) X-ray studies were usually carried out with crystals separated 
from solution shortly before exposure. 

The crystal axes as determined by rotation photographs were found to be 
(cf. Ubbelohde and Woodward 1939) 

a = 7*37 ± 0-01 A, 6 = 14-73 ± 0-01 A, c - 7-17 ± 0-01 A; - 92 ^ 

It is estimated that any systematic errors in the above results are unlikely 
to exceed the order of magnitude of the random errors, which have been 
(!alciliated according to standard methods, and are as indicated. 

Moving-film rotation photographs of the zero layer lines for the three 
axes of monoclinic KD2PO4 show that the (OA:0) reflexion is halved when k 
is odd. (On a well-exposed film this was observed up to k — 15 .) No other 
halvings are present, so that the space group is — A notable feature 
of the (hkO) zone is that the reflexions are very much stronger when h is even. 
The reflexions are particularly strong and uniform when h 2, and are 
practically absent when A. = I. 

On immersion into liquid air, the crystals develop a strong polarity in the 
direction of the h axis. A marked cleavage is exhibited parallel to the (001) 
face, and a less pronounced cleavage parallel to the (100). After immersion 
in liquid air the (001) cleavage is still more marked. The development of 
faces in the (hkO) and (Okl) zones is asymmetric, confirming the polarity of 
the crystal. 

Revbrsiok of monocltnio to tetragonal crystals 

When finely powdered, the monoclinic form appears to revert to the 
tetragonal form of KD2PO4 within a few days. For larger crystals, reversion 
is slower. One specimen, with a, 6, c approximately 0-6, 1-0, 2-4 mm., has 
been investigated with fixed and moving-film rotation photographs during 
a period of 14 months. Whilst there has been a growth of powder rings, and 
of splitting into small crystallites, the reflexions characteristic of the original 
crystal still persist. Certain reflexions, such as the (102), remain undivided 
and well defined during the change, whereas reflexions such as that corre- 
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spending to (200) show that splitting into crystallites takes place in preferred 
directions, in this instance with rotation about the h axis. The persistence 
of some small spacing planes is noteworthy, such as ( 702 ) and ( 604 ). Further¬ 
more, inspection of another monoclinic crystal after 10 months exposure 
to the atmosphere, on a Hutchinson goniometer, showed that after this 
interval there was much diffuseness in the reflexion from the (100), but not 
from the (010) face. These and similar observations show that although a 
partial rearrangement of the atoms slowly takes place in the monoclinic 
crystals, the increased stability does not appear to be sufficient to lead to 
a very radical break up of the original structure. 


Diffitsk reflexions from freshly prepared 

MONOOLINIO CRYSTALS 

A remarkable feature of moving-film photographs of crystals of KD2PO4, 
even when freshly separated from solution, is the occurrence of diffuse re¬ 
flexion streaks, whose intensity is comparable with that of the sharp reflexions 
(cf. figure 3 , plate 43 ). To verify that these were not due to white radiation 
from the gas tube used (filtered Cu Ka radiation), a standard crystal of 
oxalic acid dihydrate was mounted on the second spindle of a two-crystal 
moving-film spectrometer (Robertson 1934). Although the sharp reflexions 
from the oxalic acid were much more intense than those from the KT)2P04 
exposed at the same time, there were practically no streaks connected with 
them. This showed that the phenomenon was not primarily connected with 
white radiation from the tube. 

The streaks in KD2PO4 also showed characteristic differences for rotations 
about the three axes. For c axis rotations, streaks occurred in the sequence 
of moderately strong sharp reflexions. For example, the approximate 
centres of large spacing streaks corresponded with the weak or absent 
(hkO) reflexions with h odd. There was no obvious correlation between 
streaks and Bragg reflexions in rotations about the other axes. Special 
features illustrated in figure 3 (plate 43 ) are 

(1) That streaks are frequently independent of any Bragg reflexions, as 
at (a). 

(2) That the extension of streaks with decreasing Bragg angle is very 
variable; in (6) and (c) the streaks end at approximately 6 == whereas 
at (d) the streaks persist to the very edge of the film. 

( 3 ) In certain parts of the film streaks are grouped together in thirees, 
with angular interval of about 7 °. 

Further comment on the diffuse reflexions is made below. 
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Froc, Hoy, *Soc., /I, volume 179 , plate. 43 



2. fs()t()f)(> ('t'fccl (D for H) in n‘hition to hydrogt'n bond (Un^ctions, 

wljieli arc within 2' or ‘i of a axw. 



Fiuuhk 3. Diffuse redexiou streaks in moving film exposure of KD^FO^. 


iFarini/ p. 40*1) 








Isotope effects in acid phosphates 


406 


Discussion 

The main conclusiona from the experiments are as follows: 

(1) In (NH4)H8P04 the replacement of H by D leads to an expansion of 
the crystal, at right angles to the c axis. 

Assuming that the hydrogen bonds lie nearly parallel to the (001) plane, 
as in the isomorphous KH2PO4, this implies that the hydrogen bonds 
expand on substituting deuterium. Within the experimental error, the 
expansion is the same as in KH2PO4, though the contraction at right angles 
is some three times as large in the ammonium salts. 

By applying the calculus of errors, a comparatively high accuracy can 
be attained in the measurement of isotope effects. 

(2) No definitive attempt can yet be made at calculating the detailed 
structure of monoclinic KD2PO4. This is partly due to lack of isomorphous 
salts, and partly to the streaks or diffuse reflexions which are a prominent 
feature in moving-film X-ray photographs of this salt. The high absorption 
coefficient (// » 147 per cm. for A = P 64 ) imposed a further limitation on 
estimates of the absolute intensities of reflexion from single crystals. It 
may be noted that after assuming a model of the phosphate group, there 
are still 32 parameters to be adjusted in proposing a trial structure. 

Tentative conclusions can, however, be drawn about the positions of the 
potassium atoms, since these are the dominating factors governing the 
intensity of the large spacing planes. The strength and uniformity of tlie 
(OfcO) series, when k is even, suggests that the potassium atoms lie near to 
planes parallel to (010), and a distance \b apart. Inspection of the axial 
series, and the (MO) projection, suggests that the projections of the potas¬ 
sium atoms are displaced from the corners of rectangles, with edges \c. 
The distance between adjacent potassium atoms is of the order 3*7 A. 

( 3 ) A comparison of (NH4)H2P04 with KH2PO4 suggests that the 
ammonium ion may have only a tetrahedral symmetry at the temperature 
investigated. This suggestion is of some interest in view of possible rotational 
transitions in the phosphates (cf. Anniml Reports 1940). Thermal investiga¬ 
tions are being carried out on these crystals, but in the meantime a brief 
summary may be given of the structural evidence. 

From a detailed study of the structure of KH2PO4 (West 1930), it was 
concluded that the phosphate ion probably exhibited a slight distortion 
from tetrahedral symmetry. Each potassium atom was found to be sur¬ 
rounded by eight oxygen atoms, four at a distance of 2-79 A and four at a 
distance of 2*81 A. The shortest distance between oxygen atoms on neigh¬ 
bouring phosphate groups (i.e. the length of the hydrogen bond) was found 
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to be 2 - 54 A. An alternative structure, with phosphate groups showing 
complete tetrahedral symmetry, was not in such good agreement with the 
experimental results. In this structure, the K —0 distances were 2*82 A, 
and the length of the hydrogen bond 2*48 A, 

When either of these phosphate groups is inserted into the lattice of 
(NH4)H2P04, placing the phosphorus and nitrogen atoms at positions 
corresponding with phosphorus and potassium atoms in KH2PO4, the 
following results are calculated: 

H bond distance (NH 4 )— 

distorted phosphate ion 2-57 A 4 0 atoms at 3*06 A 

4 O atoms at 2*91 A 

tetrahedral phosphate ion 2*53 A 4 0 atoms at 313 A 

4 O atoms at 2-89 A 

Unlike the i^otassium ion, which is surrounded by eight oxygen atoms at 
])racticaliy equal distances, it will bo seen that the ammonium ion appears 
to behave like a sphere deformed by tetrahedral bulges. Some uncertainty 
attaches to calculations of the greatest and least radii of this deformed 
sphere, but the diflFerenoe of radii is estimated to lie between 0-15 and 0*24 A. 
The only way to avoid the conclusion that the ammonium ion behaves in 
this way is to equalize the {NH4 )—0 distances, and this would involve a 
phosphate ion even more distorted than in West’s model, and also an elonga* 
tion of the hydrogen bond. From the close agreement in the magnitude of 
the isotope effect in the potassium and ammonium salts any great difference 
in the length of the hydrogen bond is unlikely. 

The fact that the ammonium salt shows a markedly bigger contraction 
(cf. figure 2) at right angles to the directions of the hydrogen bonds, on 
re})lacing H by D, than was observed for tetragonal KH2PO4, is probably 
associated with the longer c axis and more open packing in this direction in 
the ammonium salt. This might lead to a larger Poisson contraction accom¬ 
panying the expansion of the hydrogen bonds. In view of the precision with 
which isotope effects can be measured, a knowledge of the coefficients of 
elasticity of the phosphate crystals in various directions would be of value, 
and might lead to a direct estimate of the strength of the hydrogen bond. 

Finally, attention may be drawn to the unsolved problem of the origin 
of the diffuse streaks in moving-film photographs of monoclinio KD2PO4* 
The possibility has not yet been completely eliminated that these are 
similar in origin to the diffuse spots observed for a variety of crystals when 
these are set up to give Laue reflexions (Preston 1939; W. H. Bragg 1940; 
Lonsdale, Knaggs and Smith 1940). With Cu K radiation, the fogging of the 
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film was too extensive, on account of the high absorption of the crystals, 
to establish diffuse spots in Laue photographs of monoclinic KDjjPO^, but 
they were readily obtained using molybdenum radiation from the 6 kW tube. 

No complete correlation has yet been established between these diffuse 
spots and the streaks obtained in moving-film photographs, though the 
results emphasize the value of moving-film technique, in characterizing 
diffuse reflexions more completely than is possible from stationary photo¬ 
graphs. An alternative possibility which is receiving attention is that the 
KD2PO4 crystals contain lattice imperfections which are essential for the 
stability of the monoclinic structure. If the single crystals were merely 
strained owing to their rapid separation from solution, and exhibited various 
types of slip, it would be difficult to explain why KH2PO4 does not show 
streaks in moving-film photographs in corresponding intensity, or alter¬ 
natively, why K D2PO4 does not at once separate in the tetragonal unstrained 
form. Further discussion of the curious behaviour of KDgPO^ must await 
fresh experimental information. 


Thanks are due to the Managers of the Royal Institution for the facilities 
provided, and to Mr H. Sinitli for his collaboration in some of the experi¬ 
ments. 
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The statistical mechanics of many component gases 

By K. Fuchs 

The University of Edinburgh 

{Communicated by M, Born, —Received 22 May 1 S) 41 .— 

Revised 6 Axigust 1941 ) 

Tho theory of condensing systems of J.K. Mayor is generalized for a 
mixture of an arbitrary number of gases. 

Strict equations for chemical equilibrium in a mixture of gases are 
derived. For sufficiently sjuall pressures they reduce to the law of mass 
action. 


1 . Iktroduction 

The methodB for the strict evaluation of tlie partition function of a gas as 
develoj>ed by Mayer and his collaborators (1937-40), by Bom and Fuchs 
(1938) and by Uhlenbeck and Kahn (1938), have been applied by Mayer 
(1939) to the calculation of the partition of a mixture of two gases. 

From the consideration of certain phenomena connected with the order- 
disorder transition in alloys, I was led to consider this problem for a system 
composed of an arbitrary number of gases. Since this problem is of interest 
by itself, I shall develo]) in this paj)er the theory without further reference 
to the problem which originally led to this investigation. 

The theory is of particular interest in connexion with the problem of 
chemical equilibrium in a gas mixture; this problem could not be treated 
by means of the previous theories, since such a system contains at least three 
components; the two original substances and the compound formed by 
them. The strict law of chemical equilibrium is derived in the last section. 
For sufficiently small pressures it reduces to the well-known law of mass 
action. 

The j)ro8ent investigation follows closely the calculations of Mayer (1939) 
for the two-component system and of Born and Fuchs (1938, in the following 
quoted as I) for the one-component system. In spite of the existence of 
these investigations the generalization for the many-component system 
requires a great deal of mathematical analysis, since for the most intricate 
parts of the calculation even the theory of the two-component system does 
not give any indication as to the results for the many-OK>mponent system 
(e.g. the reduction of the cluster integrals to the irreducible cluster integrals). 

[ 408 ] 
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2. The FABxmoN njNoriosr 

Consider a ^stem composed of p different i^pes of putides. Let Nf be 

the number of particles of type i (t 1,2. p) and their mass. Let 

be the distance between the ath particle of type i and the /9th partide 
of type j and the potential energy between them. Then the total 

potential energy is 

p p Nt Nj p Ni Ni 

is - s s S t Vn(r^f)+ s S S (2-1) 


The partition function is 


where N is the total number of particles, 


and is defined by 


N I. N„ 


ndr,.. 

A \r iJJ J «-l 


nivi! 

i^i 


( 2 - 2 ) 


(2-3) 

(2-4) 


Here dr*, is the volume element of the ath partide of type ♦. 

Introduce fff = exp { - v^j(r^f)lkT\ — 1 (2'6) 

and expand (2-4) 

Qr = n ( 2 - 6 ) 


Here the summation is over all values t, j, a, /9 as shown explidtly in (2’1). 

Each factorwiU be referred to as a 'bond’ between the two particles 
concerned. A ‘ duster ’ of particles of size (1) * (Ij, i,,..., Z^) is a system of 
particles of type 1, Z* partides of type 2, etc., each particle being directly or 
indirectly connected with every other particle of the cluster by means of 
bonds, but not connected with any particle outside the duster. The duster 
integral 6(1) connected with such a duster is defined by* 

,2.7, 

i 

♦ Throughout this paper letters in heavy type r^reeeut a set of numbers or 
variables. 


VcL J79. A. 


S7 
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where the sum extends over all prodaots of different bondfi/^(a = 1,2, 

/? = 1,2,Ij) consistent with the definition of the cluster. V is the total 
volume; the factor V in (2-7) is introduced, sinoe the int^ration ovot the 
co-ordinates of the ‘last’ particle gives a factor V. 

The partition function can then be expressed as follows (of. I, 1'7): 


where the 
condition 

and 

is the volume per particle. 

3. Rbduotion of the cltjstbb intsgrais 

By the definition of the cluster one may pass from one particle of a cluster 
to any other peirticle of the cluster by means of a sequence of bonds. In 
general there will be several different sequences. Now, it may be possible 
to divide the particles of the cluster into different groups, in such a way that 
one particular particle (the ‘connecting’ particle) must always be passed 
in order to pass from a particle of one group to a particle of a different 
group. The only exceptions are the connecting particles, which may be 
counted as belonging to two or more groups. This is illustrated in figure 1. 
The dots and crosses inside each ellipse represent one of these groups. They 
may be directly connected by means of a bond with any particle inside the 
same eUipse, but not with a particle outside. The ellipses overlap owing to 
the connecting particles denoted by crosses. Such bond configurations wiU 
be called ‘ reducible ’. A configuration is irreducible only if we can pass from 
any particle to any other by means of at least two different sequmioes of 
bonds passing through two mutually exclusive sets of particles. 

If there are particles of type i in such a cluster, it is called an irreducible 
cluster of size (v) » (fj, Fg, The corresponding irreducible cluster 

integral is defined by 

i 

where the sum extends over ail products of different bonds/J^ (a « 1,2,.... v*; 

M 1,2,..., Vj), which are consistent with the definition of the irreducible 




md) (1) «*(!)! 

summation extends over aU sets of values m(l), which satisfy the 


= Nf, 

«) 

v^VjN 


(2-9) 

( 2 - 10 ) 
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cluster. The definition (3-1) differs firom that used in (I); it threes 'with the 
definition used by Mayer (1939) for the t'wo-oomponent system. 

Consider now a definite bond configuration of a duster of size (1). It may 
be assumed without loss of generality that the first or of the numbers ace 
greater than zero, and that the remaining vanish. Then for the purposes 
of this section the indices i, j, k run from 1 to o*. 

I now single out arbitrarily one particular particle—say the first particle 
of type 1. I next collect all the particles which belong to the same irreducible 
cluster as the first one. These particles (excluding the first) will be called an 



Figure L Reduction of the reducible clusters to irreducible clusters. Dots and 
crosses inside the some ellipse represent particles belonging to the same irreducible 
cluster. Crosses represent connecting particles between several irreducible clusters. 

incomplete cluster. Kit is of size (v), it contains 1, r,, .... numbered 
partides of type 1, 2, etc. K this cluster is detached from the first particle, 
it has a free place for a particle of type 1, which I shall consider as an un¬ 
numbered particle of type 1. By identifying it •with the first particle the 
incomplete cluster is ‘attached’ to the first particle. If the first particle is 
a connecting particle between several irreducible clusters, one obtains corre¬ 
spondingly at this first stage several incomplete dusters. This is illustrated 
in figure 1. The cross in the centre represents the first particle. Each fully 
drawn ellipse represents an irredudble cluster containing the first particle. 
The partides inside each of these ellipses, denoted by dots and crosses, with 
the exception of the first constitute the incomplete dusters. 

Among the pa.rtioles collected at this first stage there 'will again be a 
number of connecting particles, denoted by crossra in the figure. I now 
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treat these particles in the same way as the first particle, obtaining in this 
way another set of incomplete clusters, indicated by the ellipses with broken 
outlines. This procedure is continued, until all particles are assigned to the 
incomplete clusters. It will be noted that in this way not only the assigiunent 
of the particles to the incomplete clusters is uniquely determined, but also 
the unnumbered particle in each incomplete cluster, so that difierent sets 
of unnumbered particles lead to different bond configurations, provided of 
^urse we start always from the same first particle. 

If I now integrate over the co-ordinates of the numbered particles of one 
of the last incomplete clusters, the result is independent of the co-ordinates 
of all the other particles. Proceeding step by step a number of factors are 
obtained, all independent of the position of the remaining particles. Summing 
over all bond configurations which are consistent with the splitting of the 
cluster into the given incomplete clusters, the product of the corresponding 
irreducible cluster integrals is found. Integration over the co-ordinates of 
the first particle finally gives the factor V which cancels against the corre¬ 
sponding factor in the definition (2-7) of the cluster integral 6(1). 

If the unnumbered particle of an incomplete cluster is of type i, I shall 
call it a cluster of type i. Such a cluster contains 




numbered particles of type j. The first particle will also be referred to as a 
cluster of type 0 and of size (v®), where 



if i = 1, 
if »/1. 


(3-2) 


Let there be /<j(v) incomplete clusters of type i and size (v). Then the total 
number of particles of type t is 


+ = (3-3) 


If no distinction is made between clusters of the same type and same size, 
the - v? particles of type 1, the 1, - particles of type 2, etc., can be dis¬ 
tributed over the incomplete clusters in 


n 

•i 


(!(-»«?)! n 






h. i 


i<fn 




i 


(3-4) 


different ways. 
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Further let 3>{/ti(v)} be the number of ways in which the incomplete 
clusters can be attached to each other so as to form a reducible cluster* 
Cancelling the factorials in the definition of the cluster integrals and the 
irreducible cluster integrals, it follows with ( 3 ' 4 ) that 6 ( 1 ) is given by 

iMi) = 2 n n (3-«) 

MV) i (V) 

where the sum extends over all sets of numbers /^<(v) ^ 0 compatible with 
the condition ( 3 - 3 ). 

Let now be the total number of clusters of type i. It follows that 

% * ( 3 - 6 ) 

(V) 

Arrange the clusters in any order and number them by two indices: An index 
i, j denoting the type of the cluster and an index a, = 1, 2,..., denoting 
the particular cluster of the given type. Thus is the number of particles 
of type i of the ath cluster of type j* Then 

mf 

2 - <y,i) = 2 (»'< -( 3 - 7 ) 

«=» 1 (If) 

Consequently ( 3 * 3 ) may be written in the form 

<r vtj 

2 2 = ( 3 - 8 ) 

If now a cluster (v**) is attached to a cluster (v^^), this can be done by identi¬ 
fying the unnumbered particle of the former with any one of the numbered 
particles of type i of the latter, i.e. in different ways. If the cluster is 

attached to the cluster (v°), this can be done in different ways. 

Any definite way of attaching the incomplete clusters to each other, 
irrespective of the particular numbered particle used for the purpose, is 
here called a ‘pattern’ of the irreducible clusters. Such a pattern can be 
characterized by the numbers n{* of clusters of type ♦ attached to the cluster 
(v^*) and the number n? attached to (v®). Then the number of ways of 
attaching the clusters so as to give the given pattern is 

(3-») 

Let further {i'(n^,n{*) be the number of different patterns which are 
characterized by the same numbers nj, ni“. Then is given by 

2 3(»?.nj«)n nn (•’?“- 

»?.»{* i { J a I 


( 310 ) 
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Hei:e the summation goes over all sets of integers n% n{^ 

> 0 subject to the 

following conditions: 

i « 

(3-11) 


i 

(3-12) 



(313) 




The first of these arises because there are clusters of type i to be attached* 
the second because at least one cluster must be attached to the cluster (v®), 
and the third because the clusters of t 3 rpe i cannot be attached exclusively 
among each other, but at least one of them must be attached to a cluster 
of a different type. 

In calculating q one must distinguish those indices i for which vanishes. 
Assume that is positive for i smaller or equal to t and that it vanishes 
for i greater than r. I shall prove that 


q{nlni‘) 


a 


n 






(3-14) 


where the first factor represents the determinant with the term Wj 

a 

in the tth row and jth column, and the index t signifies that the indices 
i, j run from 1 to t. 

I first prove (3’14) for the special case mj = 1, m, = to, = » 0 . 

In this case there is only one cluster, which must be attached to the cluster 
(v°), so th^t 5 = 1. Furthermore, n? = 1 and all other n{* vanish. Since 
r is equal to 1, it follows easily that in this case (3*14) gives indeed the 
value ? s= 1. 

I now proceed by induction. Owing to (3‘11) and (3*12) there exists at 
least one cluster (the cluster attached last) which has no cluster attached 
to it. Let the yth cluster of type k be such a cluster so that 

= = ... = (3-16) 

I now assume (S-14) has been proved for a set of values Tn[ given by 


(fw<-l ift = *, 
* ( if t 


(316) 


Consider all patterns of the clusters in which the cluster (v*^) is attached 
to the cluster (v*®'''), and which belong to the given set of numbers »?, n|*. 
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If the cluster (v^^) is detached, one obtains all patterns of the clusters 

belonging to a set of numbers 


n, 


'o = n?. = 


— 1 if j = i', a = /?, 1 = k, 
otherwise. 

According to (3’14) the number of such patterns is given by 




K-i)i 

i.ot 


n 




n 


(nti-l)! ni’^ 


j,et 

(317) 


Here the sum and product over a does not include the term a — y,j ^ h 
But, in view of (3-15), there is no error in including this term. It should be 
noted that the second form of equation (3* 17) also holds if = 0. 

Similar expressions are obtained if the cluster (v*^) is attached to any 
other cluster or to the cluster (v®). Summing over all expressions, the total 
number of patterns is found to be 




Wlfc-l 


s 


a 




+ 


% 


(mi-1)! 

V «? •' IT 

j*0L 


Expanding the determinant with respect to the ith row and denoting the 
sub-determinants by upper indices, it is foimd that 


J, a 

with (3‘11) this gives 


which is the expansion of {3'14) with respect to the Jfcth row. 
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Particular attention must be paid to the cage that » 1. As (8-14) does 
not depend on the order of the indices, it may he assumed that i ** t. There 
is then only one cluster of type k =‘T and (3*16) implies the equations 




a 


S»;“ = o. 


a 


{3-18) 


Furthermore, it follows from (3*11) that all numbers w®, vanish, except 
one which is equal to unity, say « i. The cluster (v’’^) must therefore 
be attached to the cluster and consequently the number of patterns 
of the clusters is the same as the number of patterns of the clusters. 
It is therefore necessary to prove that in this particular case 










a 


T^l 


n 

T-ll-l 




All elements of the rth column of the determinant on the left-hand side 
vanish, except the diagonal element, in view of (3’ 18). The diagonal element 
is equal to = 1. Therefore the determinants on the right- and left-hand 
sides are identical. Similarly, the products on both sides are identical, since 
they differ only by factors 0! and 1!. 

Since any set of numbers n®, can be reached by a succession of such 
steps, it follows that the equation (3*14) is proved. 

Let us consider finally the forbidden cases (3'12) and (3*13). If (3*13) is 
violated for an index t = <:, it follows from (3*11) that 

n? = n}“ = 0 for i = k, jiti, 

and consequently wt< - S nl® = 0 for t = k. 

a 

Therefore the determinant in (3*14) has only zero elements in the ith row 
and it vanishes. 

If (3*12) is violated, (3*11) may be written in the form 

= 0 , 

which constitutes a linear relation between the rows of the determinant 
(3*14). Consequently, it vanishes again. 

Thus the two oases excluded by (3*12) and (3*13) give no contributions 
and these conditions may therefore be disregarded. 
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We now insert (3'14) into (3"10): 




Ti?i ^ 


^»Wv))= S 

* 1 ® 

n^,n\ 

This may also be written in the form 
5>(-“<(v)) 

The summation, subject to the condition (3*11), can be carried out and gives 




s riwji v. — rS -—• 


P(/‘l(v)) 


1 i 


After completing the differentiation we may substitute according to (3-6), 
(3-7), (3-8) and find 




. I " 


Ui^-rS(>',-«y)Ay(v) H «?> 

1 lr<*l 

We shall now prove that this expression is identical with 






<r x^(l») 

nif> . 

rl-l 


(3*19) 


(3-20) 


Remembering that S//£(v) =*=0 for r<i^(r, it follows that the columns 
(r) 

r<i<cr of the determinant (3-20) contain only zero elements, with the 
exception of the diagonal elements, which are equal to unity* Thus the two 
determinants in (3-20) and (3*10) are identical and (3*20) is proved. 

Finally, by substituting (3*20) into (3*5) the following expression for the 
cluster integrals is found: 


IM) 


S 

/<i(W 






(3-21) 


where the summation extends over all sets of integers /ifv) ^ 0 subject to 
the condition (3*3). With (3-2) this condition reads 


If the index 1 is exchanged with any other index, corresponding expres¬ 
sions for ^ found. 
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4 . IntBOEAL BEPBB 8 ENTATION OE THE CLXTSTBE INTBGBALS 
AND THE PAETITION STTNOTION 

I introduce the functions 

^"'{^1.^2. •••.Iff. Pg, 0 , 

or written in short 0^ {5.-B(v)}= s 5(v)n££». 

. .. A:*w 1 

Let a lower index denote diJHFerentiation, i.e. 

(1^) Jk-1 




I now expand the exponential 




(4-1) 

(4-2) 

(4-3) 


efiOJ = S n-^-T^T— 

a(») (V) M'^) • 


m 


and form the expressions 


AVA AVfAAAA VAAXy VOOAV/AAI? / ^ \ 

If a determinant is formed with such sums as elements, it can be trans¬ 
formed into a multiple sum of determinants. Taking the common factor in 
each column out of these determinants, I find 




- S 

(T /*/») 


1 


h c*') 


X n n 

i~i (y) 


k 


i»y{v)! 


(4-4) 


The dummy index j in the product can of course be changed into an index i. 
Comparison with (3’21) shows that li6(l) is the coefficient of H SiHi the 

expansion (4-4). Therefore can be written in the form of a multiple 
Cauchy integral 

n«‘ 






(4-6) 
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The differentiation yields 

hb{i) = (4-6) 

I shall now prove that this expression is identical with 

^ Iph^id^o ( 4 - 7 ) 

where the index p of the G-functions is omitted, 

GsGP, Q,^Ol (4-8) 

It follows easily that 

- 0 ). ( 4 . 9 ) 

In considering (4*7) it should be remembered that =* 0 for cr<i 
Therefore the integrand in (4-7) has a pole of the first order in the variables 
The residue is obtained by putting = 0 in the 

numerator. Thus (4-7) reduces to 




»...«gp-o^n r/rf+i 




which, with the help of (4*9), is easily shown to be identical with (4*6). 
Thus (4*7) is proved. 

The proof has been given only for a set of numbers such that Mo¬ 
difier from zero and that vanish. Since the order of the indices 

t, j in (4*7) is irrelevant, it follows that this equation holds for any arbitrary 
set of numbers 

This is also true if' lx vanishes. In this case the left-hand side is zero. In 
the integrand on the right-hand side, the factor in the denominator cancels 
against the same factor in the numerator and the integrand, as a function 
of ii, is regular. The integral therefore vanishes. 

The corresponding integral representation of the partition function (2*8) 
is easily obtained. I define 

(4*10) 

(i) k^i 

and form the exponential function exp (Nvg), On expansion it is found that 
the partition function is the coefiicient of H *. The integral representation 

i 

of the partition function is therefore given by 




J3l 


(4-11) 
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6. The ghnkeatino rcriiroTioiT or the pabtition function 


The generating function of the partition function is 

u{x) = i ... i: <2,(N)n= s qa^) n af‘. (s-i) 

i-1 (A^) i 

In order to oalctilate it I substitute the integral representation (4*11) 
of and obtain a manifold geometric series, which can be summed provided 


- -< 1 

Vi 

for all values of i. The result is 


H(x) 




( 6 - 2 ) 


(6*3) 


I shall prove by induction that for i^p 




. (5-4) 


**>•••>*<, 7m> 


where the Zj are the solutions of the equations 


{j = 1,2, ...,i) (6-6) 

and gj *= dg/dz^. 

Furthermore, it will be shown that for sufficiently small values of x^ the 
path of integration can always be chosen in such a way that 


i 

^vz^gA^ •••*<» ^i+i • • • ^/>) < 1 (®‘®) 

inside the path of integration. 

Let us asstuno the equations (6*4), (6*6) and (6*6) have been proved for 
i-1. It then follows that (in view of (6*2) the factor x^exp (vg)) is 

regular for the integration over ... i/<_i) 




dVi 




1 X 1 

27K J 


1 


<-i * 

l-'S.vZjgf 


(6*7) 



where 
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Zf = {j = 1,2.t — 1) 


most now be considered as functions of 
Differentiation of the logarithm of (5*8) gives 

k^l 2* 
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(5-8) 


(5*9) 


The difference of any two of these equations gives the result 

dzi dz^ _ 

Zi za «i-.i ‘ 


Substitution in (5*9) yields 


dz. 

dT}\ 


i \ A~1 / 


(5*10) 


Now, in view of (6*6) (which has been assumed to be proved for i — 1), the 
second factor in the integral (5*7) is regular. I shall show below that the 
first factor has only one pole for == 2 ^, where z^ is given by 


ssc **»*•'* 


(5*11) 


The residuum at this is obtained by replacing the denominator by its 
derivative at the pole 




dji _ 


i 


1 

"Pr 


1 


0 ^ ^ • 
1 - vz^gt -^s g~ 1 


Substitution of (6'10) gives the equation (6-4). 

The derivation just given holds also for the first step (i.e. for i = 1), so 
that (6-4) is proved, provided it can be shown that the statements about 
the path of integration are correct. 

Now the path of integration in (6-7) must be chosen in such a way that it 
includes = 0 and that (5-2) is satisfied along the path of integration. The 
function on the left-hand side of (6-2) has a pole of the first order for ifi = 0. 
The curves of constant absolute value are therefore closed curves going 
around the pole, provided they do not enclose a saddle point. If as path of 
integration such a closed curve with constant value smaller than unity is 
chosen, then (6’2) is satisfied on the path of integration and there is one and 
only one point inside the path of integration, for which (5*11) is satisfied. 
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It is only left to prove that the path of integration can be chosen in this 
way without including a saddle point. The condition for a saddle point is 




i-»l 


^i. 


).«, 


or with ( 5 * 10 ) 


T? 






i-1 


= 0 . 


J^l 


Therefore 


i 1 




(5‘12) 


inside the path of integration. Now can be made as small as we J)lease 
provided the are sufficiently small. Since the series in {5-12) have no 
constant terms, they can therefore be made smaller than 1 for sufficiently 
small values of Thus the statements about the path of integration and 
the equation ( 6 - 6 ) are proved. 

For i =» p, (5*4) gives the series (5‘3), which is therefore given by 


^(X):- ^ -, (6-13) 

1 - S 

i«l 


x^ = ZiC-^^K 


(5-14) 


6. Tkkorkm ok associated radh of ookveroekce of a multiple 

POWER SERIES WITH POSITIVE OOEFFIOIEKTS 

In order to investigate the convergence properties of the power series 
(5*1), I use the method of associated radii, applied by Mayer ( 1939 ) to the 
two component system. 

I us© the following theorem (of. Borel 1901): 

Let iCj, ifg,..., be certain constants. Let A(K) be the greatest limit of 

/ fi-l \VN p 

(?,(N)nAT4 , = (6.1) 

I i-1 I i-t 

in. the limit iV -> oo. Then the equations 

X, X, Xp_l y I 

give a set of associated radii of convergence X„ X,,X^. 


( 6 . 2 ) 
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N 

I define = —, (6’3) 

lim 4;lnQ,(N) = ln 5 f(c), (6*4) 

N-*ao-iy 

In A(c, K) = lng(c)/2:^<lniC,. (6-6) 

i-i 

The C( must satisfy the condition 

i Cf = 1. (6-6) 

t»=»l 

Then A(K) is given by A(K) = A(c®, K), (6*7) 


where the c? are determined in such a way that the variation of A with 
(subject to the condition (6'6)) vanishes 


In A(c, K)],,_,o = S r^l Sc, = 0. 
1 L. 


Introduce the function 


p 

hItC 

i^l 


Sc, = 0. 

1 ^ 

(6-8) 




(6-9) 


where are to be considered as independent variables. Therefore the 
variation of In A(c, K) with is identical with the variation off with and 
it follows from (6*8) that 

[^,/(c,X)],.^,. = 0. (6-10) 


Further, it follows from (6-7) and (6‘2) that for c? the function (6-9) vanishes 


/(c».X) = 0. 


( 6 - 11 ) 


This equation constitutes a relation between the values cj (determined by 
(6'10)) and the radii of convergence X,. Now consider a simultaneous 
variation of these quantities, so that (O’l 1) remains unchanged 

d/(cO, X) = [SJ{c, X) + #x/(c, X)]^.„. = 0. (6.12) 

With (6.10) it foUows that S^fic^X) = 0, (6-13) 

or with (6-9) S^ S c? In X, = 0. (6-14) 

Here the variations SX, are subject to the condition that the X, as well as 
the X, + SX, are associated radii of convergence. 
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7. Expansion of thb fbbs bnbbgy by mbans 

OF THE ClilTSTBB INTSORAES 

The theorem proved in the last section is now applied to the aeries (6-1). 
According to (5-13) a set of associated radii is given by 

Xi = (7-1) 

where the satisfy the equation 

E vZtgtiZ) = 1. (7-2) 

Introducing the Z^ as iiKlependent variables, (6*14) can be written in the 
form , . 

<Sir(:£cSlnZ<-t^(Z)| = 0, (7-3) 

where the variation is subject to the condition (7-2). This leads to the 
variational equations 

i (c? - vZ^g^) + = 0. (7-4) 

Now A must be determined in such a way that (7*2) is satisfied. Multipl3dng 
(7*4) by .Z<, and summing over all i, we find with (6*6) and (7*2) 

A(l-f = (7*6) 

Therefore A = 0 and (7*4) gives 

vZ^g, = c?. (7*6) 

Introducing the values satisfying this equation into (6*11), it follows with 
(6*9) and (7*1) that ^ 

In q{<fi) = - S cS In ^<+tV(Z). (7'7) 

The configtuational &ee energy is defined by 

A, ^-JRT lim 4ln «r(N). (7*8) 

Hence it follows from (6*4) and (7*7) that 

A, - iirj-tv(Z)+i^c?lniJ,j. (7*9) 

Here the cj, according to (6*3), represent the atomic firactions of the 
various substances constituting the gas. 
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8 . Expansion of the pbee energy in teems of the 

IRREDUCIBLE CLUSTER INTEGRALS 

I shall now make use of the integral representation (4*7) of the cluster 
integrals. Then 

z,g,(z) - S/i6(l) fl 4 

(1) <-i 


The summation can be carried out provided 

2 ,cO< 




<1 


( 8 - 2 ) 


(8-3) 


along the path of integration. The result is 

nm) . (aD'f 

I shall prove by induction that 

( X \k£ r k (IC, I 

2 m) J"' 

where the y,,- are given by 

y. (i 1,2, (8*5) 


Furthermore, it can be shown that the path qf integration can be chosen in 
such a way that 

1 (^■^) 

inside the path of integration. 

The statement is immediately evident for k — 1. Let us assume then that 
it has been proved for A: - 1. Then (owing to (8*2)) 


with 



dii ^ I ^ 1 rfr 


(8-7) 

( 8 - 8 ) 


which are now to be considered as functions of 
Differentiation of the logarithm of (8-8) gives 

= 0 . ( 8 - 9 ) 


VoL 179. A. 


38 
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The solutions of these equations are 


ik _ 

vM \ 


■VlGii 


frj 


( 8 - 10 ) 


where the upper iadices denote the jth subdeterminant in the development 
of the detenninant with respect to the kth row, and in the determinant 
is to be replaced by 

The discussion of the })ath of integration is exactly the same as in §5. 
It may therefore be omitted. Suffiee it to say that there is exactly one point 
~ Vk ifiside the path of integration for which the integrand has a pole, 
where is given by ^ 


Vk = 

The residuum is obtained by differentiation of the denominator 


( 8 - 11 ) 


(1 - Vk Okk - G,, 1 iy - y, Gy 


-1 




or with (8* 10) 

r *:~-l I [Ai-j-l 

~ y* ^kk) I ^{j U-1 S I ^0 yi L 

L i**! I !« J 

Now the first determinant in this exineBsion is identical with the sub- 
determinant with indices kk. Therefore the denominator is identical with 
the expansion of the determinant 


I Vi * * • Vk^ ^k+1 * * • ^p) I 

with respect to the Ath row, and (H-4) is proved. 

Now return to the integral (8*3). The additional factors in the integrand 
do not make any difference, since they contain no singularities. Therefore 
(8*4) can be applied immediately. Putting k - p,it follows that 


M^here the are the solutions of the equations 

(8*13) 

Similarly z^g^{z ^... 2 ?^) = ?/<. (B-14) 

Furthermore, the expansion of g(z) in terms of the irreducible integrals 
will be needed. I shall prove that 


^(z) = G(y)-hi|^i(lnz^-lnf/^ + l). 


(8*15) 
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Differentiation with respect to z* gives 

+ S {G'i + lnZi-lnyJ.^^ ( 8 - 16 ) 

Here the $um vanishes in view of (8*13), and (8*16) therefore reduces to the 
correct expressions (8*14). Thus (8*15) is correct apart from a constant of 
integration. I’he latter however vanishes, since for 2 :^ = 0 also — 0 and 
both sides of (8*15) vanish. 

Let now Yf be those values of Pi w Inch correspond to Zf , so that from (8* 13) 

(8*17) 

Introduce these values into (7*9); then with (8*15) 

A, = ie7’[ - vO{Y) + ,i W(ln i;. - O,.) + - 1 )}J. (8-18) 

The Zi are determined by the equations (7*6). Comparison with (8*14) 
shows that the are given by o 

Yi = -. (8-19) 


Therefore (8*18) gives an expansion of the free energy in powers of the 
reciprocal volume and the atomic fractions cj. 

With (2*2) the total free energy is then given by 




The free energy (8*20) yields by differentiation the pressure 


( 8 * 20 ) 


PV = ~.v-~ 

cv 




Here the subscript i denotes differentiation in accordance with the definition 
(4-2). 

The Gibbs’s free energy is given by 


F ^ A + PV RT 




ISCilnw,: —Inw 


. ?)|} 


where V must be considered as a function of P and T given by (8'2I). 

The equations (8'20)-(8-22) are identical with the equations for a mixture 
of perfect gases, if the ff-series are omitted. The latter give the deviations 
&om the perfect gas. 


28-2 
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9. Chemical equilibrium ik a gas mixture 

The equations derived in the preceding secition can be applied to the 
problem of chemical equilibrium in a gas mixture. 

It will be sufficient to consider two substances ^4^ and A 2 , which may 
form a chemical compound The more general case does not lead to 
any difficulties. 

Ijct us assume that molecules of the substance Ai and molecules of 
the substance A^ form together — 1^3 molecules of the compound A^ (C 3 is 
therefore negative). Let further be the total number of molecules of 

the substances A j and A g, if all molecules of the compound A.^ are dissociated. 
Now assume that some of these molecules have combined to form ^3 mole¬ 
cules of the compound, leaving molecules of the substance and Wj 
molecules of A 2 ^ Hence the equations 

The molar fractions (dropping the index 0 , used in the ])rovious sections) 
are given by 

c, - .. . (9*2) 

Rj “f* 71^2 “1“ Rg 

Then (9* 1 ) can be written in the form 


* Jij + ng + n,, 


= rgCi-rjCg, 


.. 

* Wj + Wg + W3 


= J'gCg-I^gCj. 


(9-3) 


I further introduce the mole fractions O,, Cg of the two substances and 
A^, if all molecules of the compound are dissociated 


p _ _ o — 

\ + JVi + Alg- 


Then, from (9'3) 
C\ = 


__ 

»'3-C3(»'l+^+»'8)’ 


a = - 


^3^2^2^3 




(0*4) 

(9-5) 


Those equations represent two relations between the mole fractions Cj, Cg 
and C 3 , since for any definite system the mole fractions Cj, are given con¬ 
stants. A third relation must be obtained from the condition of thermo¬ 
dynamical equilibrium with regard to the chemical reaction. 

When forming the partition function in the previous sections, it was 
tacitly assumed that the zero level of the energy is given by the total energy 
of the system, when all particles are at infinite distance from each other. 
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Furthermore, I have neglected all internal processes (molecular rotations, 
vibrations, etc,). This is of course justified, since these processes give 
additive terms, which do not influence the equation of state, though they 
must of course be added, if the heat content or specific heat is calculated. 
But if one considers chemical equilibrium, one must compare systems 
with different total numbers of composing particles. Since each type of 
particle gives a different additive term, the total of these additive tt^nns does 
not remain constant during a chemical reaction and therefore they influence 
the equilibrium. It will be convenient to introduce the chemical potentials 
Pi of the three substances considered as perfect gases. They are of the form 
(cf. Fowler and Guggenheim, 1939 ) 


//.(P, T) - e^ + fcTlnP- TG^ln (9*6) 

Here are the internal energies of the molecules at the absolute zero of 
temperature; are the heat capacities per molecule at constant pressure 
arising from the translational and rotational movements of the molecules; 

are the free energies of the molecular vibrations, which have to be summed 
over all vibrations; j; are the chemical constants and the nuclear spin 
weights, which have to be summed over all nuclei. The latter of course do 
not influence the chemical equilibrium and may be disregarded. 

For perfect gases (9*6) may be written in the form 


kT 

PiiV, T) - + kT\n - TCI In T^kTEln qi( T) - kTj^ -- kTIln 

(9-7) 

For imperfect gases, I shall use (9*6) and (9-7) as definitions. For mon¬ 
atomic gases one has (cf. Fowler and Guggenheim 1939 ) 


C]', = ji = In- 


(27rmi)* k* 




% gl = 1 , 


where Wj is the electronic weight of the normal state. With these expressions 
(9-7) gives 

/i^(V, T) = fiv-ikT[lnv + ln(^;--yj-A:Tlnt;„-*2’2'ln/><. (9-8) 

If, furthermore, one puts — 0 and i>o = = 1, one obtains the assumptions 

under which the equations of the previous sections were derived. In this 
case only the term which has been underlined in (9*8) remains. Therefore 
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one must replace this term in the expression ( 8 ' 20 ) for the free energy by 
the more general expression (9-7). The free energy is therefore 


A = kTl^. 

_ i 


Sj~4^-+ln 


n kT 


% 


Wj + + Ws 


-1 -FG 


IVl ^2 Ml 
\F* f*f;J- 


(9-9) 


Here E has been replaced by {fix + Wg + ^ 3 ) k and the have been eliminated 
by means of the definitions ( 9 * 2 ). 

Before proceeding any further, it is necessary to see how the depend on 
the numbers %. Now all terms in (9-7) are independent of except the 
term containing the volume per particle ^ F/lnj + Wj + ng). Introducing 
the quantity 

//; = - kT In (% + ng + W 3 ), (9-10) 


it follows that does not depend on the numbers (9-9) may now be 
written in the form 


kT]^nA^- 


MiiV.T) 


kT 



^2 Ml 
F’ F/J’ 


(9*11) 


which shows explicitly the dependence of this expression on the Wy. Chemical 
equilibrium is established, if A is a minimum for the chemical reaction, 
i.e. for a variation of the numbers % subject to the conditions (9*1); the 
latter lead to the relations 




The variation of A then leads to the equation 

If here one introduces again the mole fractions c„ one finds 




(9-12) 


(9-13) 


(914) 


For small pressures, i.e. large volumes, the Gf-series can be neglected with 
the result 


Sv<(lnc, + ||) = 0 (P^O). 


(916) 
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Here the argument of has been omitted, since in the limit P “>0 T) 
and fiiiP, T) are identical If in the expression (9*6) for the vibrational 
partition functions can be omitted, then 

? - | + »'lnP- 5’ln T-J, (9-16) 

where kB = Cp = -^ = »*= S>'i- (9-17) 

i i i i 

Substituting (9'16) into (9-15), the well-known law of mass action is foimd 
(cf. Planck 1927 ); 

Z = n C'5‘ = (9-18) 


In general (9* 16) is the integral of the van’t Holf equation. This follows 
from the thermodynamic relations 


fi = 


F 

N’ 


{9-19) 


where F is Gibbs’s free energy and 



(9-20) 


where E is the heat content. Differentiation of (9-16) then gives 

Here is the heat content produced by the reaction. Thus (9*21) is 

identical with the van’t Hoff equation (cf. Mayer and Goeppert-Mayer 1940 ). 

I shall now consider the deviations from this law for increasing pressure. 
For this purpose, one must take into account the difference between /ii( V, T) 
and PiiPy T). Hence, with (9-7) and ( 8 * 21 ), 


= ln[l +vO-'^c,G^. (9-22) 

(9-23) 


I form the expression In Kp = S +1“ P}- 


With (9*14) and (9*22) it is given by 


InJT^ = + + 


(9-24) 
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Now, the first term on the right-hand side is independent of the pressure, 
according to the definition (9-6). The second and third terms vanish for 
P-^0. Therefore (9*24) can be written in the form 


//,(P, T) ^kT In P 


(9*25) 


In A® = lim In K 




kT 


Here the last two terms give the pressui'e dependence of the equilibrium 
constant and the deviation from van’t Hoff's law, if the volume is 
eliminated by means of the equation (8-21). 


I wish to thank Professor M. Born, F.R.S. for his interest in the present 
investigation. 
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Pressure dependence of the equilibrium constant 

of ammonia 

By Klaus Fuchs 
The University of Edinburgh 

(Communicated by M. Born, F.R.S,—Received 11 August 1941) 

The presstire dopemience of the equilibrium constant of a slightly im¬ 
perfect gas is calculated. At sufficiently high tempei^aturos, the constants 
occurring in the formula for the equilibrium constant can be expressed in 
terms of the van dor Waals constants. The latter can be obtained from the 
second virial coefficients. 

Numerical results for ammonia give good agreement l>etween the theory 
and exj)erimentH. 

1. Intbodtjction 

Experimental results of the equilibrium constants of gaseous mixtures 
are usually represented as integrals of the ran’t Hoff equation. The constants 
in this integral are then adjusted so as to represent the equilibrium constant 
over a fair range of temperatures and pressures. 

However, the van’t Hotf equation is correct only in the lirrnting case of 
zero pressure, owing to the fact that for non-vanishing pressure the heat 
content produced by the reaction depends explicitly on the concentration. 
It seems therefore worth wliile to consider the theory of the pressure 
dependence of the equilibrium constant for a particular example, although 
at present a calculation of more than the first order term—corresponding 
to the second virial coefficient—seems to be impracticable. 

In a recent paper (Fuchs 1941 ) the general theory of a mixture of imperfect 
gases has been develojied and the general equations determining chemical 
equilibrium have been derived. For the purposes of the present fiaper, 
however, the far simpler theory of slightly imperfect gases is sufficient. 
Those readers who are more interested in the connexion with the general 
theory, will easily establish the relation with the paper just quoted. 

2. Chemical EQtnLiBRitrM of slightly imperfect gases 

I use in the following the notation of Fowler and Guggenheim ( 1939 ). 
The free energy of a mixture of slightly imperfect gases is given by (cf. 
Fowler and Guggenheim, p. 265, equ. (704*3)) 

[ 433 ] 


(2-1) 
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Here is the number of molecules of type A; are essentially the 
generalized second virial coefficients 


Bab{T) = 


and is given by (of, Fowler and Guggenheim, p. 257, equ. (701'8)) 

(t. - 


( 2 * 2 ) 


(2'3) 


Here the first factor arises from that part of the partition function due to the 
integration over the momentum coordinates and the second factor j^{T) 
is the internal partition function of the molecule. 

Consider now a chemical reaction given by the equation 

= (2-4) 

A 

Here {A ) rei)resentB a molecule of type A and are the number of molecules 
taking part in the reaction. 

Consider next a variation of the number ^ of molecules of type A due to 
the reaction. From (2*4) follows that the variations satisfy the relations 


Chemical equilibrium is established, if the variation of the free energy 
vanishes, i.e. 



II 

© 

(2-6) 

with (2'6) follows 

„ 3-4 _ 

(2-7) 


Here = 3^/3^ is the chemical potential of the molecules of type A in 
the mixture. It can be obtained from the free energy (2-1) (of. also PWler 
and Guggenheim, equ. (704*5)) with the result 

'LvA\n~4+2XvA^BA^^0. (2-8) 

A 9a^ a,b y 

I now form the expression 

lnX^-S>i<(ln§+lnP), N 


(2-9) 
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which is connected with the equilibrium constant K by the equation 

= >' = S»k- {2-10) 

A 

Now, the pressure P is given by (of. Fowler and Guggenheim, equ* (704*4)) 




( 211 ) 


With the help of (2-11) and (2-8) we find for 


( 2 - 12 ) 


If the volume V is now eliminated by means of (2*11), one must neglect the 
second order terms, since they give only terms of the third order in (2*12). 
Similarly in the expansion of the logarithm only the first term need be taken 
into account. Thus 

InX, - + (2-13) 

The first term In S (2-14) 

A 


is independent of the pressure. I further introduce the mole fractions 
Cj = Then (2-13) takes the form 

In A’„ = In A« + S (2-15) 

At sufficiently high temperatures the can be expressed in t/orms of 
the van der Waals constants. Considering the molecules as rigid spheres of 
radii and an interaction do not overlaj), it follows that 

= = ^^^e.4s(r)*rrr^dr. (2-16) 

The constants in this equation are related to the van der Waals constants 
a^y 6^ of the i)ure gases as follows 

2«i - Na^^, 26^ = -^N{2pJ», (2-17) 

(2*16) may then bo written in the fonn 

InA, = (2-18) 
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3, Peesstjre dependence of the equilibrium constant of ammonia 

In conclusion let us consider the chemical equilibrium for a specified 
substance. I choose ammonia for this purjjose, since the chemical equili¬ 
brium of this gas has been investigated over a wide range of pressures. This 
was done by Larson and Dodge ( 1923 ) and Larson ( 1924 ). 

The chemical equation for ammonia is 

|H 2 +JN, = NH 3 . (3*1) 

Thus we have - f, = — L f = 1 . ( 3 * 2 ) 

Furthermore, starting with pure ammonia, the mole fractions for complete 
dissociation are | and 

If X is the mole fraction of ammonia in the mixture, it follows that 

Cl = I (1 - a;), C.^= in -X), C3 = a:. (3-3) 

defined by (2*9) is now 

hiKj, = |ln3-2]n4 + ln^i^^*^. (3-4) 

On the other hand, from (2-15) 

In = In [D„ + Di a; + D^x^\, (3-6) 


X»„ = i’s {275u + 18Bi, + SB,, - 24J5„ - 85,,}. ' 

Di = I {24Bj3 4 * ^^28 “ ~ -®22 ”” ^ ^ 


(3*6) 


I am here interested chiefly in the pressure dependence of iT^,. I shall 
therefore assume for the experimental values of Larson and Dodge 
( 1923 ). The comparison with the theory in this limit has in fact already 
been made by Larson and Dodge, who analysed their experimental values 
with the help of vanT Hoff's equation. But, as pointed out in the introduc¬ 
tion, there is no justification for using van't Hoff's equation except in the 
limit It is therefore not astonishing that Larson and Dodge had to 

adjust the constants in the experimental expressions for the heat content 
produced by the reaction so as to obtain agreement with experiment, and 
that these adjusted constants turned out to depend on the pressure. 

The van der Waals constants can be estimated from the second virial 
coefficients in the equation of state (of. Landolt-Boernstein, 1935 ). In the 
temperature intervals used for this purpose the virial coefficients are linear 
in the reciprocal temperature so that the approximation ( 2 * 10 ) is justified. 
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The temperature interval in which we shall apply these values is at even 
higher temperatures. The values obtained are collected in the first three 
columns of table 1 . 

The ‘mixed’ van der Waals constants cannot be obtained in this way, 
except by a thorough analysis of the influence of the chemical reaction on 
the virial coefficients. However, we can obtain a good approximation in 
the following way. 

London ( 1930 ) has shown the close connexion betwocni the polarizability 
and the van der Waals forces, the latter being proportional to the square 
of the polarizability. It is plausible to assume that is proportional to 
the product of the polarizabilities of the two substances. In fact, corre¬ 
sponding to London’s estimate of the van der Waals forces for two mole¬ 
cules of the same type (see equation (13) of his paper), we find easily 




where a, a* are the polarizabilities, the excitation energies and 1 ’, Vj 

the ionization energies. London found furthermore that the actual values 
of the van der Waals forces are always very near the same i>lace in the 
interval given by the above estimate. I therefore assume 

As the dependence on r is the same for ail it follows that 

( 3 - 7 ) 

In the case of NH 3 there i» a complication, m this molecule has a dipole 
moment. Apart from the dispersion effect, also the induction and direction 
effect will give contributions to the van der Waals forces. The latter however 
is important only at low temperatures; the induction effect has been cal¬ 
culated by London ( 1930 ) and he has shown that it is oidy 10 % of the dis¬ 
persion effect (see table 4 of his paper). Therefore it will not influence 
equation (3'7) appreciably. 

The ‘ mixed ’ b values on the other hand can be obtained easily by assuming 
additivity of the radii as in (2-16). 

The results are collected in the table 1 . 


Table 1. Van dee Waals’s constants 

N, NH, H,-N, N,-NH, 

227 354 62-4 660 284 

O-085 0-408 0-410 0-306 0-636 


H. 

a/R* 12-16 
b/R 0-223 


uiiita 

dogro(^*/atni. 

d©gr©e/«tm. 
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With the help of this table the can be calculated as given by (2*16), 
(2'17). Substitution in (3-5) yields 

In = In + 0-431 - 0-39oj + - 0-621 j]. (3-8) 

Here P is to be measured in atmospheres. 

Equating (3*4) and (3*8) we obtain an equation for x. The results are bast 
illustrated by plotting the logarithm of the equilibrium constant as a 
function of the pressure. This is done in figure 1 . The curves represent the 



Fiotriufi 1. The oquilibriutn constant as a function of tho pressure for various 
temi>eraturos. The curves repn^sent the calculated values. The crosses indicate the 
cxperinicntal values of Lai*son and Dodge. 

theoretical values for various temperatures, the crosses represent the 
experimental values of Larson and Dodge ( 1923 ) and Larson ( 1924 ). It 
will be seen that the slope of the curves for small pressures gives very good 
agreement betuwn the theoretical and experimental values. For higher 
pressures, however, deviations occur, which must be due to the higher 
virial coefficients. 
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The spectra of chilled hydrocarbon flames 

By a* G. Gaydon, Ph.I). Leverhulme Research Fellow, Chemical 
Technology Department, Imperial College, London, S. W\ 7 

{Communicated by A. C, Egerton, Sec.B,8,—Received 26 May 1941) 

[Plates 44, 45] 

It lias been found ttiat the spectrum of the outer cone of hydrocarbon 
dames struck back iii a water-coolwi steel burner shows the liydrooarbon 
flame bands in tlio ultra-violet whicli are usually known as tho otliylone 
flame bands. Under suitable conditions these bands are relatively very 
strong, being almost the sole feature of tho spcwtrum. Chemical tests show 
that the occurrence of these hydrocarbon flame bands is closely associated 
with the formation of a x^oroxide, X)robably an alkyl x>eroxide. The bands 
arc not necessarily associated with the presence of aldehydes in the inter- 
conal gases. Various catalysts have little effect on the spectrum. 

A brief discussion on tho nature of tho emitter of the hydrocarbon flame 
bands is given. The prtisent observations favour the radical BCD as the 
emitt er, this being formed porhajw by the breaking up of peroxides in iniicli 
the same way as CH is known spectroscopically to be formed in the breaking 
UX) of hydi’ocarbons. 


iNTROBtrCTION 

The spectra associated with normal flames of burning hydrocarbons are ' 
well known, being indeed among the first spectra to be studied. The iimer 
cone of tho ordinary Bunsen-type flame shows chiefly the Swan bands of 
Cg, the CH bands at 4315 and 3900 A, and the OH bands at 3004 and 2811 A. 
There is also present in the inner cone a weaker system of bands in the near 
ultra-violet which were first described in detail by Vaidya ( 1934 ) and 
which have been referred to as the ethylene flame bands but are moi'e 
appropriately called the hydrocarbon flame bands (Vaidya 1941 ); these 
bands have been studied by Bell ( 1937 ) and Smith ( 1940 ) as well as by Vaidya 
( 1934 , 1941 ), and have been variously attributed to CHg, GHOH and HCO. 
The outer cone of a Bunsen-type flame shows mostly OH, with weak CH 
bands and a background of the continuous and banded carbon monoxide 
flame spectrum. 

Following previous work on the spectrum and afterburning of CO 
(Gaydon 1940 , 1941 ) some observations were made on the sx)ectra of gases 
burning in a very fast stream of air; it was found that under suitable con¬ 
ditions the tip of a town’s gas flame, corresponding to the outer cone, showed 
the hydrocarbon flame bands relatively very strongly. These observations 

[ 439 ] 
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were followed up by a study of the spectra of hydrocarbon flames under 
various conditions of combustion accompanied by chemical tests on the 
combustion products, examination of the absor|)tion spectnim of the partly 
burnt gases, and by studying the effects of catalysts on the flames. The 
results of these investigations are presented here, and are followed by a 
brief discussion of the effect of chilling hydrocarbon flames, and on the 
origin of the hydrocarbon flame bands 


Burner design>and appearanoe of flames 

The original burner consisted of two long concentric mild steel tubes, 
internal diameters | in. and | in. arranged so that the inner tube was 
supplied with the inflammable gas admixed witli a little primary air. The 
outer tube was closed by a steel ring at one end through which the inner 
tube slid. A fast stream of secondary air was injected into tlio outer tube 
near the closed end. A diagram is shown in figure 1. 

t^rnii.urv mr*" - - ir ; ...... 

M 

t 

secondary atr 
Figure 1. 

When the gas and air supplies were suitably adjusted the flame was 
located at the tip of the inner tube, as indicated by the shading in the 
diagram. With reduced air supply the gas could also be lit at the end of the 
outer tube, the burner thus resembling somewhat a Smithell’s flame 
sex)arator. The flame, however, showed some unusual characteristics wliich 
are best described by giving an account of the appearance of the flame with 
varying air sui^ply. Using town’s gas, with the inner tube drawn about 15 to 
18 in. inside the larger tube, and with a ratio of primary to secondary air of 
about 1:3, the following were the jtrmcipal features of the flame, the various 
conditions being lettered for convenience of later reference: 


air 

supply 

inner cone 

outer cone 

condition 
(for later 
reference) 

very little 

short blue 

long fiame with luminous tip 

A 

little 

short bluish green 

long non-luminous flame, 
easily blown out 

B 

moderate 

moderate bhiish green 

no flame or glow 

Cx 

fairly fast 

fairly long bluish green 

bill© glow about S in. long 


fast 

fairly long blue 

blue glow only about 2 in. long 

E, 

very fast 

moderate blue-violet 

no glow or flame 
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With the primary air supply cut nearly off the appearance of the flame 
was rather different, being described below: 


air supply 

inner cone 

outer cone 

eondition 

very little 
little 

as condition A above 
as condition B above 


moderate 

fairly long blue, lumin¬ 
ous tip 

faint luminosity 

Ct 

fairly fast 

very long, extending 
to end of tube, 
luminous 

luminous jet from end of tube, 
with blue tip 


fast 

*1S />, 

long smoky luminous jet from 
end of tube, with blue tip 

E, 

very fast 

long smoky luminous 
flame 

short smoky jot of flame pro¬ 
jecting from eiid of tube 

F, 


The conditions described as and Dg were of most interest spectro¬ 
scopically. The blue glow consisted of a long thin streak of blue luminosity 
which, unlike the flame in conditions A and By could not be blown out. 
This blue streak appeared within a definite, rather narrow, range of air 
supply; with the inner steel tube only pulled in about 12 in. from the open 
end of the outer tube, the limits of air supply were widened and condition 
(\ was eliminated altogether; if the inner steel tube was drawn further in, 
the limits of air supply over which the blue streak appeared were narrowerl, 
until, when the tube was about 22 in. in, no sucli streak could be obtained. 
This blue glow was not very bright, but could just comfortably be seen in a 
normally lighted room; it increased in brightness as the inner steel tube was 
moved out so that the distance between the inner and outer cones was 
reduced. With a smaller ratio of primary to secondary air the adjustment 
of the total air supply for the appearance of the blue tip to the luminous jet 
of flame (condition 1)^) was less critical, the luminous jet gradually appearing 
out of the end of the tube, lengthening, and then shrinking back as the air 
supply was increased. 

It was found that the centring of the inner tube within the outer affected 
both the appearance of the flame and its spectrum. If the tube was poorly 
centred, the flame became rather noisy, owing to turbulence, and the blue 
glow of condition took on the appearance of jagged tongues of pale blue 
flame surrounding a non-luminous core ; this core gradually became luminous 
(yellow from incandescent particles) as the ratio of primary to secondary 
air supply was reduced (condition Dg). 

Preliminary spectroscopic investigations showed that the spectnim was 
influenced by the temperature of the tube, and hence the outer steel tube 
was fitted with a water-cooling jacket. In order to ensure accurate centring 


ay 
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the inner tube was fitted with steel supporting pins. For some experiments 
similar tubes made of fused silica were used, and in other experiments slight 
modifications of the steel biumer were made; these are described in the next 
section. For all these burners it was usually necessary, to make the flame 
strike back on to the inner tube, to thrust the inner tube forward until 
within an inch or two of the outer end and then to draw it back gently into 
the required position. 


Spectroscopic observations 

Experimental, Moat of the spectra were explored using a small quartz 
(Hilger E 3) instrument with a wide slit. Ilford Fast Blue Sensitive, Zenith 
and H.P. 2 plates were used for most of the work and exposure times varied 
from a few minutes to five hours. A few plates were also taken on a nmdium 
size quartz spectrograph (E 2) with normal slit width. AH the invest^ations 
described in this section were made with town’s gas (approximate com¬ 
position 60% Hg, 24% CH4, 12*6% CO, 8% N^, 2*4% COg and 2*3% 
as the fast flow of gas and long exposures used such large quantities 

of gas. 

Effect of burner design. The first burner used consisted of steel tubes 
about 18 in. long which were poorly centred, so that the inner cone impinged 
slightly on to the inner wall of the outer tube. It was found that in condition 
Dy the spectrum of the blue glow consisted chiefly of the hydrocarbon flame 
bands with relatively weak bands of OH and CH and some CO flame 
spectrum as background. When, however, a second burner consisting of 
tubes 3 ft. long, which were accurately centred by supporting pins, was used 
the spectrum did not show the hydrocarbon flame bands so clearly. This 
effect was at first associated with the reduced turbulence in the new tube. 
To test this hypothesis the end of the inner tube was closed and holes were 
drilled about an inch from the end; with this modification the inner cone did 
not settle right on to the inner tube, but remained a fraction of an inch 
from the end of the tube where a very noisy turbulent flame was produced ; 
the spectrum did not, however, show the hydrocarbon flame bands any 
more clearly, the OH band and CO flame spectrum being the strongest 
features. Some observations were then made using a burner consisting of 
two silica tubes (internal diameters J and } in.), but with this burner the 
appearance of the flame was rather different, usually showing slightly 
luminous because of carbon deposition, and the spectrum only showed the 
hydrocarbon flame bands weakly on a much heavier background of CO 
flame spectrum and OH. 
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Thus it seemed that the occurrence of the hydrocarbon bands depended 
on either temperature or surface action. A water-cooling jacket was there¬ 
fore fitted to the outer tube of the 3 ft. steel burner, the inner tube of which 
was altered back to the original open-end design but with the supporting 
pins to ensure centring being retained. This resulted in the hydrocarbon 
flame bands showing up very clearly, thus presumably indicating that their 
presence was favoured by chilling the inner cone of the flame. This con¬ 
clusion was checked by direct comparison of the spectra under otherwise 
similar conditions using the water-cooled tube and the same tube without 
the cooling on, and also with a silica outer tube which, being a poor thermal 
conductor, ran very hot. These spectra are shown in plate 44 a, 6 and c, and 
clearly show the increase in relative intensity of the hydrocarbon flame bands 
produced by cooling. 

Effect of variation of air supply. Using the water-cooled tube the spectrum 
of the outer cone of the flame has been studied for the various conditions 
already listed, and the following is a brief description of the principal 
features of the spectrum under these conditions of air supply. 

Condition A. The long blue flame showed a spectrum very similar to that 
of a just non-luminous Bunsen. The OH bands were very strong with CH 
bands at 4315 and 3900 A of moderate intensity and weak hydrocarbon 
flame bands on a weak continuous background, due probably to the CO 
flame s|>ectrum. 

Condition JS. This was rather similar to the above, but with the hydro¬ 
carbon flame bands showing up more clearly, these being esj)ecially marked 
when the inner tube was drawn far in so that the sei)aration between the 
inner and outer cones was considerable. See plate 44 d, e. 

Condition Cj, No light. 

Condition Probably continuum. 

Condition jDj. The blue streak showed the hydrocarbon flame bands 
clearly, with the OH and CH bands also present. As with condition B the 
hydrocarbon bands were favoured by drawing the inner tube far in, although 
this decreased the intensity of the spectrum as a whole, necessitating long 
exposures. See plate 44/, 

Condition D^. The blue tip to the flame also showed the hydrocarbon flame 
bands very clearly with a little OH and CH. The 8i>ectrum was rather 
stronger than in condition Dj, enabling a corresponding reduction in ex¬ 
posure times. See plates 44 A and 45 A. The base of the flame of course 
showed continuous spectrum from incandescent carbon. 

Condition This showed chiefly the CO flame spectrum with some OH, 
CH and hydrocarbon flame bands. 
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Condition Similar to but with the blue tip less bright. 

Condition Very little light at all. 

Condition Only continuum in red and orange from hot carbon 
particles. 

Other observation. For comparison with the above spectra plates were 
also taken of the spectrum of the dame when not struck back. With the air 
supply just sufficient to render the flame non-luminous the OH bands were 
strong, with moderate CH and Cg bands and a fairly strong continuous 
background (probably CO flame), while the hydrocarbon flame bands 
were barely detectable. See plate 45 /. With a full air supply, producing 
a roaring Bunsen-type flame, the OH, CH and Cg bands were all strong 
with the hydrocarbon flame bands rather weak but definitely present. 
S^ plate 45 g. 

Using a transparent silica outer tube to the burner the spectrum of the 
inner cone was studied, but showed no unusual features, being generally 
the same as that of a Bunsen burner with corresponding conditions of air 
supply. 

The hydrocarbon flame bands, as observed in the spectra of these chilled 
flames, include both the A and B groups of bands listed by Vaidya ( 1934 ). 
The separation of the bands into two groups is not supported by any of the 
author’s observations, and is indeed not very obvious in Vaidya’s published 
s|)ectrogram 8 . 


Chkmicai. tkstm 

In conjunction with the spectroscopic observations described above, 
some chemical tests were made. The gases were drawn, by suction from a 
water pump, from a point within the flame of the outer cone about 2 in. 
from the end of the tube, through a short length of quartz tube into either 
a few c.c. of testing solution or into distilled water. The gases were bubbled 
through the testing solution for varying times, but most of the tests were 
made after a period of 10 min. The quartz sampling tube was cooled by 
winding a thin coil of copper tubing, through which a flow of water was 
maintained, round the outside of the quartz tube right up to the tip which 
was in the flame; this was done to prevent decomposition of peroxides or 
other unstable substances by the hot walls of the sampling tube. 

Aldehydes. Tests with Schiff’s reagent showed that there was strong 
aldehyde formation in the chilled flame, this being strongest in conditions 
A and JS, but only slight in conditions and which were especially 
favourable for the ethylene flame bands. These tests for aldehydes are 
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summarized with other observations in table 1. The speed of the reaction 
with SchifF’s reagent indicated that the aldehyde was largely present as 
formaldehyde, but tests with iodine and f)otassium iodide in caustic potash 
gave a slight liberation of iodoform, indicating the presence of acetaldehyde 
and this was confirmed by the formation of a crystalline precipitate with 
2, 4-dinitrophenylhydrazine in dilute hydrochloric acid. 

Peroxides. Strong peroxide formation occurred in the chilled flame, this 
being particularly marked in conditions 1)^ and JDg. The results are again 
summarized in table 1, from which it will be seen that the occurrence of 
peroxides and of the ethylene flame bands behaves in a closely similar 
manner. The tests for peroxides were at first rather inconsistent until it was 
found that the test was very sensitive to the initial pH of the distilled wak^r. 
If this was slightly acid no peroxide was collected, but with neutral or 
slightly alkaline water the peroxide was rajudly collected under suitable 
conditions of the flame. The neutral solution liberated a little iodine im¬ 
mediately from potassium iodide, but strong liberation of iodine was only 
obtained with potassium iodide acidified with acetic acid, and then came 
up rather slowly. This appears to indicate that there was a little peracid 
present, but that most of the peroxide was present as an alkyl peroxide. 
Burning pure ethylene instead of town's gas (see later) only alkyl })eroxide 
appeared to be formed. 

Acidity. The solution obtained by bubbling the gases through water for 
10 min. was found to be slightly acid, having a pH of about 3 or 4, 

Nitrogen peroxide. The acidity of the solution suggested that this might 
be due to nitrogen peroxide formation. The brown ring test with ferrous 
sulphate and sulphuric acid, however, gave negative or negligibly weak 
indications for nitric acid. This test is not a very sensitive one, but it appears 
safe to conclude that nitrogen peroxide was not present in sufficient quantity 
to account for the observed acidity or peroxide formation. 

Methyl alcohol. This is rather difficult to test for in small quantities. 
Tests with benzoyl chloride gave no positive indication. 

Acetylene. Tests witli ammoniacal cuprous chloride solution did not show 
the formation of copper aoetylide. 

The results for the tests for aldehydes and peroxides are presented with 
the spectroscopic observations in table 1. The approximate intensity 
estimates on a scale of 0 to 5 may be taken as indicating that the result of 
the test was negative, very weak, weak, moderate, fairly strong, strong, or 
very strong respectively. The intensity of the hydrocarbon flame bands is 
estimated relative to the other features of the si)ectrum and does not take 
account of the total brightness of the flame. 
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It was noticed that when burning either town^s gas or pure hydrocarbons 
in the water-cooled burner, an unpleasant smell was produced, this being 
reminiscent of that given by the exhaust of a petrol motor when starting up. 

Table 1. Chemical tests and spectroscopic observations on 


fuel 

THE OUTER CONE OF THE FLAMES 

hydrocarbon 

flame 

condition aldehyde peroxide banda 

other strong 
features of 
spectrum 

town’8 gas 

A 

5 

3 

2 

OH, CH 


B ft in. in 

5 

2 

2 

OH, CH 


B 20 in. in 

6 

4 

4 

OH, CH 


C 

4 

3 

— 

— 

9* 

D, 

2 

5 

6 

little OH, CH 


1\ 

4 

5 

6 

little OH, CH 

IP 

B, 

0 

4 

3 

OH, CO flame 

PP 

F 

0 

0 

— 

— 

P» 

not struck back 

3 

0 

0 

CH, OH, C, 


AtoB 

5 

2 

1 

OH. CH 

I* 

D 

1 

5 

6 

trace OH. CH 

Pf 

E to F 

0 

4 

2? 

CO flame, OH 


Absorption spectra 

A T-shaped attachment was fitted to the end of the burner so that the 
flame was split into two, thus enabling the absorption spectrum of the gases 
between the end of the inner cone and the outer cones to be examined. 
A hydi'ogen discharge tube was used as source of continuum and the 
spectra were studied with an E 2 quartz instrument using a fine slit and 
careful adjustment of the spectrograph. The absorption spectrum of the 
chilled flame in both conditions D and B showed only a gentle cut-off at 
the ultra-violet end (from around 2300 A) and only the merest trace of the 
formaldehyde absorption bands, these latter being doubtfully present. The 
weak absorption in the far ultra-violet is consistent with the presence of 
peroxides, but gives little help in identifying the emitter of the hydrocarbon 
flame bands. 

Experiments with pure hydrocarbons 

In addition to the investigations made with town’s gas, some similar 
experiments were also made using pure hydrocarbons as fuel. 

Ethylene. This gas behaved in much the same manner as town’s gas, 
except that more primary air was required to prevent the flame being too 
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smoky and luminous. The spectrum of the outer cone of the chilled flame in 
condition D (intermediate between Di and D^) showed the hydrocarbon 
flame bands very clearly, both the OH and CH bands being very weak. See 
plate 46 a. With this gas the CO flame spectrum came up rather more readily, 
and was the dominating feature in condition E. Chemical tests showed 
that aldehydes (mostly formaldehyde) and peroxides were present. With 
ethylene the collection of the peroxide was not appreciably affected by 
the pH of the collecting solution; liberation of iodine from KI only occurred 
from an acidified solution, and then only slowly but very strongly; this 
seems to indicate that only alkyl peroxide was formed, and that this was 
not the same peroxide as formed from town’s gas (methane). The results are 
included in table 1. 

Butane. This gas also behaved similarly to town’s gas. Owing to the 
slightly lower flame speed it was necessary to reduce the rate of flow of both 
gas and air slightly. Condition <7, in which no outer cone was obtainable, 
covered a ratiier greater range of relative air supply than with town’s gas. 
A spectrogram taken in condition B showed the hydrocarbon flame bands 
rather more clearly than did town’s gas under similar conditions. See 
plate 466. 

Methane. Owing to the low flame speed of methane-air mixtures this gas 
would not strike back in the steel water-cooled burner. Using the wider bore 
silica burner, spectrograms were obtained of conditions approximating to 
conditions B and which showed the hydrocarbon flame bands together 
with strong OH and CH bands and a little CO flame spectrum. The hydro¬ 
carbon flame bands were rather stronger, using the silica burner, for pure 
methane than for town’s gas (consisting of 24 % methane diluted chiefly with 
hydrogen and carbon monoxide) under similar conditions. Chemical tests 
again showed fairly strong formation of both peroxide and formaldehyde. 

It may thus be concluded that the production of the hydrocarbon flame 
bands in the spectra of these chilled flames, together with the formation of 
aldehydes and peroxides, is a general property of hydrocarbons. 

Effbct of catalysts 

Propyl bromide. Propyl bromide is known to act as a negative catalyst 
(inhibitor) in the combustion of town’s gas, and investigations carried out in 
these laboratories by Dr H. Zentler Gordon show that a few per cent of the 
vapour reduces the flame speed considerably. The introduction of some 
propyl bromide vapour was not observed to produce any marked effects on 
the appearance of the outer cone of the chilled flame, apart from those 
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neoesflitated by variation of the gas and air supplies because of the reduced 
flame speed. The spectrum was apparently unaltered in both conditions B 
and Z), apart from the appearance of a weak band of unknown origin at 
around 2905 A. The spectrum in condition B is shown in plate 45 e; tliis 
spectrogram was rather heavily exposed, and the appearance of the strong 
Ca bands is due to this overexposure, and not to any change in the spectrum, 
as can be seen from the negative. 

Ethyl nitrate. Ethyl nitrate is known to act as a positive catalyst (pro¬ 
moter) for the combustion of CO and some other gases. No change in the 
condition of the chilled flame was observed when the vapour was introduced 
with the gas supply. In condition By bands of NH and CN made their 
appearance, and the hydrocarbon flame bands may have been suppressed 
slightly, although still weakly present. In condition D the spectrum was 
very similar to that of the flame without the introduction of the catalyst, 
but close examination showed that the A 3883 band of CN was superposed 
on the 3900 A band of CH. See plate 45c,d. 

Thus it seems that catalysts had no marked effect on the phenomena 
peculiar to the chilled flame. 


DlSClTHSlON 

These experiments on the spectra of chilled hydrocarbon flames seem to 
indicate that the production of the hydrocarbon flame bands is associated 
with the fonnation of peroxides, probably alkyl peroxides. The occurrence 
of the bands does not seem to follow the presence of aldehydes in the inter- 
conal gases, and, as it has been shown (Bell 1937 ) that formaldehyde flames 
do not show the hydrocarbon flame bands, it seems safe to assume that they 
are produced at some stage of the combustion prior to the formation of 
formaldehyde. 

Numerous possible radicals which might occur in the combustion and 
breaking up of hydrocarbons can be postulated on either the hydroxylation 
or peroxide theories of combustion, but the production of the bands from 
such simple substances as methane, ethylene and acetylene limits the 
choice considerably. 

Bell suggested CHa as the emitter of the flame bands, but this suggestion 
has not received general acceptance. Geib and Vaidya's recent experiments 
( 1941 ) with atomic oxygen indicate that oxygen is necessary, although it 
might be argued that atomic oxygen and methane would, on a modified 
hydroxylation theory (Norrish 1935 ), water and CHg radicals, which 
might not be produced by atomic hydrogen; the definite occurrence of the 
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bands in the inner cone of the flame of acetylene (confirmed by own observa¬ 
tions) seems, however, to rule out any emitter with more than one hydrogen 
atom directly linked to the carbon. 

Smith ( 1940 ) expressed the opinion that the emitter might be an isomeric 
formaldehyde molecule CH. OH. The formation of this by collision of OH 
and CH radicals would probably require the presencjo of a third body which 
would also then probably stabilize the new molecule to formaldehyde itself; 
it is shown in the present work that formaldehyde is not necessarily asso¬ 
ciated with the production of the bands. Moreover there is no record of the 
occurrence of the hydrocarbon flame bands in discharge tubes although such 
sources may produce both CH and OH strongly. 

Vaidya ( 1934 , 1941 ) has provisionally assigned the bands to the radical 
HCO. This seems quite reasonable if the bands are produced by the decom¬ 
position of peroxides. It is known spectroscopically that radicals of CH are 
produced in the breaking up of hydrocarbons, either by combustion or in 
electric discharges, and thus peroxides may well be expected to break up 
into radicals such as H CO or HCO 2 . Professor Egerton has suggested that, 
for example, methane might first form an unstable complex CH 4 . Ojj which 
might then either stabilize into the alkyl peroxide CH3OOH, which is 
rapidly decomposed at high temperatures, or might break down into 
HCO-hHg + OH. The chilling of the flame, which would slow down the 
decomposition of the peroxide, would enable this to be earned through to 
the outer cone of the flame where its sxibsequent combustion would account 
for the appearance of the hydrocarbon flame bands in the spectrum of the 
outer cone. Thus it may be concluded tliat an explanation of the present 
experiments can be given which is consistent with the emitter of the hydro¬ 
carbon flame bands being HCO, which may be producjcd in the decomposition 
of peroxidic stibstances, but it must be admitted that alternative explana¬ 
tions cannot be entirely ruled out. The experiments are being continued. 

In conclusion I should like to express my sincere thanks to Professor 
A. C. Egerton and to Dr D. M. Newitt for their interest in the work and for 
their many helpful suggestions, and to Dr H. E. Edulgee for advice and 
assistance with some of the chemical tests. 
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Desceiption of plates 44, 45 

All the plates were taken on a small quartz spectrograph with (except for plate 45/i) a 
rather wide slit. Plates 44 e, 446, and 466-'6 were taken on Fast Blue Sensitive plates, 
and the remainder on Zenith plates. AH the plates are of buniing town's gas except 
46o and 456 which are of ethylene and butane respectively. The distance in inches 
refers to the separation between the two cones of the Oame. 

llio following are the exposure times in minutes: 44o, 60; 6 , 60; c, 20; d, 15; fi, 16; 
/, 5; g, 60; 6 , 226; 45o, 36; 6 , 20; 0 , 16; d. 20; e, 15;/, 8 ; g, 4; 6 . 150. 


A stress-strain curve for the atomic lattice 
of mild steel, and the physical significance 
of the yield point of a metal 

By S. L. Smith, D.So., F.C.G.I., Engineering Department 
AND W. A. Wood, D.So., Physics Department 

National Physical Laboratory, Teddington, Middlesex 
(Communicated by Sir Edward Appleton, F.B.S.—Received 29 May 1941) 

[Plate 46] 

A stress-strain curve is obtained for the atomic lattice of mild steel sub¬ 
jected to tensile stress. A set of atomic planes is selected of which the spacing 
is practically perpendicular to the direction of the stress applied to the 
tensile test specimen, and which should contract with the cross-section as 
the specimen extends along its length. It is shown that up to the external 
yield point the lattice spacing contracts in proportion to the applied stress 
in conformity with Hooke’s Law; but at the external yield point, instead of 
a contimied contraction, the spacing undergoes an abrupt expansion. As the 
stress is stOl further increased, the lattice dimension remains approximately 
constant in the expanded condition. It is ftirther shown that the sudden 
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expansion which sets in at the yield point while the specimen is under load 
is fully retained as the load is removed. Also tliat with t)ie application of 
increasing stress, the jiormanent expansion imposed on the lattice spacing 
systematically increases up to the ultimate stress preceding fracture. It is 
found in addition that the sharp changes in the lattice spacing at the yield 
are accompanied by a striking drop in the intensity of the X-ray diffraction 
ring on which the spacing measurements are baaed. The experiments have 
established that the atomic lattice of a metal itself possesses a yield point 
which marks the onset of permanent lattice strains of on unexpected 
character and of direct technical interest in connexion with the mechanical 
properties of metals. 


Introduction 

In recent work a stress-strain curve for the atomic lattice of pure iron 
subjected to tensile stress was determined (Smith and Wood 1940a, 1941). 
This curve gave the displacement of the atoms from their normal positions 
in the lattice under stress, and the extent of their recovery when at any 
point the stress was removed. The results revealed some of the principles 
governing the response of a metallic lattice to applied stresses. 

In these experiments, specimens were stretched under tensile loading. 
For convenience of technique, the lattice measurements were concerned 
with the related contraction which takes place at right angles to the stress 
direction; they referred in particular to the spacing of atomic planes which 
lay approximately parallel to the stress direction, and which would he 
brought closer together as the specimen extended and the cross-section 
diminished. The main features of the results may be summarized here for 
reference: 

(1) Up to the external yield point, the spacing of the atomic planes 
contracted in proportion to the applied stress. When the stress was 
removed the lattice reverted to its original dimensions. In this range the 
lattice obeyed Hooke’s Law. 

(2) Beyond the external yield point, the contraction of the spacing 
slowed down as the stress was increased and quickly reached a limit. 

( 3 ) When in this latter range the stress was removed, the lattice spacing 
did not return to its original value, but passed through that figure and 
attained a value greater than the original. The lattice was left with a per¬ 
manent expansion. The magnitude of this expansion grew systematically 
as the stress applied to the specimen increased and the cross-section 
diminished. 

The first point might have been anticipated. The second and third 
indicated mechanical properties of the lattice not previously observed. 
A striking inference was that the increase in apparent elastic range, here 
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contraction, which may be exhibited by a metal as the stress exceeds the 
yield point, does not arise because the atoms can be forced closer and 
closer together, but because they begin their movement from positions 
which are further and further apart. 

In the present work, these experiments are extended to mild steel. 
They demonstrate a further result, that the lattice of a metal possesses a 
* yield point’. 

Experimental 

The apparatus employed was a combined tensile testing machine and 
back-reflexion X-ray spectrometer, recently designed for these researches. 
The principles of the apparatus have been described in a previous paper 
(Smith and Wood 19406). The changes in external dimensions of a specimen 
are given by an extensometer attachment. The changes in a selected 
atomic spacing are measured by changes in diameter of a sensitive X-ray 
diffraction ring obtained whilst the specimen is loaded to known stresses. 



^ hoU 

Figuhk 1. Shape and dimensions of X*ray and tensile test piece. 

The material used was a mild steel (O’l % C), received in the normalized 
condition and given a further heat treatment at 960° C for 15 min. and 
air cooled. The specimens were machined to the shape and dimensions 
shown in figure 1, after which they were subjected to a second heat treat¬ 
ment in vacuo similar to the first, and then etched. The sharpneen of the 
X-ray reflexions from the grains of the test pieces indicated that the 
structure was reasonably free from distortion before the experiments 
were commenced. 

The results are best described by considering (a) the external tensile 
stress-strain curve of the material, (6) the lattice stress-strain curve, and 
(c) the changes under slow cycles of stress. 

Ea^mal atreea-strain curve 

The tensile stress-strain curve for a typical specimen is given in figme 2. 
In addition to measurements on the special test pieces, other measurements 
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were made in a standard tensile testing machine on specimens of circular 
cross-section* From these, Poisson’s ratio was also determined. The 
characteristics of the curve differ from those of the pure iron previously 
examined (Smith and Wood 1941); the steel exhibits a longer range of 
primitive elasticity and a much more marked yield, features which are 
sjjeoially relevant to the aims of the present work. The principal mechanical 
data were: 


Young’s modulus 
Poisson’s ratio 
Yield stress 
Ultimate stress 


1*3 X 10* tons/sq, in. 
0*28 

16*8 tons/sq. in. 

27*7 tons/sq. in. 



Fioubk 2. External, tensile stress^strain curve. 


Lattice stress-strain curve 

In studying the changes in lattice dimensions, it is most convenient to 
direct the X-ray beam at right angles to the length of the specimen, in 
order to avoid the grips attached to the ends of the test piece. The measure¬ 
ments are then related to the contraction in cross-section which occurs 
as the specimen is stretched. 

A further point is that whereas the external measurements represent 
an integrated effect over a large number of anisotropic grains, each of 
which will behave differently according to its orystaliographic orientation 
relative to the stress direction, the X-ray measurements automatically 
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divide the grains into groups, and refer to one group at a time. A group is 
characterized by the feature that each member behaves in a similar manner 
since it possesses the same orientation with respect to the incident X-ray 
beam, in order to satisfy the Bragg condition for reflexion on to a particular 



Fioubk 3. Lattice streas-strain curve. Relation of percentage contraction of 
(310) planca, practically perpendicular to stress direction, to applied stress. 

diffraction ring. In the present experiments, using cobalt K radiation, 
the group of grains involved was that in each of which the (310) atomic 
planes were inclined at ^n— 9 ° to the incident beam, or 9° to the lei^h of 
the specimen. These may therefore be regarded as approximately parallel 
to the stress direction, and the perpendicular spacing between them should 
contract as a load is applied to the specimen. This spacing change plotted 



A alTtsa-atrain curve for the atomic lattice of mild ateel 466 

against the applied tensile stress then gives the lattice stress-strain curve 
shown in figure 3. This curve suffices to illustrate the points in the behaviour 
of the atomic lattice to which it is desired to draw attention. 

It will be seen that at a definite stress, the curve shows a strongly marked 
discontinuity. Below this stress, the lattice spacing contracts linearly with 
increasing load. At the critical stress, instead of a continued contraction, 
the spacing undergoes an abrupt expansion. As the stress is further in* 
creased, the lattice dimensions remain approximately constant in their 
expanded condition. 

This discontinuous change occurs simultaneously with the external yield. 
As indicated previously, the mild steel exhibits a particularly well-defined 
external yield. By taking advantage of this feature, and showing that the 
lattice spacing exhibits a correspondingly abrupt change at the same stress, 
the relation between the external yield and the newly observed lattice 
changes may be regarded as established. 

The external yield is defined not only by the increase in the rate of 
external deformation with stress but also by the onset of a different 
process of deformation, the plastic strain, caused by the relative translation 
of large groups of atoms within each grain by irreversible processes of slip 
and fragmentation. The above experiments show that the lattice change 
at a yield stress is also marked both by a discontinuity in the rate of 
deformation and by the apjiearance of entirely new factors in the mechanism 
of internal deformation. Therefore the lattice also possesses a true ‘yield 
pointWe propose to term this the ‘lattice yield point'. 

Irreversible lattice strains 

The results described in the present section show that the expansion of 
spacing observed at the lattice yield point becomes permanently super* 
imposed on the lattice dimensions. 

Specimens were taken through slow cycles of stress and photographed 
at the peak stress and at the zero stress between each cycle. After an initial 
photograph under zero stress, the specimen was photographed under the 
load of 1 ton/sq. in. and then again at zero stress when this load had been 
removed. The sj)ecimen was next photographed at the stress 2 tons/sq. in. 
and then again at zero stress. The process was continued until fracture, 
photographs thus being obtained at the following sequence of stresses: 
0 ; 1, 0; 2, 0; 3, 0; ... tons/sq. in. It was possible that the treatment im¬ 
posed in this way on the structure of the specimens before the yield point 
was reached might have modified the characteristics of the yield. With 
other specimens therefore the preliminary cycles were omitted, and the 
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first cycle was made between zero stress and a load just below the yield. 
Also, with further specimens, particular cycles were examined in greattHr 
detail; photographs were taken at intermediate points on both the in¬ 
creasing and decreasing halves of the stress cycle. The time taken for a 



Fioubb 4. Clianges in (310) spacing on loading and unloading 
of tensile specimens. 

photograph was of the order of 10 min., and a specimen was held at each 
point of examination for about 20 min. before the next point was taken. 
The results are conveniently set out in the lattice stress-strain diagram 
shown in figure 4. 

The main feature of interest occurs at the lattice yield point. Below 
this stage the atomic displacements are reversible. At the oritioal point. 
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the expansion of spaoiBg which sets in sharply while the specimen is under 
load is fully retained as the load is removed. The change is shown 1^ 
OMi in figure 4. As the stress is farther inoieased, the permahmit expansion 
imposed on the lattice spacing grows from OMi to OMg, the value obtained 
after the ultimate stress had been applied to the specimen. In this latter 
respect, the behaviour of the mild steel resembles that of the pure iron 
previously investigated. In the iron, however, the internal lattice strain 
set in less abruptly; there was no large jump corresponding to OMi- The 
difference appears to be due to the fact that the external yield was much 
less marked than in the mild steel. 

The curve again illustrates the interesting point that, after the yield 
point, as the stress to which the specimen has been subjected is increased, 
so the permanent expansion imposed on the lattice after that stress is 
removed becomes greater. The actual change in dimensions exhibited by 
the lattice under a particular stress is then the resultant of the per¬ 
manent expansion and the ordinary reversible elastic contraction. The 
permanent expansion effect, however, increases with the higher stress 
values at such a rate that the resultant contraction observed never 
exceeds a limiting value. There is thus a limit to the contraction of the 
lattice under stress. Also, the apparent increase in elastic range at the 
higher stresses arises because the atoms move between the position of 
limited contraction and a continually expanded sero position. The lattice 
expansion effect thus plays a primary part in determining the mechanical 
properties of a metal. 

Effect of yield on X-ray diffraction intensities 

In addition to the sharp changes in the lattice spaoings at the yield, it 
was found that the intensity of the (310) diffraction ring under observation 
exhibited a marked drop. 

The effect is amply illustrated on comparison of figures 6 and 6 (plate 46); 
figure 5 shows the diffraction ring when stressed to a value just before 
yield, and figure 6 immediately after yield, the exposure conditions being 
the same. To ensure constancy in reproduction, the original n^atives have 
been printed and subsequently processed simultaneously. For studying the 
intensity changes of this type, a check was kept on'the output of the X-ray 
tu)i>e BO that the exposure given to the specimen should be standardized. 
The X-«ay tube possessed two windows on opposite sides and symmetrically 
placed with respect to the focal line on the target. On one side of the tube 
was i|C-xsy and tensile testing apparatus, and on the other a second 
X-ray back-reflexion iQ>eotrometer. A standard specimen in this spectro- 
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meter could thus be exjKKsed simultaneously with the test specimen* The 
intensity of the diffraction ring from the standard thus bore, for all 
practical purposes, a constant ratio to that from the test specimen* If the 
intensity from the standard was the same in the two exposures given, for 
instance, to the test specimen before and after*yie}d, then it could be safely 
assumed that changes in intensity of reflexion from the latter were due only 
to changes in the specimen itself. This was the case in figures 5 and 6. 
Actually the change is large, and well beyond possible experimental error. 
In fact, it was necessary to increase the intensity of reflexion from a 
specimen after yield had occurred by doubling the power put through the 
X-ray tube in order to bring up the intensity to the same order as that of 
the diffraction rings obtained before yield, so that the diameters might be 
effectively measured. The drop in intensity at the yield point is of the order 
of 60 %. In practice, the intensity changes may ultimately prove a more 
sensitive indica,tor of the permanent lattice strains than the changes in 
lattice spacing. Also they may be more easily applied in technical testing, 
since the intensity measurements do not call for the exacting experimental 
conditions required to measure small spacing changes. 

The effect of the lattice yield on the X-ray spectrum is thus analogous 
to the effect of raising the temperature of the specimen. Each would 
produce an expansion of spacing, and each would cause a reduction in the 
peak intensity of the X-ray diffraction ring. 

Qmntitative measurements 

The relation between the diameters of the diffraction rings fiom the 
(310) planes and the spacing of the planes was linear within the range of 
variation. A change of 1 mm. in diameter ooiresponded to a percentage 
change of spacing of 0<037 %. 

The following measurements are of special interest: 

(i) In the initial elastic range of the lattice stress-strain curve the con¬ 
traction of the (310) spacing per unit increase of stress (ton/sq. in.) is 
0'0027j %. 

This value obtains when the planes are indined at 9° to the length of 
the specimen. The corresponding contraction if the planes were actually 
parallel to the length of the specimen, and their spacing thus perpendicular 
to the stress direction, should be given approximately by dividing l>y 
cos 9°. The contraction is then 0*0028 %. 

(ii) The corresponding external elastic contraction of the specimen, also 
in the direction perpendicular to the stress direction, is giv^ the 
measured extension and Poisson’s ratio. This valtm of the' contractkm is 
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0*0022 %. It will be noted that the value is not identical with (i), a 
difference asori^ied to the fact that the grains are not isotropic. 

(iii) The permanent expansion of spacing which sets in at the lattice 
yield point, OM^ in figure 4, is 0-03 %. 

The magnitude finally reached by the permanent expulsion effect prior 
to fracture, OM^ in figure 4, is 0*07 %. This expansion is actually greater 
than the maximum elastic contraction which is reached under the stress 
of 16 tons/sq. in. near the extreme of the initial elastic range. The figure 
for the contraction at that point is 0*04 %. As a matter of interest, taking 
the linear coefficient of expansion as 11 x 10 ~*, the rise in temperature 
required to produce the expansion OM^ would be 64° C. 


Discussion 

The observations described in this paper clearly establish the presence 
of a yield point in the atomic lattice of a metal under stress, and the 
existence of significant properties of the lattice itself which are revealed 
.at the yield point. These results mark a definite step in the recent studies 
on the structure of a metal in relation to its mechanical properties. It 
may be of interest at this stage to summarize some of the points which 
have emerged and which appear to play a leading part in the behaviour 
of the metallic state. 

First is the existence of a lower limiting crystallite size. It has been 
established that the grains break down rapidly on plastic deformation into 
component parts of widely varying orientations, but this fragmentation 
does not proceed beyond a definite lower limit of size, depending on the 
metal. This indicates potential units of structure in the metallio grain; 
these have been termed crystallites (Wood 1939 ). 

Secondly, there is a characteristic sequence in the structural changes on 
deformation. Up to the yield point, the degree of fragmentation is negli¬ 
gible. The break-down commences at the yield and approaches the limit 
as the fracture stage is reachM. After very severe deformation, such as 
that obtainable by such processes as cold rolling, the crystallites finally 
assume a well-defined preferred orientation (Wood 1932 , 1940 ). 

Thirdly, there is a speed effect. It has been shown that the fragmenta¬ 
tion may be inhibited under alternating stresses when the frequency of 
alternation is high, even though the peak of the cycle employed is con¬ 
siderably in excess of the static yield point of the material (Wood and 
Thorpe 1940 ). 
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Fourthly, the grains in a polycrystalline metal under stress may change 
in dimensions at different rates. The percentage change of dimensions 
measured in a given direction will then vary from grain to grain according 
to its crystallographic orientation relative to the direction of the applied 
stress (Smith and Wood 19406 ). Consequently a critical condition will 
develop at the boundaries of neighbouring grains which have different 
orientations. We have suggested that this condition may be the cause of 
the abrupt fragmentation which is a feature of the yield point, where the 
grains attempt, to preserve continuity of structure by forming a set of 
intermediate orientations. In this connexion it is of int^erfest to note that 
the extent of the fragmentation for a given degree of plastic deformation 
is more marked in a polycrystalline metal than in a single large metal 
crystal; in the latter the rate of deformation from point to point is not 
complicated by abrupt chcnges in crystallographic orientation. It is 
further of interest that by assuming a preferred orientation after particu¬ 
larly severe deformation, as indicated above, the crystallites tend to revert 
a polycrystalline specimen to the form of a single crystal, and thereby 
again diminish the disruptive effect of the differential rate of strain from 
point to point. 

Finally, we have the new aspects, as described in the present paper, 
which arise from direct examination of the behaviour of the atomic lattice 
itself whilst xmder load; of these, perhaps the most important is the ob¬ 
servation of a lattice yield point and the systematic growth in the lattice 
of an internal strain which is stable at room temperature and which is of 
immediate interest in the technical testing of metals. 

The work described above has been carried out os part of the research 
programme of the National Physical Laboratory, and this paper is 
published by permission of the Director of the Laboratory. 
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An elementary theory of thermal diffusion 

By R. F^rth 
The University, Edinburgh 

{Communicated by M. Bom, F,RB,—Received 6 June 1941.— 
Revised 31 July 1941) 

Altliough a rigorotis theory of thermal diffusion lias been developed by 
Chapman and Enskog, it is desirable to have an approximate but elemen¬ 
tary theory which reveals the physical mechanism of the phenomenon. 

This is given in the present paper by the application of a method similar 
to that used by Meyer for the treatment of ordinary diJffusion in gases. It 
leads to an approximate formula for the thermal diffusion ratio, a discussion 
of which shows that it accoimts for many of the charew^teristio properties of 
thermal diffusion. 

1 . The phenomenon of thermal diffuaion in gases, although theoretically 
predicted by Enskog in 1912, and independently by Chapman in 1916, and 
for the first time observed by Chapman and Dootson in 1917, did not par¬ 
ticularly attract the attention of physicists. It was only regarded as a 
curious effect, perhaps usable for the determination of the field of force 
surrounding molecules. Clusius and Dickel ( 1938 , 1939 ) have recently 
applied it aaa method of separation of gaseous mixtures, and it is now con¬ 
sidered as the most effective device for this purpose, and is in operation 
in many laboratories. 

It is always desirable that the experimenter investigating or using a 
certain phenomenon should be in a i)osition to understand the fundamental 
principles of the underlying theory. It seems that this need is not often met 
in the case of thermal diffusion owing to the great difficulties of the general 
kinetic theoiy of non-uniform gases on which the theory of thermal diff usion 
is based. Although the strict theory of ordinary diffusion is not simpler, 
an elementary theory of this phenomenon had been given long ago (Meyer 
1877 ), which is easily understandable by every physicist and the results 
of which are in fairly good agreement with the results of the rigorous theory. 
It is hard to comprehend why the theory of thermal diffusion, a phenomenon 
not less conspicuous than ordiimry diffusion, should be unexplainable 
frcwn an elementary point of view (see e.g. Chapman 1928 ). It can indeed 
be shown that a satisfactory elementary theory of thermal diffusion can be 
given on almost the same lines as the elementary theory of ordinary diffusion, 
and that the results of this treatment agree well with the results of the 
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rigorous theory in all significant aspects.* It should bo kept in mind, how- ^ 
ever, that this theory, like any other elementary theory of a rather com¬ 
plicated phenomenon, can by no means be regarded as a complete equivalent 
of the strict theory as given, for instance, in the book by Chapman and 
Cowling on the theory of non-uniform gases ( 1939 ), which should be con¬ 
sulted by everyone who wishes to refer to the more rigorous treatment, 

2. Thermal difiFusion, like all the other transport phenomena, is 
essentially due to the deviations in non-uniform gases from the Maxwellian 
law of distribution of molecular velocities in uniform gases. Accordingly the 
rigorous theory starts by deriving this distribution law which is then ai)plied 
to the treatment of the phenomenon in question. The elementary theories 
of * transport phenomena * use the method of mean free paths which assumes 
that all the particles colliding with each other in a certain volume element 
obey Maxwell’s distribution law relating to the local density and tem¬ 
perature, and that they are able to carry the attribute of this distribution 
over a certain distance, the mean free path. Hence the actual velocity 
distribution at a certain point results from the superposition of the fre¬ 
quencies of the velocities of all the molecules coming from volume elements 
within the range of the free path where they have undergone their last 
collisions. It will therefore generally be different from Maxwell’s distribu¬ 
tion. Although this procedure is not rigorous and is open to some criticism 
(Chapman 1928 ) it has the advantage of revealing clearly tlie physical 
mechanism of the phenomenon, and it will therefore be adopted in the 
present paper. 

3. Lot us consider a mixture of two ideal gases at rest, each consisting of 
identical molecules of mass and mg respectively. Let be the average 
number of molecules of the first kind and the corresponding number of 
molecules of the second kind, both varying in space. I further assume that 
the pressure p is uniform throughout the system, but that the temperature 
T is not uniform, being a given function of the co-ordinates. I finally assume 
that within a sufficiently small region the equipartition law is satisfied 
relating to the local temperature for all the molecules colliding with each 
other in this region. Thus 

m^vl = m^vl « ^kT, ( 1 ) 

(Wi + na)A;T « p = constant. (2) 

♦ After this paper had been completed I noticed a publication of L. J. Gilleapi© 
( 1939 ) in which he also tries an elementary treatment of the thermal diifusion 
process. The methods used, however, are too prinaitive, and the results therefore do 
not accoimt for the dependence of the effect on the size of the particles and their 
mutual forces. 
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Here vf, v\ are the mean squares of the thermal velocities of the two 
kinds of molecules. As usual in elementaryJcinetic theories, we shall identify 
and V 2 with the average of the speeds of the thermal motion of the 

two kinds of particles; by this simplification the final result is affected only 
by a slight change in the numerical factor. On the thermal velocities of the 
molecules there will be generally superposed a common stream velocity v, 
relative to which the distribution of the thermal velocities is assumed to be 
of spherical symmetry. 

I now suppose that and T, and consequently also V 2 , as functions 
of the co-ordinates Xy 2 , can be developed in power series in the vicinity 
of any point P inside the gas; this point can always be chosen as origin of 
co-ordinates. If the variation of these quantities in space is sufficiently 
small, all terms of u higher than the first order within a distance from the 
origin of the order of magnitude of a mean free path can be neglected. Hence 




n, . „} + (S) x + 




v? + 


[dxjo^^ \dyj 


(i= 1,2). 


(3) 


The average surplus number of particles of the first kind, passing 
in unit time through an element of area of the y- 2 -plane around P in the 
direction of increasing x, over the number of particles crossing in the 
opposite direction, is given by 

,j0 = [n, (V + u,) J = r,.+ («i’mix) (4) 

where the bar denotes averaging over all the particles crossing dw. 

On account of the supposed symmetrical distribution of the local thermal 
velocities, this is equivalent to the average over all the volume elements in 
position r(Xy y, z) from which the molecules transfer the physical quantities 
connected with them through dm, liCt Zj be the mean distance over which the 
molecules travelling in the direction r carry the attribute of their dis¬ 
tribution, and the analogous mean distance for carrying the quantity Vj. 
Using the developments (3) and introducing the direction cosines a, b, c 
of r, we have the expressions 
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which are to be substituted in (4). We thus hawe average over all possible 
distances r and over all possible values of the thermal velocities in the 
direction a, b, c. 

In this way I obtain 

- •’■["! - (to). - (^). ® - (^) ®>]+“W ■ “ 

where the bars now denote averaging over all possible directions. 

lx and l[ will generally depend on a, 6, c, for they depend onn^, Wj, t?i, ^ 2 - 
Since according to our assumption the variation of these quantities in 
dimensions of the order of magnitude and l[ is only very slight this depend¬ 
ence can be neglected within the limits of the approximation adopted. 
However and l[ will generally differ according to the different definitions 
for them given above. 

Because all the averages in (6) vanish by reasons of symmetry with the 
exception of ^ 1/3, it follows that 


Vi - (7) 

where the superficies have been omitted since P can be an arbitrary point 
of the system. Similarly we get for the particles of the second kind 

« Y I ft ^^0 > i-i \ 

—. ( 8 ) 

Vi represents the current density of a flow of particles of the first kind in 
the positive x-direotion, the speed of which is equal to vjni; similarly the 
speed of the flow of particles of the second kind is The rate of mutual 
diffusion is usually measured by the difference 3 ia of these speeds 

Hence, substituting from (7) and (8) into (9), 


(9) 
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We now introduce the molar fractions of the two components defined by 


yi = 


«i 






Wi + nj’ "■ + 

which satisfy the identity 7i+7* = A* 
According to (2) we have therefore 


n, 


YlP 

kf' 


kT' 


( 11 ) 

( 12 ) 

(13) 


By means of (1) and (13) the derivatives of the n’s and the v’s appearing 
in equation (10) can be expressed in terms of the derivatives of the y’s and 
T which are observable quantities, namely 


dx 2 a/ \«ii/ '^T dx ’ 


Bx 


= 1 /P- 

2/J \w?2 


3jfc\ 1 BT 


(14) 


Ui dx ~ \wii/ \ yi dx aJT 3a: / ’ j 
ng dx fj \mg/ \ yg dx dx )'J 


(15) 


Substituting from here into (10), by means of (12), we obtain 

A 

7”*2 

which can be rewritten as 


<7u 


■J{ 


3 /(yiy*te 


ys+T^yi 


\9yi, A-I 2 /2 h-i[i2 \idT 
I dx \ i/wg ^nii / T dx I’ 


9ia 


= _ Ay.(?Zl + it 

yiYzl^^ ^ 3a: r 


(16) 


(17) 


Here 2>x» - ^( 3 ^^) (4 • yi+V «*2 • y*) (1») 

is the well-known expression for the coefficient of ordinary diffusion ac¬ 
cording to Meyer’s theory if li and Ig are identified with the ‘mean free 
paths’ of the two kinds of particles responsible for this phenomenon, kj, is 


the expression 


(h ~ ^i/2) — {li —li/2) .^wtg 

IgVwi.yx+lxVwt.y* 


( 19 ) 
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Since, in the preceding, the direction of the x-axis has been arbitranly 
chosen, equation ( 17 ) can be replaced by the general vector formula 


9^12 


7i72 


{grad 71 -f kj. grad log T}, 


( 20 ) 


which is identical with the corresponding formula derived by the rigorous 
theory. The second term in the brackets represents the thermal diffusion, 
and the coefficient is the ‘thermal diffusion ratio*. 

Formula ( 19 ) shows how the quantity fcy, which determines the rate of 
thermal diffusion, depends on the concentration, the masses of the two sorts 
of molecules, and on the quantities I and I' which again depend on the 
behaviour of the molecules in collision, i.e. on their sizes and their mutual 
forces. 

It has already been seen that our theory provides the same expression 
( 18 ) for the coefficient of ordinary diffusion as Meyer’s theory. Con¬ 
sequently I follow the procedure of Meyer in assuming that Z2 are the mean 
free paths of Maxwell’s elementary theory which for a mixture of two com¬ 
ponents take the form 


l/li = w(V2ri.ier| + n2V(l + »»i/»»*)-«^!»).| 

l/lg = n(^2 nj(r| + ^/(l + mj/mi). o-f,). j 


( 21 ) 


Here cTj, (T^ are the radii of the two kinds of molecules and 

O-IJ = 1(0-1+(Ta). (22) 

The corresponding formulae of Tait, who uses a definition of the mean free 
path different from that of Maxwell, differ from (21) only in that the 
numerical constant has a slightly different value. 

It is known, of course, that formula ( 18 ) does not, as the rigorous theory 
does, give the correct dependence of on the concentration and the mass 
ratio of the molecules if the expressions (21) for and ?£ are used, because 
certain important effects, e.g. the ‘ persistence of velocities ’ are not taken into 
account (see e.g. Jeans 1925). But as these refinements far exceed the limits 
of an elementary theory like the present one, the formulae given above will 
suffice, in spite of the fact that they are to a certain extent incorrect. 

I have already mentioned that and ZJ (and also and ZJ) will generally 
be different from each other since they refer to different processes. This 
difference will certainly depend on the forces acting between the particles 
in collision. In order to simplify the^problem I shall assume that the field 
of forces surrounding a molecule is identical for both kinds of particles. In 
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this case it is reasonable to assume that differs from only by a numerical 
factor a the value of which depends mainly on the force law. I assume that 
^2 and Z2 differ in this case by the same factor a. Hence 


= aZi, Zi - oZg. (23) 

No attempt will be made to’^determine the actual value of a for any 
particular kind of force law, since this would again require considerations 
similar to those used in the theory of persistence of velocities, and is there¬ 
fore beyond the scope of this theory. But it can be stated without calculation 
that a Will have its smallest value for hard molecules and will increase with 
increasing ‘softness’ of the molecules. For V is by definition the mean 
distance over which a particular molecule has to travel before its original 
velocity becomes assimilated to the local thermal velocity, and this is 
achieved only partially in the first collision with another molecule, that is 
after travelling through a distance Z, if the field of interaction forces extends 
over a finite region instead of being concentrated in the point of contact. 
I shall return to this point in § 4 . 

Substituting from ( 23 ) into ( 19 ), 


and finally by mSana of (21) and (11) 

k =/l--Wv _°t yi-«a y2_ 


( 24 ) 


( 25 ) 


with 


Oi = V(2 toj) . erf - (m, + m,)) 

a, = V(2 to8 ) . o-| - {mi + m,)) 


*1 = V(2»Wi)-o’i. 



.O’ 


2 

12 > 


' 12 > 




( 26 ) 


4 . The following brief disouseion of the formulae ( 25 ) and ( 26 ) will show 
that the results of the present elementary theory of thermal diffusion 
account for many of its characteristic properties. 

(a) Dependence of k^, on the concentration. According to,( 25 ) kj, vanishes 
for y, B 0 and y, * o (or y, » i), and it has therefore at least one extremum 
for a certain finite concentration which 'wiU be the most suitable for separ- 
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ating a mixture of gases by means of thermal difFusion. The denominator 
of (26) is always positive; hence if and are opposite in ugn, the sign 
of kjr is the same for all concentrations. If, however, and have both the 
same sign, must vanish for a particular finite concentration and its sign 
depends on the concentration. 

(6) Dependence of on the force law. The influence of the force law 
controlling the behaviour of the molecules in collision is expressed by the 
first factor on the right-hand side of (26) which is positive for a < 2 and 
negative for a > 2. According to the statements in § 3 this means, that in a 
gas consisting of a certain standard type of molecules for which a is exactly 
equal to 2, no thermal diffusion can occur, and that in a gas consisting of 
‘harder’ molecules than these the effect has the opi) 08 ite sign than in a gas 
consisting of ‘softer’ molecules. 

This is in agreement with the results of the rigorous theory of Chapman 
and Enskog, quoted above, which provides, besides, the formalism for 
calculating the factor corresponding to our (I — ^a) for any supposed law 
of mutual forces. This calculation has been performed for the case where the 
forces between two particles of different kind are repulsive and proportional 
to an inverse power s of their mutual distance. It is shown that this factor 
is positive for ^ > 5, negative for d < 6 and zero for s « 6, the famous Max¬ 
well ‘fifth power law’ (i868), which therefore corresponds^to our a — 2.* 

This certainly proves a defect of the elementary theory compared with 
the rigorous theory. But this defect is not so bad, since the result of the 
general theory could be checked by experiment only if the force law were 
known beforehand. As this is not the case, the normal procedure is to deter¬ 
mine a value for the exponent s of the hypothetical force law by comparing 
the theoretical formula with the measurements. This 8 can be considered 
as a measure for the hardness of the molecule. By using our formula (26) 
in the same way a value for a can be determined which is also a measure for 
the hardness of the molecule, no particular force law having been pre¬ 
supposed. 

(c) Molecules of equal size and different mass. In this case from (26) and 
(22), by putting cr^ = or^ = tr, 


«1 = (OTi + TO,) j J, 

o, * tr*|^V(2»»3)+»»»))]• 


(27) 


* An interesting attempt to aoooimt for this surprising fact by an elementary 
oonsidaration on dimensions is contained in a short paper of Frankel (1940). 
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Hence for ax>0, a^<0, 

an3 for <tn*: <0, a^>0 . 

This means that (provided d< 2) the heavier molecules always tend to 
difFuse into the cooler region. 

(d) Molecules of equal mass and different size. Putting = m 2 = m in 
this case, from (26) 

«! = V(2m)((rJ-<7f,),| 
a* = 

Hence for >o-g: > 0, Ug < 0, 

and for crx<(r 2 : ax<0, a 2 > 0 . 

Thus (again provided a < 2) the larger molecules always tend to diffuse into 
the cooler region. 

I am very obliged to Professor Bom and Professor Chapman for their 
interest in this investigation and for valuable discussion and criticism. 
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The role of hydrogen bonds in condensed monolayers 

* • 

By A. E. Alexander 

Colloid Science Department, The University^ Cambridge 
{Communicated by Eric K, Ridml, FM.S.—Received 11 June 1941) 

From the behaviour of monolayers of compounds containing the 
—CO.NH— linkage it is concluded that intermolecular hydrogen bonding 
can play a major role in determining the properties of condensed mono- 
layers* Such effects, which are well marked in the ureas, amides, acetanilides, 
unsubstituted and a*amino acids, tend to bring about condensatioti and 
solidification, and a marke<i increase in the lialf-expansion temperatiiro. 

A detailed examination of the acetamides has been made in both the ex¬ 
panded and condensed regions by combined force area and surface potential 
methods. Comparison of the condensed films with those of tlie analogous 
acetates, where no such intermolecular hydrogen bonding is possible, shows 
several striking differences. With the acetamides and ureas the hydrogen 
bonding has been shown to be quite sensitive to the pH of the substrate, 
very acid substrates leading to complete liquefaction. 

The hydrogen bond distances can be calculated and the values so obtained 
are found to agree quite well with those in the crystal for the same or similar 
head groTips, 

The free energy difference between the —CO .NH— group when forming 
hydrogen bonds to water (as in the expanded films), and when cross-linked 
(as in the low temperature form), is calculated for the acetamides to be 
about 840 cal./g.mol. Values of the same order can be calculated for the 
other systems discussed. 

The importance of such measurements in determining the part played 
by the hydrogen bond in the protein molecule is pointed out. 

Although during recent years considerable progress has been made 
towards an understanding of the hydrogen bond, the extent to which this 
contributes towards the stability and structure of the protein molecule is 
still very speculative. Astbury (1940) has recently reviewed the question. 
Owing to the very fundamental part played by the —CO .NH— group, it 
is of great interest to study the behaviour of this and similar groups in 
simple compounds, particularly in an aqueous medium. The monolayer 
technique is very suitable for^his (Rideal 1937), and, as already shown, 
indicates that the polar group structure in an aqueous medium may differ 
very markedly from that in non-polar media (Alexander 1939). Since the 
study of the hydrogen bond by X-ray or infra-red methods is mainly 
limited to the solid state or to non-polar solvents, the importance of such 
an examination is readily apparent. From the experimental data disoussed 

C 470 ] 
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below it wotdd seem that the hydrogen bond plays a large part in de¬ 
termining the monolayer characteristics of compounds containing tlie 
—CO.NjH—linkage (Al^ander and Rideal 1941 ). Accordingly it becomes 
possible to studjrthe effect of such compounds as denaturing and swelling 
agents on the hydrogen bond between simple molecules containing this link¬ 
age, a question of great importance in elucidating their behaviour towards 
the protein molecule. The question of the nature of the cross-linkages in 
protein monolayers, which is far from settled, may also be clarified. 

From general reasoning it might be anticipated that two factors would 
be operative in determining the extent of cross-hydrogen bonding in tlie 
monolayer. The first and most important is the steric one. Since in mono¬ 
layers the minimum cross-sectional area occupied by an unsubstituted 
hydrocarbon chain is 19-20 A®, the polar groups cannot approach more 
closely than about 4*5 A. Consequently such simple groups as —OH are 
prohibited from forming direct intermolecular bonds, and can only form 
hydrogen bonds with water. (They may, of course, form cross-linkages 
through the intermediary of.a water molecule, as discussed later.) Larger 
groups, however, such os —COOH, —CJO.NH—, and —NH.CO.NHg, 
can bridge distances of this size, and, as shown below, often tend to do so. 
The second factor to be considered is the strength of the cross-hydrogen 
bond as compared with that to water. If the former greatly exceeds the 
latter, and provided that the molecular area is suitable, a strong tendency 
towards formation of solid or gel-like films should result. This is well 
shown by the ureas and a-amino acids which are described below. 

The only previously suggested example showing cross-hydrogen bonding 
in a single long-chain component monolayer (as contrasted to the two com¬ 
ponent systems present in mixed monolayers) was the trans dihydroxy 
behenic acid (Marsden and Rideal 1938 ). Davies ( 19406 ), however, has 
shown that in the solid state both cis and trans compounds show precisely 
similar intramolecular hydrogen bonding, and, as he points out, the 
difference in monolayer behaviour may be due solely to the greater ease 
of packing of the long chains in the trans compound. Further doubt 
follows from a calculation of the intermolecular hydrogen bond distance 
in the monolayer, which has a minimum value of ca. 3»1 A for the trans 
compound, a rather high value as compared with m. 2-7 A in the alcohols. 
(The calculation follows that given below for the acetamides.) 

In mixed monolayers of two long-chain components the tendency 
towards solidification and condensation is well shown in those examples 
where cross hydrogen bonding .would be expected, e.g. octadecylamine 
hydrochloride (pH 2 ) and oetadecyl methyl ether (Marsden and Schulman 
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1938), oetyl alcohol and sodium cetyl sulphate (Schulman and Stenhagen 
1938). Sodium cetyl sulphate shows a very powerful mteraotkm with 
cholesterol, but a very weak one with oholesteral acetate (Schulman and 
Rideal 1937), readily explicable on this basis since no hydrogau bonding 
can occiur with the latter. It may be suggested also that part of the difiPer- 
ences observed on var3dng the hydrophobic portion of the moleoale, e.g. 
oleyl, elaidyl and octadecyl alcohols with sodium cetyl sulphate (Schulman 
and Stenhagen 1938), can be ascribed to steric effects modifying the 
strength of the cross-hydrogen bonding, as indicated in this paper. 

The rather sharj) transition temperatures shown by condensed mono¬ 
layers of ureas, acetamides and acetanilides (Adam 1922, 1923; Adam and 
Dyer 1924), the large areas of imionized acid films and the shrinkage on 
partial ionization, can also be readily explained. Again, a comparison 
between substituted amides and analogous esters with very similar head 
groups, but where the latter cannot form cross-linkages, shows many 
striking differences.. 


Table 1 . Chain length CieH,, 

IN ALL OASES 

nature of 

head group 


condensed film 

^^OCOCHj 

20 

Liquid 

--OOCH, 

33 

Liquid 

--COOCHa 

34 

Liquid 

---OOOH 

37*6 

' Plastic solid 

--CHKOH 

42 

SoUd 

^CONH, 

44 

Solid 

—NHCONHj 

48 

Solid 


An increase in the expansion temperature should also be brought about 
by such cross-hydrogen bomling. This is well shown by table 1, giving 
the half-expansion temperatures (T^) under a standard pressure of 1-44 
dynes/cm. (Adam 1938). Other factors enter as well, but the general 
trend is quite clear, as is also the change in physical state. 

A detailed discussion of films of acetamides, ureas, amides, acetanilides, 
aldoximes, imsubstituted and a-amino acids is given below. 


Exfbbimektai, mbthods 

The apparatus, which allowed of simultaneous force, area and potential 
observations, needs nd description. The temperature could be reiBed by 
means of a heating coil below the trough, and could easily be kept constant 
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to within 0’2® over the time of an experiment (generally about 20 min.). 
The time taken for each observation was approximately 1 min. These are 
rather important variables, particularly with some of these films, owing 
to hysteresis effects. Solutions of the substances spread were made up in 
redistilled benzene, owing to insufficient solubility in petrol ether. The 
aqueous substrate was n/1000 HCl unless otherwise stated. 


(a) Acetamides^ jR.NHCOCHs 

Condensed films of acetamides were found by Adam and Dyer (1924) 
to exist in two forms with a definite transition temperature, the high- 
temperature form being liquid with a limiting area of m. 24-2 A®, the low- 
temperature one solid with a limiting area of ca, 20*5 A’*. A very simple 
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Confiffuration I 
Expanded form. A >47 A*. 

^ 802 m,-Debyes. JNo 
cross-hydrogen bonds. Li- 
quid aim. 


Oonjigiiration IJ 
High-temperature condensed 
form. A ca. 24A*./tea. 360m.- 
Dobyes, Hydrogen bond dis¬ 
tance m. 4 A, i.e. no direct 
bonds. Liquid iilm. Chains in¬ 
clined at ca. 30° to vertic^al. Ito- 
serablos acetates and methyl 
ketones. 


Cmfiffuraiiof} 111 
i^ow-temfiorature con<ien&ed form. 
A < 21 A®, fi ca, 390 m.-Debyes. 
Strong hydrogen bonds {bond dis¬ 
tance ca. 2-8 A). Rigid aoUd film. 
Normal area of close-packed, ver¬ 
tical chains. No analogous form 
known in acetates and methyl 
ketones. 


Figukb 1 . (In this and subsequent figures the water surface is to be taken as parallel 
to the horizontal dotted lino. All values of fi are given in milli-Debyes.) 


explanation would appear possible from the suggested configurations II 
and III shown in figure 1. Here the high-temperature condensed form is 
seen to resemble the acetate and methyl ketone head-group configuration 
very closely, in agreement with the observed area and liquid state (see 
Alexander 1941). The low-temi>erature condensed form is assumed to be 
stabilized by cross-hydrogen bonds, in accord with its solid state and great 
stability as compared with the liquid, rather unstable films given by the 
acetates and methyl ketones. Spontaneous formation of configuration III 
would be opposed by thermal agitation and by the work necessary to 
immerse the methyl group (Alexander and Schulman 1937). Compression 


Voi. 17 ^ A. 


31 
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should thus tend to facilitate the change from II to III, that is, increasing 
F should raise the transition temperature. Adam and Dyer (1924) found 
experimentally that increasing F by 8*5 dynes/cm. raised the transition 
temperature about 2°. 

The above explanation was tested by examining the force area and 
surface potential characteristics of monolayers of the Cyj and C^g 



A (A*/niol.) 
Figukk 2 


acetamides, since it might reasonably be anticipated that the changes 
postulated would be shown up by changes in the surface moment fi. The 
results are shown in figure 2, The F-A curves agree closely with those of 
Adam and Dyer (1924), and the marked hysteresis they described was 
fuUy confirmed; the F-A curves being very sensitive to temperature, rate 
of compression, and even the area at which the film was initially spread. 
This was especially marked for the C17 compound, which showed an inter¬ 
mediate behaviour between the C^g and Cjg homologues, and so no F-A 
curve is given for this. The surface potential curve, however, includes 
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values from all three compounds and at temperatures between 18 and 26 °, 
since no differences greater than about 10-16 mV were observed. Owing 
to the above hysteresis effects this curve is loss definite over the range 
46“-26 A* than in the expanded region ( 46 * 5-64 A*) or in the condensed at 
less than 26 A*, where the potentials agreed to within 6 mV. Slight col¬ 
lapse was observed in the highly condensed films (A < 21 A®), but even at 
60 dynes pressure this was extremely slow. 

The /t-A curve shows that /i is constant at 302 m.-Debyes in the 
expanded region, commences to rise when condensation sets in, shows a 
fairly flat region from about 30-24 A^, and then rises very rapidly when 
transition from the liquid large-area to the solid low-area form sets in, 
reaching a final value of about 390 m.-Debyes. The total increase in moment 
is thus about 30 %. An increase of this magnitude is most unusual, the 
only other example being the cyanides (see Alexander 1941), but the 
following explanation can be suggested. 

The configuration in the expanded state is almost certainly that of 1 
in figure 1, with the resultant dipole vertically orientated, and no possi¬ 
bility of cross-hydrogen bonding on account of the large areas occupied. 
On transition to the condensed forms II and III the 0=0 group reorienta¬ 
tion will tend to decrease fi, particularly in configuration III, and in order 
to account for the observed increase in this configuration it would seem 
that a very large moment, approximating to that of an ionic link, has to be 
ascribed to the hydrogen bond. This is readily explicable on Pauling’s view 
of the essentially ionic nature of this bond (Pauling 1939), although objec¬ 
tions have been raised against this view in certain cases (Davies 1940a). 

The validity of configurations II and III can also be tested by calculating 
the hydrogen bond distances (i.e. the N... O separations), which in the 
latter should approach the value for the crystal. This was done assuming 
that the minimum cross-sectional area of the chain was 21*0 A^ (from 
figure 2), that the thickness of the hydrocarbon chain perpendicular to 
the planar zigzags (i.e. to the plane of the paj)er in figure 1) was 4*6 A in 
all cases, and that in configuration II the chains were tilted over so as to 
fill the available space. The value of 4*6 A, although to some extent 
arbitrary since the exact mode of packing of the long chains is uncertain, 
is a reasonable one, being that found by Muller (1932) from X-ray measure¬ 
ments upon hydrocarbons at the melting-point. These points are discussed 
in more detail in the following paper. The bond distances and angles are 
taken from Pauling (1939), unless otherwise stated. 

Calctdation upon the above assumptions gives at 24 A* a minimum 
separation of close to 4 A between the N and 0 atoms, corresponding to a 


31-2 
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chain inclination of about 30 ° to the vertical. Since this distance is con¬ 
siderably greater than the normal distance of 2 * 8 -- 3'0 A found in the crystal, 
only negligible direct hydrogen bonding can take place, and so the film 
remains fluid. The increase in // from the expanded state does, however, 
indicate some change in the head-group structure, and a rather speculative 
suggestion is that cross-linking occurs through the OH bond of a single 
water molecule. Further reduction in the N to O distance is impossible in 
this configuration, since the necessary increased tilt of the hydrocarbon 
chain would require an area greater than 24 A*. (Taking the minimum 
cross-section as 21 A*, a tilt of 30 ° corresponds to an area of 24-3 A^.) 
This reduction can, however, take place by transition t;0 configuration 111 , 
where at 21 A^ a similar calculation to that above gives the hydrogen bond 
distance as 2*8 A, very close to the X-ray value of 2*85 A in diketopipera- 
zine (see Astbury 1940). The observed great rigidity fits in well with this. 
Thus these calculations upon the hydrogen bond distances are in accord 
with the postulated structures. 

Further confirmation is obtained by a comparison with octadecyl 
acetate and heptadecyl methyl ketone which cannot form such inter- 
molecular hydrogen bonds. Those are very much less stable in the con¬ 
densed state, giving liquid films at all compressions, and as shown by the 
/i‘A curves, no reorientation of the methyl group occurs, since this would 
reduce the moment veiy much more than observed experimentally (see 
Alexander (1941), and the following paper). 

The stabilizing action of the cross-hydrogen bonds can be so weakened 
by the action of strongly acid substrates (e.g. 5 n .HgSO^), that liquefaction 
is brought about. Certain other reagents, such as urea, may exert a sirailai* 
effect. 

(6) C/reu^, i^.NHCONHg 

The ureas were fotind by Adam (1922, 1923) and by Adam and Dyer 
(1924) to resemble the acetamides in showing a fairly definite transition 
in the condensed region, but in this case the high-area form (limiting area 
ca. 25 A®) was the stable one at low temperatures, and the low-area fonn 
(limiting area ca. 21 A*) at high temperatures. This high-area form resembles 
the a-amino acids in existing as a solid film at areas considerably greater 
than that of close-packed, vertically orientated chains (see following paper). 
These facts and others presented below are again very simply explained by 
intermolecular hydrogen bonds, the suggested head-group configurations 
being shown in figure 3 . 

As discussed in the following paper it would seem that is at its maxi¬ 
mum value at the limiting area, so assuming cross-hydrogen bonding to be 
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the cause of the observed solidity and large area in configuration I, then 
transition to 11 should tend to decrease This is confirmed experimentally 
as shown by figure 4, Also transition from I to II should be favoured by 
increase of pressure and of temperature (the latter by tending to weaken 
the hydrogen bonding). This agrees with Adam’s observation (Adam 1922 , 
1923 ) that the transition temperature is lowered a few degiecs by lateral 
compression. The reason for configmration I being preferred to II is prob¬ 
ably due to tlie stronger hydrogen bonds formed with the unsubstituted 
—NHj group, owing to the smaller negative character of the substituted 
nitrogen atom. 
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As with the acetamides, the assumption of cross-hydrogen bonding can 
be tested by calculation of the hydrogen bond distance. (Urea gives values 
of 2*98 and 3*03 A—see Astbury 1940 .) A calculation using the same 
assumptions as for the acetamides gives at the limiting area of 25*5 A^ a 
value of 31 A, at 26 A* one of 3*0 A. The chain tilt in both cases is approxi¬ 
mately 30^ to the vertical. (The mean value of 25*6 A^ for the limiting area 
is taken from the above results of Adam, those of Cockbain ( 1939 ), and 
those of the author.) The vertical configuration II is seen to be identical 
with configuration III in the acetamides, so a similar hydrogen bond 
distance of 2*8 A is found. 

The experimental results with hexadecyl urea in the low and high 
temperature forms upon n /1000 HCl substrate are shown in figure 4. (The 
spreading solution was benzene containing 5 % ethyl alcohol.) The F~A 
curve given is that obtained on initial compression. After com})re 88 ion and 
expansion the hysteresis effects are much reduced and a value close to 
26 A^ is obtained for the limiting area. There is seen to be no abrupt 
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change in fi during the transition from one form to the other, in agreement 
with the suggested structures. 

The F‘A curves given by Adam (1922, 1923), by Adam and Dyer (1924), 
and by Cockbain (1939) are in quite close agreement with each other, but 
differ somewhat from those given here, particularly in that their high-area 



A (AVmol.) 
Figuke 4 


form hod a much lower compressibility and gave a much more solid film. 
It was suspected that this difference was due to the difference in substrate 
pH modifying the strength of the hydrogen bonding. (The substrate used 
by Adam was distilled water; by Cockbain phosphate buffer pH 8-0.) 
Accordingly the F-A curve for hexadecyl urea was determined using 
N .HCl as substrate (T == 19 °), since this should bring about a much more 
pronounced effect. A very marked effect was indeed found, the F-A curve 
now being of the *normar type as given by most condensed films (see 
figure 1 of the following paper), with an extrapolated area for the X Y 
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region of ca. 25 A* and the kink-point Y at close to 21 A® {F ca. 28 dynes/ 
cm.). The film was a viscous liquid or very weak solid at the largest areas 
and never became a strong solid even below 21 A*. Thus it is evident 
that the hydrogen ion can modify the strength of the intennolecular 
hydrogen bonding very considerably, as also shown above with the 
acetamides. This observation probably accounts for the variation with pH, 
and the much greater stability upon very acid substrates, of stearic anilide 
monolayers (Rideal and Mitchell 1937). 

(c) Amides, ii.CONHg 

Similar considerations to those already put forward should apply to 
the simple and mono-substituted amides, since they both contain the 
—CO.NH— group. Little has been done on the unsubstituted amides, 
although Adam (1922, 1923) records that they form very rigid films. Of 
the mono-substituted derivatives only methyl stearamide appears to 
have been examined. 

(d) Methyl stearamide, C17H35CONHCH3 

Mitchell (1939) records that this gives a rigid solid film even at 23 A^ 
(y=: 26 ®), and the surface moment fi varies quite markedly with pH 
(cf. the dependence of F-A curve of ureas upon pH). Thus it differs greatly 
from the very similar compound methyl stearate C17H35COOCH3 wliich 
gives a liquid film at all areas, and whore // appears to be independent of 
the pH (Alexander and Schulmah 1937; Alexander and Rideal 1937). 

It is possible to put forward a structure at the limiting area (given by 
Cockbain (1939) as ca, 24*5 A®), based as in previous examples upon the 
assumption that intermolecular hydrogen bonding is the determining 
factor. A similar calculation as in the acetamides shows that the mini¬ 
mum hydrogen bond distance is ca, 2*9 A at 24*5 A with a chain tilt of 
ca. 30 ° to the vertical (configuration I, figure 5 ), The similarity to the 
picture suggested below for the acids (configuration I, figure 7 ) is (piite 
striking. 

On compression from the limiting area the necessary alteration in tilt 
of the hydrocarbon chain brings about an increase in the hydrogen bond 
distance, suggesting once again that the limiting area in these cases is 
determined by such cross hydrogen bonding. At 21 A® the suggested con¬ 
figuration (II in figure 5 ) has a hydrogen bond distance of ca. 3*16 A. It 
differs somewhat from that suggested for the acids at this area (figure 7 , 
configuration II), since a precisely similar one is excluded on account of 
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the presence of the methyl group, but, as might be expected in view of their 
similar head groups, closely resembles that for the condensed form of 
ethyl stearate (Alexander and Sohulman 1937). 

As in the ureas and acids, transition from configuration I to II decreases 
^ quite considerably (Cockbain 1939), indicating that the free energy of 
the head-group/water system is a minimum at the limiting area. This 
aspect is further discussed in the following paper. 



Configuration I Conjiguralion XI 

A - 24-6 A*. Hydrogen bond distance A ~ 21 A*. Hydrogen bond 

ca, 2'9 A. Chains tiltod at ca. 30** to distance ca, 3*1 A. Vertical 

vertirml, chains. 

Fioumfl 6 


Cockbain (1939) made the interesting observation that in a 1:1 mixed 
film of methyl stearamide and hexadecyl urea at 20°, the latter is present 
as the low-area form, normally the one stable at high temperature (> 24 °). 
No explanation was attempted, but from the considerations advanced in 
this j)aper it would seem that a modification of the cross-hydrogen bonding 
between the urea molecules, as might be exj^ected from the nature of the 
second component, would provide a plausible explanation. As shown above 
a similar change can be brought about by using very acid substrates. 

(e) AcetanUides, 

Hexadecyl acetanilide was found by Adam (1923) to give two types of 
condensed film, one of limiting area 28-2 A® (T< 24 °), the other of 25*8 A® 
( 7 ^> 29 °). Again, a simple explanation would be that the large area form 
is stabilized by directed hydrogen bonds as in configuration I of figure 6. 
Increase of temperature breaks down this structure, thus permitting the 
methyl group and C =0 dipole to reorientate themselves into a configura¬ 
tion similar to that of the acetates and methyl ketones (configuration H, 
figure 6). 

This is supported by calculation of the hydrogen bond distances in the 
two configurations, using the data for stearic anilide as given by Rideai 
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and Mitchell (1937)* It is rather striking that using the same configuration 
as for the acetamides (configuration III, figure 1), an identical hydrogen 
bond distance of 2*8 A is obtained. Taking the area occupied by closely 
packed benzene rings in the monolayer as 23*8 A* (Adam 1923), and the 
angle between the nitrogen valencies for simplicity as 110", then the area 
occupied by those rings in configuration I is about 29 A®, very close to the 
experimental one of 28*2 A®. Evidently this structure is partially stabilized 
by such close-packed rings, just as the acetamides were by close-packed 
hydrocarbon cliains. 
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liOW'temptnaturo condonsed form. 
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High-temperature condenaed form, 
A --25'8A®. Negligiblo direct hydro¬ 
gen bonding (bond distance ca, 4 A). 


Fjgubk 6. (Hydrocarbon chains not reprehent<o<l.) 


The high-temperature form (configuration II) is seen to be precisely 
similar to the corresponding form of the acetamides (configuration II, 
figure 1), with an identical value of ca. 4 A for the hydrogen bond distance. 
It is evident that no direct bonding can occur, but by analogy with the 
acetamides it can be suggested that cross-linkage occurs througli the OH 
bond of a single water molecule. The surface potentials in the expanded 
and condensed states would help towards a more detailed understanding. 
The rather larger area occtipied by configuration II as compared with the 
unsubstituted anilines is readily ascribed to the ‘ acetate ’ configuratioti of 
the head group (see Alexander and Schulman 1937). 

(/) AMoximes, M.CR^ ^NOR 

These appear to be somewhat anomalous, as discussed in the following 
paper, in showing no fall in in the condensed state, but this may weU be 
due to intermolecular hydrogen bonding offsetting the change in dipole 
orientation as shown in some of the previous examples. Solid films would 
then be expected in the most compressed region. This is not recorded in 
any published work (Adam 1923; Adam, Danielli and Harding 1934), but 
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has been confirmed by Professor Adam (private communication) and by 
experiments by the author. The films are liquid along X ¥ (see figure 1 of 
following paper) and solidify close to the kink-point F. 

To explain the increase in yW at the limiting area (ca. 26 A®) over that in 
the expanded state a similar explanation as for the acetamides can be 
put forward, namely that cross-linkage occurs through the OH bond of 
a single water molecule. 


(g) Acids, B.COOB 

As is well knou r), condensed films of acids on dilute acid substrates 
show a limiting area of about 24 A® (Nutting and Harkins 1939), ^ rather 
high value in view of the simple head group. It can be suggested that 
this is due to directed hydrogen bonds stabilizing a comparatively open 
structure as in ice. Increase of pressure, either externally by increasing jP, 
or internally by increasing the chain length, should tend to decrease the 
limiting area, in accord with experiment (Nutting and Harkins 1939; 
Adam and Dyer 1924). Also the surface moment should decrease on com¬ 
pression and differ from that in the expanded state. The absolute values 
in the expanded region differ somewhat (possibly owing to solubility 
effects), but it does seem that // is a maximum at 24-26 A® and decreases 
at both smaller and larger areas (Schulman and Rideal 1931; Adam and 
Harding 1932; Addink 1934; Dervichian 1936). The suggested structures 
in the condensed films are given in figure 7 . 




UH, 




>• 

H H i 
0 0 0 0 



/ 

OH, 

\ 

/ 

/ 

CH, 

CH, 

)C-(\ 

O' 

V, 


Ccmjiguration I Gonfi^raHon 11 

^ 24 A*. Hydrogen bond di«- A -- 21 A*. Hydrogen bond dis¬ 
tance ca, 2-8 A. Tilted chains. tance ca. 8*2 A. Vertical chains. 


FiGUKIfi 7 


At 24 A®, a similar calculation to the previous ones gives a minimum 
hydrogen bond distance of 2*8 A, with the chains tilted at approximately 
30 ° to the vertical. This distance is again quite close to the value found in 
the crystal (e.g. 2-67 A in formic acid dimer, 2-6 A in oxalic acid—see 
Robertson 1940). Also the tilt corresponds to an effective area occupied 
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by the hydrocarbon chain of about 24-3 A®, which fits in very well with 
the observed area. In the condensed state at 21 A®, where vertical chains 
are assumed, the hydrogen bond distance is seen from figure 7 to have 
increased to about 3*2 A, and so the limiting area of 24 A^ seems to be 
mainly due to the spatial arrangement required by the intermolecular 
hydrogen bonding. 

As the pH is increast^d the limiting area decreases until a completely 
condensed, solid film, is obtained. As suggested in the introduction, this 
may be due to strong hydrogen bonding between the ionized and unionized 
molecules, owing to the very negative character of the carboxyl ion. The 
calculated value of the minimum hydrogen bond distance is 3*1 A at 21 A®. 

{h) a-amino acids, ii.CH.NH^COOH or i2.CH.NH3+COO' 

The behaviour of these simple zwitterions should help towards eluci¬ 
dating the part played by similar groupings in the protein molecule, 
where one of the cross-linkages is assumed to be that between acidic 
and basic side chains. These are generally termed ‘salt’ or * salt-like’ 
linkages, but may also bo considered as hydrogen bridges (for a review 
see Astbury 1940). 

Monolayers of a-amino stearic acid have been investigated by Porter 
(1937), but no mention is made of their physical state. Askew and Danielli 
(1940) have pointed out that a-amino j)almitic acid gives a solid monolayer 
at the oil/water interface at areas loss than about 50 A^ (pH A). This latter 
compound has now been examined at the air/water interface at pH 7*2 
(m/ 4 () phosphate buffer). The spreading solution was made up according 
to the directions given by Porter (1937). 

Very considerable hysteresis was observed, the limiting area on initial 
compression being about 48 A^, reduced by compression and re-expansion 
to about 38 A^. The film was fluid at areas down to about 36 A®, when 
gelation set in, becoming a very strong gel at about 30 A®, and a rigid 
stable soKd at smaller areas. Pressures of over 50 dynes/cm. were easily 
withstood. 

The resemblance between these monolayers and those given by the 
ureas is very obvious. Assuming intermolecular hydrogen bonding to be 
the cause, this should be very strong on account of the zwitterionic nature 
of the head group. Calculation of the hydrogen bond distance, using the 
angles and distances for glycine as given by Albrecht and Corey (1939). 
and the assumptions used in earlier examples, gives a value of 4*2 A at 
36 A* (commencement of gelation), 3d) A at 30 A® (strong gel), and 2*7 A 
at 29 A® (rigid solid). The latter two agree well with values found in the 
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glycine crystal ( 2 * 76 , 2-88, 2*93 and 3*06 A), the former, which is the value 
at the commencement of gelation, may possibly be due to cross-linking 
through a water molecule, as suggested above in several instances. 


Calculation of the hydrogen bond energies 

From the above results on the acetamides it is possible to make an 
approximate calculation of the difl'erence in energy of the — 00 . NH— 
group when forming hydrogen bonds with water molecules, as in the ex¬ 
panded films (configuration I, figure 1), and when cross-linked as in the 
low temperature condensed form (configuration III, figure 1). The magni¬ 
tude of this difference will, of course, decide the part jfiayed by the latter 
type towards stabilizing the protein molecule. 

Since increases by about 90 m.-Debyes during this transition, then 
the energy of the head-group/water system has been decreased by an 
amount HAii, where /j/* = 90 m.-Debyes, and II is the field strength at 
the interface. Taking this to be constant at 1*5 x 10® V/cm, (Mitchell 1936), 
this corresponds to about 640 cal./g.mol. The transition, however, also 
involves a rotation of the methyl group wiiich is known to require about 
200 oal./g.moL (Alexander and Schulman 1937). Hence the difference in 
free energy is very approximately 840 cal./g.mol., showing that in this 
case intermolecular hydrogen bonding brings about an appreciable inr^re-ase 
in stability. 

Similar ideas should hold for the other systems discussed in this paper, 
and so far as the data permit, this would seem to be so. Thus as pointed 
out, in the (jose of the acids // is a maximum at 24-25 A*, being some 
30 m.-Debyes greater than in the expanded region. Again, with the 
aldoximes increases by about 70 m.-Debyes from the expanded to the 
condensed state (Adam, Danielli and Harding 1934). It is also extremely 
significant that in the examples of mixed films discussed by Marsden and 
Schulman (1938) and by Harkins and Florence (1938), those in which 
hydrogen bonding would seem to be most probable (e.g. amine and ether 
at pH 2 ) give very marked increases in surface ])otontial over the mean 
value expected. * 

Conclusion 

It would seem from the above examples that cross-hydrogen bonding 
is a factor which in certain cases can play a predominant part in deter¬ 
mining the characteiistios of monolayers. Using such simple compounds 
as the acetamides, the action of such reagents as urea, thiocyanates, etc,, 
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upon the keto-imino hydrogen bond can now be examined, and some 
correlation with their effect upon the protein molecule may be poBsible. 
Also, using the a-amino acids, this may be extended to observing their 
effect upon the ‘salt' linkages in proteins. 

I have much pleasure in thanking Professor N. K. Adam, F.H.S. for 
a gift of the compounds used in this investigation, and Professor E. K. 
Rideal, F.R.S. and Dr M. M. Davies for helpful discussions. 
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A proposed general structure for condensed 
monomolecular films 

By a. E. Alexander 

Colloid Science Department, The University, Cambridge 
(Communimted by Eric K, Rideal, F.R, 8 .—Received 11 June 1941 ) 

A very brief review is given of the theories put forward by earlier workers 
to explain the obst^rved characteristics of condensed monolayers. 

From the detailed stn^otures of nurriei-ous coiiderLsed fihiis as discussed in 
a previous publication, certain generalizations are now suggested. 

For the least compressible region (YZ) evidence based upon surface 
potential measurements, upon the X-ray structure of hydrocarbons near the 
molting“jK>int, and upon the compressibility, strongly support the statement 
that in tliis region the long chains are vertically orientated and close-packed, 
but not as tightly os is possible in the threo-dimonsional crystal. 

In the more compressible region (XF) the behaviom* appears to bo inter¬ 
mediate between that in the YZ region (determined only by the hydrocarbon 
chain packing), and in the expanded state (determined only by the head- 
group dipole orientat/ion), The most general statement possible is that the 
configuration at the limiting area X is determined both by the orientation 
of the head-group dipole with respect to the surface, and by the long-chain 
packing. All known classes of condensed monolayers are grouped according 
to the factors thought to be primarily responsible for determining the 
limiting area X, namely, the ‘size* of the head group, hydrogen bond forma¬ 
tion between the head groups, and the hydrocarbon chain pocking. 

The physical states of monolayers, and the factors by which they are 
influenced, are briefly discussed. Forces both between the polar head groups 
and bt^tween the hydrophobic tails have to be considered. 

In a recent publication (Alexander 19416) previous theories advanced 
to explain the characteristics of condensed monolayers have been reviewed 
and critically examined. The monolayer characteristics are derived from 
a study of the changes in surface tension (jP), surface potential {A F), and 
surface viscosity and rigidity, measured eis a function of the area per 
molecule (A). The * surface moment’ /e is obtained from the change in 
surface potential by means of the equation A F — 4 : 7 Tnfi, where w = 1/A. 

The usual force-area (J^^-A) curve for a completely condensed monolayer, 
as shown in figtire 1, consists of two approximately linear sections, one of 
which (XF) shows a much higher compressibility than the second {YZ), 
Adam (1921) early suggested that the two ports XY and YZ could be 
ascribed to the close-packed heads and close-packed chains respectively, 
a view which, with slight modifications, he still retains (Adam 1938). 

[ 486 ] 
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Lyons and Rideal (1929) made the alternative Buggestion that the be¬ 
haviour was determined by the packing of the hydrocarbon chains at those 
definite angles of tilt ( 26*5 or 46 ° to the vertical), which allowed the zigzags 
to interlock. More recently Bervichian (1939) has attempted to draw a 
very close analogy between condensed films and the three-dimensional 
state as shown by his statement (Bervichian 1939, p. 939 ), ‘The lattice 
structure and tilt of the molecules in the different forms are the same in 
two and three dimensions.’ An examination of this postulate in the light 
of the variety of data now available showed that, as a general explanation, 
it was most improbable (Alexander 19416). 



Figure 1 

In order to go into the question still further the individual behaviour 
of all classes of compounds, excluding only the more complex ones such as 
the sterols, was examined, and in many cases possible configurations for 
the head group and long chain were put forward (Alexander 19416). 
These results show certain generalizations which it is the object of this 
paper to examine in detail, and for convenience the XY and YZ regions 
are considered separately. 


The least oompekssible region YZ 

In contrast to Bervichian’s idea of inclined chains in this region 
(Bervichian 1939), it is now postulated that the long chains are close-packed 
and vertically orientated in all cases. Three independent lines of evidence 
give support to this. 

First, the surface moment of condensed films of ethyl stearate definitely 
demands vertically orientated chains (Alexander and Sohulman 1937). 
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The calculated values for the four possible configurations with the chains 
tilted at 26*6'' to the vertical are 277, 80, 7, and - 139 m.-Debyes, whereas 
the vertical configuration gives 198, in good agreement with the experi¬ 
mental value of 193. 

The second point in favour of vertical chains is the magnitude of the 
areas at the kink-point Y which, as shown in table 1, are seen to lie between 
19 and 21 for the straight-chain compounds. Vertical orientation would 
apparently require an area of about 18*6 A®; an inclination of 26^° to the 
vertical one of about 20*7 A®. The areas at zero compression which are 
slightly greater than the values at Y certainly appear at first sight to 
support an inclined structure, but the matter is more complicated as the 
following remarks show. The value of 18*5 A* quoted above was the value 
obtained by Miilier (1927, 1928), from X-ray analysis of the hydrocarbon 
CgjHeo of stearic acid at room temperature (the actual values being 
18*5 and 18*3 A^ respectively). Later work, however (Muller 1932), 
showed that this cross-sectional area increases very considerably as the 
temperature approaches the melting-point, the values for the hydrocarbons 
then lying between 19*0 and 20*1 A^ with an average value of 19*5 A®. 
The values obtained by Buckingham (1934) for the a-forms (the forms 
stable near the melting-point) of ethyl liehenate and hexacosane agree well 
with Muller’s, being 19*64 and 19*43 A* for the and ^2 forms of the 
former and 19*89 A® for the oq form of the latter. 

The cross-sectional area of the hydrocarbon molecule in the liquid state 
can also be obtained from density measurements. Assuming hexagonally 
packed chains the average value so obtained for the to members 
is 22*0 A^ (Muller 1932). 

Now, as has already been mentioned (Alexander 19416), the melting- 
point of monolayers on water seems to be invariably very much less than 
in the crystal, and in very many cases fluid monolayers are obtained from 
substances solid at the same temperature. Hence it would seem much more 
logical to compare the monolayer cross-sections in the YZ region with the 
values in crystals near the melting-point rather than with those at room 
temperature. Although, owing to lack of data, comparison can only be 
made with the hydrocarbons, there is seen to be a close correspondence 
between the two, the values being intermediate between those calculated 
from the X-ray and those from the density meosurementB. The tendency, 
for the monolayer values to be slightly greater than the X-ray values may 
be due to the conditions not being strictly comparable, such as might 
arise from some hydration of the chains in the monolayer (Alexander 
1941a). Also, as pointed out (Alexander 19416), collapse seems to occur 
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invariably at much greater areas than that of 18*3 A® found in crystals 
of stearic acid and heptadecyl methyl ketone, two of th^ most accurately 
investigated compounds. Hence the areas at the kink-point Y favour 
vertical, rather than inclined, chains in the YZ region. 

The third point is based upon the very low compressibility in the YZ 
region which, as Adam {1938) has pointed out, is only about 25 % greater 
than for a long-chain paraffin in bulk, where the complications of extension 
and hydiation of the long chains are not possible. Harkins and Boyd 
(1940) liave recently j)ointod this out in connexion with the acids and 
alcohols. This cannot be reconciled with an inclined chain structure (os for 
example on Dervichian’s theory) without postulating a very high energy 
barrier between the inclined and vertical positions, and in view of the 
ease with which the inclined changes into the vertical form in long-chain 
hydrocarbons (Miiller 1927, 1928, 1932) and esters and glycerides (Malkin 
and others 1934, 1936, 1937), this wotild appear to be highly improbable. 
Also, if transition from an inclined to a vertical form did take place, 
then the compressibility curve should show a further discjontinuity corre¬ 
sponding to the compression of vertically orientated molecules at an area 
of about 18*3 A®. This, however, has never been observed and all films at 
smaller areas than about 19 A® seem to be partially collapsed (Alexander 
19416). 

One of the results from the X-ray structure of built-up films (Stenhagen 
1938; Alexander 1939; Bernstein 1940) is that the long X-ray spacing is in 
general appreciably greater than the optical spacing and therefore than 
the height of the monolayer on wat^r (since the deposition ratio is always 
very close to unity), even for substances such as calcium stearate which 
show only the typical YZ film. This must mean that even at oleic acid 
pressure (ca. 33 dynes/cm.) such condensed films are still considerably 
removed from the structure in the crystal, and indicates very large forces 
to bt^ operative during crystallization; the change being perhaps associated 
with dehydration during the transition from the monolayer to the crystal. 

Hence it is concluded that along YZ the long chains are vertically 
orientated and close-packed, but not so tightly as is possible in the crystal¬ 
line state. 

With regard to the j)acking of the polar head groups in this region, the 
surface potential measurements should assist, sinc^ it would be expected 
that if these became close-packed at any point then a distinct change in 
the surface moment //, would occur there. From the data so far available, 
only in the case of ethyl and methyl stearates has a sharp break been 
noticed, in this case at the kink-point Y (Alexander and Sohulman 1937). 
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This appears to be in agreement with the suggested configuration, since 
the short chain, and therefore the head group, must start to be compressed 
at the same area os the long one, that is, at the kink-point Y, The question 
of the head-group packing is considered in more detail below. 


ThK more nOMPRESSJBLE REGION XY 

The rather opposed views of Lyons and Rideal (1929) and of Adam (1921, 
1938), with the former focusing attention solely upon the packing of the 
liydrocarbon chain and the latter solely upon that of the head groups, 
have })een given in the introduction. As poink^d out below, however, both 
these appear to be correct to a certain degree, and to be the two main 
factors of a generally comj>OHite phenomenon. 

Ah discussed in detail above it appears that in the YZ region, with A 
less than m. 20 A^, only the hydrocarbon chain packing need be con¬ 
sidered, so the polar grouj) can ewidently play only a very subordinate role 
except in deteirmining the ease with which this structure is attained. In 
the expanded films, however, this state of affairs is completely reversed. 
Thus in the equation of state (F~i^) (A -^o) == which is valid for this 
region (Langmuir 1933) and for the oil/water interface (Alexander and 
Teorell 1939), the Aq term is determined only by the nature of the head 
group, then^ evidence for any preferred chain orientation. (This 

equation holds for areas down to about 30 A^ with simple compounds such 
as alcohols and acids.) Also, as pointed out theoretically by Mitiihell 
(1936) and supported by experiments upon expanded ester films (Alex¬ 
ander and Schulman 1937), it appears that at the limiting area the re¬ 
sultant dipole is verticially orientated owing to the very powerful inter- 
facial field (ca. 10^ V/cm.). The Aq term is thus related to the area taken 
up by the head group as so orientated in the interface. In the X Y region, 
vdth areas in general between 20 and 30 A^, a behaviour intermediate 
between that in the expanded and most condensed regions might th(5n be 
reasonably anticipated. 

At the cohering point X there exists an equilibrium, under the surface 
vapour pressure, between the various forces, some tending to expand, 
others to compress, the film; the monolayer/water system as a whole 
being in its minimum energy position. It is convenient to discuss the 
forces between the long chains and tliose between the head groups 
separately. 

The chains would normally tend to give close-packed, vertical chains 
at an area of ca. 20 (see table 1), although this may be complicated by 
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tire possibility of energy minima at definite angles of tilt. (For reasons 
pointed out earlier (see Alexander 19416) only the first possibility, viz. 
26 - 5 *^ tilt from the vertical, is considered here.) Close packing of the chains 
would be assisted by increase of chain length, opposed by steric effects 
in certain cases (e.g. unsaturated and a-methyl acids), by the head-group 
packing if this occupies an area greater than ca. 20 A®, and in general by 
the kinetic energy associated with the two-dimensional translatory move¬ 
ments, with the rotation of the chains about the long axis, and with the 
torsional oscillations of the chain. (In a few cases the kinetic agitation of 
the molecule may actually assist close packing of the chains by breaking 
down a more open structure maintained by directed hydrogen bondA 
(e.g. the low-temperature form of the ureas), as discussed in the preceding 
paper.) Any rotation of the long chains would seeni to be most improbable 
in the monolayer, involving as it would a tilt of the stabilizing dipole away 
from its position of minimum energy, whereas from the recent cx])erimentK 
of Muller (1940) considerable torsional oscillation might be ex])ec‘ted, even 
at room temperature, on account of the lowering of the melting-]M)int 
produced by the aqueous substrate (see Alexander 19416, Part I). 

The calculations of Bresler and Frenkel (1939) to determine the extent 
of such torsional oscillations show that, with a potential barrier restricting 
free rotation about each C —C bond of 3-6 kcal., long-chain molecules 
remain jjractically rigid in solution. Thus for a sixtetui-carbon chain the 
statistical length would be approximately that for a fully extended one 
of fourteen carbon atoms, and gives some justification for the assumption 
of a planar zigzag hydrocarbon chain, as used in previous papers (see 
Alexander 19416). Assuming the volume to remain constant, then these 
torsional oscillations would be sufficient, taking the close-packed form as 
20 A®, to give an area in the film of up to about 23 A*, still with the average 
orientation perpendicular to the surface. This is the structure suggested 
for the long chains in such monolayers as ethyl stearate, where the head- 
group structure indicates approximately vertical chain orientation and yet 
the area per molecule can exceed that of close-packed chains by some 2 A®. 

Considering now the head groups, these would, if non-polar, pack 
together into the configuration of minimum energy as determined by the 
usual van der Waals’s attractive and the short-range repulsive forces, but 
since they are invariably polar and are immersed in a polar medium, 
additional complications arise. The electrostatic forces between an array 
of similarly orientated dipoles should produce a net repulsive force and 
hence an increase in spreading pressure, but calculation by Langmuir 
(*933) experimental study by Marsden and Schulman (1938) show thi^ 
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effect to be quite small. Also in those numerous cases where hydrogen 
bonding can take place (see the preceding paper), it would seem that the 
electrostatic forces between the head-group dipoles are attractive rather 
than repulsive. Fully ionized head groups however, such as in the soaps, 
produce sufficiently powerful electrostatic repulsive forces to break down 
the hydrocarbon chain attractions very largely, giving vapour expanded 
or gaseous films (Adam and Miller J933; Adam 1938, p. 129). This strong 
rejnilsion can be changed into strong attraction by addition of a suitable 
second component, for example, by adding calcium ions to sodium stearate, 
or a long-chain ether to a long-chain amine hydrochloride (Marsden and 
Schulman 1938). In such cases the XY region is completely eliminated, 
leaving only the close-packed YZ structure. 

In addition to these electrostatic head-group interactions and the usual 
disordering thermal forces, there remains that between the head-group 
(lipole and the interfacial field which, as pointed out above, tends to 
orientate the resultant di{>ole vertically in the surface. In general, owing 
to the asymmetry of the resultant dipole with respect to the long-chain 
axis, this preferred dipole orientation opposes vertical orientation of the 
long chains. If the tilt of the hydrocarbon chain away from the vertical 
caused no increase in energy, then the dipole orientation would be normal 
to the surface, and the limiting area X would correspond either to the 
cross-sectional area of the head group, or to that of the long chain, de¬ 
pending upon whi(di occupied the larger area in the configuration imposed 
by this dipole orientation. 

It is clearly evident from the examples of the methyl ketones, acetates 
and ethers (Alexander 19416), that if a close-packed configuration with 
vertical chains entails a, zero or very small moment (see for example, 
Alexander 19416, figure 2, configuration IV), then such a configuration 
is never obtained, even in the YZ region. At the point A" the configuration 
actually taken uj) is one with chains tilted at close to 26*5'" to the vertical 
and with a comparatively high moment, often approaching that in the 
expanded state. This would ap}>ear to indicate that the energy difference 
between the vertical and inclined forms is small at this tilt, but increases 
beyond that }K)int, in agreement with the results of Harkins, Young and 
Boyd (1940). With |>entadecylic acid these authors have shown that only 
small energy changes occur in the condensed region (i.e. up to 24 A^), 
although this example may be complicated by variation in the hydrogen 
bond energy (see preceding paper). 

One very general point arises from the detailed examples previously 
discussed (Alexander 194X 6), namely that p falls on compression from the 
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]>oint X. (The exceptions are the cyanides and those compounds such as 
the acetamides, where decrease of area permits cross hydrogen bonding.) 
This indicates that compression increases the energy of the head-group/ 
water system, and since such compression tends to decrease that of the 
hydrocarbon chain system (until close-packed, vertical chains are obtained 
at the point 7), there is evidently a compromise between these two opposing 
tendencies at the point X. Further evidence of such a balance at X comes 
from the effect of increasing the chain length \^hioh, from the above, 
should tend to decrease the area X. This was indicated by the early work 
of Adam and Dyer (1924) with very long-chain compounds, and recently 
confinned by the accurate measurements of Nutting and Harkins (1939) 
with the acids. Also, as pointed out above, very strong head-group attrac¬ 
tive forces, as in calcium stearate, completely eliminate the X Y region. 

Below is given the proposed classification for condensed monolayers in 
the X Y region, according to the factor thought to be primarily responsible 
for determining the area X, It must be pointed out, however, that a much 
more definite division would be possible if the surface moments of all the 
compounds considered had been examined in both the (jondensed and 
expanded regions. A systematic study of surface potentials, on the lines 
of the force-area measurements of Adam and his collaborators, would be 
of real value in this connexion. 


Classification of oondbnsfd monolayers in the XY region, ac¬ 
cording TO THE FACTOR PRIMARILY DETERMINING THE LIMITING AREA X 

The detailed lesults for the various compounds have been given in a 
previous publication (Alexander 19416), to wdiich reference should be 
made for any statements quoted below. 

(1) 'Size' of the head group 

This seems to be the determining factor for the ^-alkyl phenols, 
anisoles and anilines, and similarly for the p-alkyl cyclohexanols, if the 
ring is taken as part of the head group. If, however, the Utter term is 
restricted so as to include only the —OH, —OCH^ or —NHg groups, then 
these cornjK>imds show only the YZ region with (dose-packed phenyl 
groups and so should not be included in this part of the discmssiou at all. 
In the case of cholesterol, for example, it would seem better to regard the 
sterol skeleton as forming part of the hydrophobic portion rather than of 
the head group, and to classify such sterols with compounds showing only 
the YZ region. 
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Other benzene derivatives (anilides, resorcinols, etc.), and other ring 
structures such as the lactones, also ethyl and methyl stearates, glycerides 
(mono-, di- and tri-), glycols, pentaerythritol tetrapalniitate, cyanides and 
a-bromo acids, may be explained similarly on the basis of closely packed 
head groups. At the same time, however, it should be noted that the 
packing taken up appears to be that consistent with the maximum surface 
momeht, as is well shown by such examples as the lactones and a-bromo 
acids, 

(2) Oross^kydrogen bonding 

In the preceding paper it has been suggested that this factor determines 
the limiting area in the case of the unsubstituted fatty acids, ureas, the 
low-temperature form of the acetamides and acetanilides,, methyl stear- 
amidc and probably the amides generally. 

In certain other cases where hydrogen bonding might be expected but 
for flteric restrictions, it was postulated that cross-linkage occurred through 
the OH bond of a single water molecule. Such an explanation was given 
for the alcohols, amines, aldoximes and high temj>erature form of the 
acetamides. The a-amino acids should probably be included here as well. 

(3) Packing of the chmns 

Examples whert^ the long chain packing appeared to be the deciding 
factor were given particularly jby the cis and trans unsaturated com¬ 
pounds, and the differences between the cis and trans dihydroxy bebcnic 
a(jid8 seemed to be best explicable on a similar basis. Iso-oleic acid and 
its ethyl ester may be included iiere or in section (1), since the double 
bond may be regarded as part of the long (diain or of the head grouj). 

In a numl>er of cases, namely, the methyl ketones, acetates, cetyl 
palmitate and propionate, it appeared that the head-group orientation 
corresponded to a chain tilt of close to to the vertical, giving eviflence 
for a minimum in the chain energy at one orientation other than the 
vertical. A similar explanation seemed the most probable one for the ethers. 
It is perhaps significant that for all these compounds any attractive forces 
between the head grouf>s, arising, for example, from hydrogen bonding, 
are most unlikely. 

Even in these cases, however, as pointed out above, it is clear that since 
the interaction between the head-group dipole and the substrate can 
prohibit the simplest packing with vertical chains, the tilted chain con¬ 
figuration is determined by the orientation of the head group as tvell as 
by that of the long chain. 
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From the above discussion and classification the most general statement 
possible would appear to be that, for the usual chain lengths of 14-20 
carbon atoms, the configiiration of minimum energy at the limiting area X 
is determined both by the orientation of the dipole with respect to the sur¬ 
face and by the long-chain packing. The area at X may correspond either to 
that of the head group or to that of the hydrocarbon chain, depending upon 
which occupies the larger area in their respective orientations at this point. 


Factors inklitkncing the phystcal state 

OF CONDENSED MONOLAYERS 

In two-dimensional condensed films true fluid, anisotropic fluid (some¬ 
times termed ‘plastic solid’), and true solid states have been observed, 
exactly as in tliree-dimensional matter. A correct distinction between 
these requires quantitati^'e viscosity and rigidity measurements, and so 
far such data are limited to the alcohols, acids and esters (Fourt and 
Harkins 1938; Boyd and Harkins 1939; Trapeznikov 1938, 1939). Hence 
in all other cases referred to below, fluid and solid films are distinguished 
solely by qualitative blowing experiments, and a clear-cut differentiation 
is not always possible. To classify all films in the YZ region as ‘solid’, as 
Bervichian (1939) and Harkins and Boyd (1941) have done, seems rather 
misleading in view of the obvious fluidity of such films as methyl ketones, 
acetates, many other simple esters, and the alcohols; and since in the case 
of pentadecylio acid (Harkins, Young and Boyd 1940) no heat is required 
to melt the ‘solid’. The esters and alcohols do, however, show anomalous 
viscosity along YZ, and this is quite possibly a general phenomenon for 
all liquid films in this region, but it would seem better to restrict the term 
‘solid’ to those films with a definite elastic modulus (Trapeznikov 1938, 

1939)- 

Excluding compounds containing ring structures which are discussed 
below, it would seem that solid films are rarely obtained unless the long 
chains are close-packed and vertically orientated (i.e. unless the YZ region 
exists), since compounds with large substituents in the chain, giving films 
stable in the XY region only, give only liquid films. The importance of 
this packing effect is clearly shown by the a-methyl, a-triazo and a-bromo 
acids, which give liquid films even as the calcium salts (Alexander 1939), 
and by the cia and trans unsaturated compounds (Marsden and Bideal 
1938; Alexander 1939). These latter can pack together much more readily 
if the chains are in the trans position; accordingly trans compounds tend 
to give solid and the cis liquid films. 
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The exceptions to the above generalization appear to be the ureas 
(Adam 1922, 1923), a long-chain sulphate (Stenhagen 1940), and a-amino 
acids (preceding paper). The unusual solidity of the ureas and a-amino 
acids in the XY region can be ascribed to cross-hydrogen bonding (see 
preceding paper), that of sodium dooosyl sulphate to traces of divalent 
cations, as indicated by the work of Langmuir and Waugh (1940), and by 
the fact that on an acid substrate, where such cations are known to exert 
a diminished effect and are less likely to be ])re8ent, solidification only 
occurs at the kink-point 7. 

Increasing the van der Waals cohesive forces by increasing the chain 
length has been shown to bring about solidification in the case of the 
esters and alcohols (Adam and Dyer 1924; Schulman and Hughes 1932; 
Trapeznikov 1938, 1939). The non-polar association can also be increased 
by replacing the flexible long chain by more complex planar ring systems, 
e.g. benzene, por]>hm, etc., wdiich are known to Imve a high mutual cohe¬ 
sion. Thus p-hexadecyl phenol (Adam 1923) and mesoporphyrin dimethyl 
e8t<?r (Alexander 1937) give very xigid films showing no liquid region at all. 

Solidification of tlie film can also be brought about by increasing the 
attractive forces between the head groups. These forces may be of a 
physical nature (e.g. due to ion-ion, ion-dipole, or dipole-dipole inter¬ 
actions), or chemical, as for examjde, when several acid radicals are linked 
together by means of a glycerol or other polyhydric alcohol in the esters. 
That such chemical links tend to bring about solidification is shown, for 
example, by a comparison of methyl stearate and tristearin. Work on 
mixed films by Marsden and Schulman (1938) shows that, unle^ss hydrogen 
bonding is possible, forces between dipoles are insufficient to bring about 
solidification, but those between an ion and a dipole, or between two 
opxxositely charged ions, are much greater and can bring about such changes. 
A more detailed discussion of the part i>layed by hydrogen bonding has 
been given in the preceding pa]>er. 

General conclusion 

It is ho{>ed that this discussion and the previous pajxer on this toi:)ic 
(Alexander 19416) have served to point out some of the main factors 
which appear to be operative in determining the.structure of condensed 
monolayers. Regarding any future investigations certain ones seem to be 
called* for, particularly a systematic surface potential examination of all 
known compounds in both expanded and condensed states, and whether 
very long chain compounds can bring about a closer jxacking in the 7^} as 
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well aB in the X Y region. From the above analysis this should be so» but 
very accurate work with pure compounds would be necessary since the 
changes must necessarily be small. In all future experiments upon con¬ 
densed films quantitative surface viscosity and rigidity measurements 
should be included, so that the physical states can be more accurately 
defined. 

I have much pleasure in thanking Professor N. K. Adam, F.R.S. and 
Professor E. K. Rideal, F.R.S. for very helpful criticisms and discussions. 
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Supersonic dispersion in gases. The vibrational 
activation of the acetaldehyde molecule 

By E. a. Alexander and J. D. Lambert 
{Communicated, by C. N. Hinshelwood, F.R.S.—Received 7 July 1941) 

An investigation of the superHonic dispersion in acetaldehyde vapoui* 
was carried out in piezoelectric, magnetostriction and Kundt's tube intor- 
ferometers over as wide a range of frecpiency and pressure as possible. 
Acetaldehyde is found to exhibit a multiple tlispersifin region which is 
independently confirmed by absorption measurements. This implies 
that certain intramolecular vibrations are activated independently. 


Introduction 

The transfer of energy from the translational to the vibrational degrees 
of freedom in a gas molecule is generally an inefficient process, several 
thousand intramolecular collisions being necessary for each quantum of 
vibrational energy acquired (Kneser 1931)* When a gas absorbs heat, a 
finite ‘period of relaxation* is therefore necessary before the vibrational 
energy of the molecules rises to its equilibrium value. When a gas transmits 
sound waves whose period is comparable with the period of relaxation, the 
equilibrium value between the translational and vibrational degrees of 
freedom is not attained, This results in a variation with frequency of the 
apparent ratio of the specific beats (y^) and hence the velocity of sound in 
the gas. This often occurs at supersonic frequencies and gives rise to super¬ 
sonic dispersion accompanied by absorption of energy over a limited 
frequency range. 
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In moleouleB where more than one intramolecular vibration is possible^ 
it might be expected that the ease of excitation should vary considerably 
for the dififerent vibrations. There would then be a separate dispersion region 
corresponding to the period of relaxation for each different vibration. A 
complex dispersion of this type has not previously been found with pure 
gases. The dispersion in carbon dioxide and nitrous oxide has been in¬ 
vestigated at temperatures where both the defomiational vibration and the 
valency vibration are excited, and there is only a single dispersion region 
giving one period of relaxation for the excitation of both vibrations (Eucken 
and Niimann 1937). Tliis may be explained on the grounds that energy 
flows into the deformational vibration first and then subsequently activates 
the valency vibration. This transfer occurs more easily when there is a 
possibility of resonance between the higher states of the deformational 
vibration and the valency vibration. Hence only the single period of 
relaxation of the deformational vibration is observed. 

In view of this it seemed interesting to investigate the supersonic dis¬ 
persion of a more complex molecule in which there are several different 
deformational vibrations. Acetaldehyde was chosen as there is already 
evidence from chemical kinetics suggesting the existence of different modes 
of vibrational activation of the molecule with different probabilities of 
decomposition (Hinshelwood and Fletcher 1933). 

Expbrimkktal 
Preparation of nuiterials 

Air was purified by passing it through a series of tubes containing 
sofnolito, calcium chloride and redistilled pho8j)horu8 pentoxide. 

Acetaldehyde was carefully fractionated and the middle fraction was dis¬ 
tilled under reduced pressure into the storage bulb of the aj)paratus, and 
the first and last fractions were again discarded. It was protecjted from 
light. 

Ap])aratus 

In essentials an acoustic interferometer consists of an oscillator of 
constant frequency and a movable reflector which is associated with some 
recording device. Whenever the distance between the oscillator and re¬ 
flector corresponds to an integral number of half wave-lengths, stationary 
waves are set up and are detected by various means. This enables the 
wave-length of the sound to be estimated. 

The investigation of supersonic waves in acetaldehyde vapour was 
carried out principally in a piezoelectric interferometer over as wide a 
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range, of frequency and pressure as possible. As the pressure range at 
room temperature is smaller than at higher temperatures, a magneto¬ 
striction interferometer was used to extend the scope of the measurements 
at room temperature by operating at lower frequencies. Finally a Kundt’s 
tube interferometer was used for measurements at a very low frequency 
where no dispersion occurs. 

T?ie piezoelectric interferometer was originally devised by Pierce (1925); 
the design used here is similar to that of Eucken and Ntimann (1937) and 
is shown diagrammatically in figure 1. 



The outer cylindrical case (A) covers an inner cylinder (i^) which sup¬ 
ports the piezoelectric quartz oscillator (C) and carries a guide tube for the 
reflector (i)) and reflector shaft (E), Both these cylinders are bolted down 
to a common base (F) and thin lead washers are used to make vacuum- 
tight joints. The outer cylinder is 10 cm. wide thus avoiding tube cor¬ 
rections for the velocity of sound. The apparatus has to withstand pressure, 
vacuum and temperatures up to 400° C. For the latter reason both the 
inner and outer cylinders are long so that the part containing the quartz 
and reflector can be heated to 400° C, while the lower end containing the 
lead washers is, not heated above 100° C. Hence the reflector shaft con¬ 
sists of an invar rod which is not affected by the temperature gradient. 
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The reflector and shaft are moved by a set screw and collar (G). Vacuum- 
tight conditions between the movable collar and the fixed base (F) are 
effected by a metal tombac tube (//). A I’ecording drum (/) is attached to 
the same shaft as the set screw and hence rotates as the reflector is moved. 
A smooth steady motion is achieved by using an electric motor (J) which 
is geared down (22,500 revolutions to 1), and the coupling shaft is fitted 
with special devices to prevent vibrations being transmitted from the 
motor to the apparatus. 

The apparatus was connected to an evacuating system consisting of a 
large efficnent oil pump, an electrically heated mercury-vapour pump, a 
liquid air tra]> interposed between the ap]>aratus and the immps, and 
finally a discharge tube for testing the degree of evacuation. High pressures 
of condensable gases were developed by the freezing chamter (K). Special 
metal tombac valves were used to prevent the rest of the glass apparatus 
being subjected to the pressure. The gas was frozen in the bulb (K) and 
then allowed to eva]>orate into the interferometer to give the required 
pressure which was registered directly on an 18 ft. mercury manometer (M), 
When working with acetaldehyde the manometer and all the connecting 
tubing was heated to 100° C. High pressures of non-condensable gas 
mixtures were developed by a special mercury compressor. 

When the interferometer was in operation the reflector was moved 
steadily away from (or towards) the oscillator which was connected to the 
grid and filament of a thermionic valve in an oscillating electric; circuit. 
Whenever the distance between the reflector and oscillator corresponds to 
an integral number of half wave-lengths, stationary waves are set up and 
the intc^rvoning gas acts as a resonator, absorbing energy from the oscil¬ 
lator. Hence the resonances can be detected by a sensitive galvanometer as 
they produce fluctuations in the anode current of the oscillating electric 
circuit. These are recorded by a tapping key operating an electromagnetic 
pen (N) which marks a strij) of paper wrapped around the recording drum. 
This enables the wave-length of the sound to be estimated. This interfero¬ 
meter can also be used to measure the absorption of the sound in the gas 
by observing the varying intensity of the successive fluctuations in the 
anode current. But before the ratio of the specific heats can be calculated 
for acetaldehyde, the second virial coefficient, which gives the deviation 
from the perfect gas laws, must be determined. 

7 ^he magnetostriction interferometer was also originally devised by Pierce 
(1928), and is in principle the same as the previous one. Hero the oscillator 
consists of a metal rod set in vibration by magnetostriction in an alter¬ 
nating electromagnetic field which is produced by the coils of an oscillating 
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electric circuit. The oscillator is mounted in a glass tube with the coils on 
the outside. The reflector consists of a glass plunger attached to a soft 
iron disk so that it can be operated from outside by a strong magnet. 
Stationary waves are detected in the same way as before. 

It was not possible owing to experimental difficulties to use a tube of 
diameter larger than 1 cm. This involves a considerable tube correction 
which was estimated from the actual nieasurements by comparison with 
results from,the piezoelectric interferometer. In view of this the results 
are not so reliable as those obtained by the former method. 

The KundVs tube interferometer was operated in the usual way using a long 
glass rod as the oscillator. It could, however, be evacuated and used at 
pressures below atmospheric. The reflector consisted of a soft kon spool 
which was operated from the outside by an electromagnet. The diameter 
of the tube was 6 cm. giving a negligible tube correction. This apparatus 
is not capable of a high degree of accuracy. 

Rbsttlts 

Pure air was chosen as a standard and all the rt^sults were obtained by 
comparison with it. A measurement was first taken with air and then 
immediately afterwards with the requii*ed gas under the same experimental 
conditions. The accuracy of the interferometers were tested with dry and 
moist carbon dioxide. 

The ratio of the specific heats (y^) is calculated from the equation 

where M is the molecular weight, A the wave-length, T the absolute 
temperature, B the second virial coefficient, P the pressure and R the gas 
constant. 

The value of the second virial coefficient of acetaldeliyde w as calculated 
from critical data by the Berthelot equation: 

42'1 -- 53*6 X c.c./mol. 

Acetaldehyde vapour is dimerized to a small extent (Alexander and 
Lambert 1941), hence the complete expression for the second virial coeffi¬ 
cient is 

B = {2a/(l +a)} 5„ + {(l -a)/(l +a)} 

where (1-a) is the degree of dimerization, and B^ the second virial 
coefficient of monomeric and dimerized acetaldehyde resj)ectively. But 
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as the degree of dimerization is very small, even at room temperature, it 
may be assumed that B is approximately equal to 

The ratio of the specific heats (y^) is pressure dependent and is corrected 
in the usual way by extrapolation to zero pressure (70), where 


To 



The results at room temperature and llO*^ C are given in tables 1 and 2 
respectively, and the plots of against log vjP (Eucken and Becker 1934) 
are shown in figures 2 and 3 respectively. All the tabulated results and the 
air standards (from which the frequency of the oscillators was calculated) 
are averages of two separate recordings, one with the reflector moving 
towards the oscillator and the other with it moving away from the 
oscillator. 

During the experiments the acetaldehyde was changed after each 
result and was not allowed to remain in the apparatus longer than was 
absolutely necessary. With old samples of acetaldehyde the dispersion 
regions are displaced slightly towards the region of higher frequencies. 
This is probably due to a minute trace of paraldehyde in the acetal¬ 
dehyde vapour. Reproducible results were always obtained with fresh 
samples of acetaldehyde. 

It is difficult to assess the accuracy of 7^ as it varies with temperature, 
pressure and frequency, but the probable error in 7^, determined by the 
piezoelectric, magnetostriction and Kundt’s tube interferometers is ±0*1, 
± 0*36 and ± 0-5% respectively. 


Calculation of the abaorpticyri coefficient per uKtve-lengih (/i) 

If /q is the intensity of the galvanometer deflexion for the first resonance 
maximum, then 1 the intensity of any other is given by 

where x is the distance of the reflector above the oscillator and A the 
wave-length. 

Hence p = 2-303 (Xjx) log IJL 

In practice X/x is plotted agaimt log I and p is determined from the 
slope of the plot. The values of p, where possible, are included in tables 1 
and 2 and the plots of p against log vlP are shown in figures 2 and 3. 
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Tabi<b 1 


number 

temp. 

press. 

(atm.) 

V (koyo./aeo.) 

yy 

ro 

A 

1 

201 

0*242 

2452* 

1*135 

M32 

— 

2 

20-1 

0*401 


1*143 

M35 

— 

3 

201 

0*556 


1*146 

1*184 

— 

4 

17-1 

0*302 

3015t 

1*160 

1*153 

— 

5 

171 

0*416 

»» 

1*153 

1*145 


6 . 

17 3 

0*631 

tf 

M5S 

M47 

— 

7 

17 1 

0*661 

tf 

1*153 

1*141 

— 

8 

170 

0*211 

S4*13t 

1*158 

1*152 

— 

9 

17-0 

0*291 


1*158 

1*151 

— 

10 

17*0 

0*387 

tf 

1*157 

1*149 

— 

11 

17*0 

0*624 

It 

1*156 

1*145 

— 

12 

16*6 

0*214 

40*92t 

1*155 

M49 

— 

13 

16*7 

0*307 

ft 

1*161 

1*154 

— 

14 

16*8 

0*524 

>1 

1*160 

1*161 

— 

15 

20*7 

0*145 

229*5t 

1*188 

M81 

0*063 

16 

22*2 

0*303 

It 

M82 

1*177 

0*056 

17 

22*0 

0*501 

ft 

1*174 

1*167 

0*067 

18 

21*2 

0*628 

ft 

1*170 

1*161 

0071 

19 

20*9 

0*778 

tt 

M70 

M68 

0*066 

20 

22*5 

1*012 

ft 

M69 

1*166 

0*025 

21 

24*2 

1*113 

ft 

1*168 

1*152 

0*024 

22 

20*0 

0*097 

5740t 

1*188 

1*186 

0*01 

28 

18*2 

0*224 

ft 

M91 

1*184 

0*01 

24 

18*8 

0*437 

ft 

1*190 

M82 

0*01 

25 

19*8 

0*921 

ft 

1*189 

1*173 

0016 

26 

161 

0*096 

1247 t 

M99 

1*197 

— 

27 

15*0 

0*120 

ft 

1196 

M93 

— 

28 

15*4 

0*161 

tf 

M92 

M88 

— 

29 

16*7 

0*218 

tt 

1*190 

1*186 

— 

80 

16*8 

0*302 

tt 

1*190 

M86 

— 

31 

16*0 

0*400 

tt 

M92 

M86 


32 

16*8 

0*603 

ft 

1*194 

M86 

— 

83 

16*5 

0*851 

tt 

1*195 

1*184 

— 

34 

16*9 

0*101 

tt 

— 

— 

0*20 

35 

16*9 

0168 

ft 

— 

— 

0*183 

86 

16*9 

0*205 

ft 

— 

— 

0*147 

37 

16*8 

0*421 

tt 

— 

— 

0*131 

38 

16*8 

0*604 

tt 

— 

— 

0*129 

39 

16*7 

0*854 

ft 


— 

0*127 


♦ Kundt’s tube interferometer, 
t Magnetostriction interferometer. 
J PieEoelootrio interferometer. 


VoL i79‘ a. 


33 
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Tablb 2 


luxmber 

temp. 

ro 

press. 

(atm.) 

V (koyc./seo.) 

yp 

yo 


1 

99-9 

0-167 

2*472* 

1-112 

MU 


% 

99-9 

0-344 


1*111 

1*107 

— 

3 

99*9 

0-621 


M09 

1-104 

— 

4 

1100 

0-128 

226‘8t 

M38 

M37 

— 

(> 

1101 

0-287 


1*134 

1-132 

0*030 

(J 

1100 

0-475 

»» 

1*135 

1*132 

0-030 

7 

108-8 

1-016 


1*132 

M28 

0*023 

8 

109-4 

1-683 


1-128 

M21 

0-016 

9 

109-0 

2-176 


M14 

1-107 

0-021 

10 

109-9 

2-803 


1-117 

M04 

0046 

11 

1100 

3-784. 


1-119 

M02 

0-064 

12 

110-0 

4-418 


)-123 

1-105 

0-039 

13 

109-0 

0-382 

231-Of 

1-137 

M33 

0*026 

14 

109-6 

0-694 


M36 

M31 

0-025 

15 

109-2 

1-480 

♦f 

1-125 

1-118 

0*020 

16 

110-0 

1-923 

»» 

M23 

M16 

0-026 

17 

109-1 

2-198 

»» 

1*121 

M12 

0*031 

18 

110-1 

2-634 

*9 

M19 

1-109 

0*034 

19 

110-2 

2-971 

99 

1-120 

1 103 

0*053 

20 

110-1 

3-910 

99 

1-121 

1-107 

0-048 

21 

108-9 

0-1J9 

672*2t 

M70 

M69 

0-046 

22 

lOO-O 

0-169 

*9 

M66 

M63 

0-048 

23 

108-9 

0-201 

99 

1*168 

M66 

0-054 

24 

109-0 

0-302 

99 

1-160 

M48 

0-028 

25 

108-2 

0-394 

99 

M46 

1-142 

0-010 

26 

110-6 

0*466 

99 

1-137 

1-134 

0-006 

27 

110-0 

0-734 

99 

1-140 

1*136 

0-007 

28 

109-0 

1-630 

99 

1*143 

1-134 

— . 

29 

110-2 

1-638 

99 

1-140 

1-181 

0-009 

30 

110-4 

1-993 

99 

1-142 

M32 

0-018 

31 

109-0 

2*420 

99 

M46 

1*131 

— . 

32 

110-1 

2-469 

99 

1-144 

1*129 

0-016 

33 

110-0 

2-800 

99 

M47 

1*131 

0*018 

34 

110-0 

3-379 

99 

M32 

M23 

0-016 

35 

110-0 

3-764 

99 

M36 

M25 

0-016 

36 

no-1 

0147 

1269t 

M70 

1*169 

’ — 

37 

110-0 

0-182 

99 

1*170 

M09 

— 

38 

110-2 

0*201 

99 

1-170 

1*168 

— . 

39 

110*4 

0*288 

99 

1-169 

M67 

— 

40 

110-8 

0*390 

99 

1-162 

M59 

— 

41 

110*7 

0*652 

99 

1*166 

M51 


42 

110*6 

0*741 

99 

1*149 

M44 

— 

43 

110*9 

0*902 

99 

1*146 

M39 

— 


• K\m4t’8 tube mterferometer. 
t Pidzoeleotrio mterferometer. 
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Calculation of the period of relaxation {fi) 
The general equation for fi is given by 


70= l + 






where and are the specific heats for the lower and upper limits 
respectively of the dispersion region and w is 2iiv. 

For the point of inflexion of the dispersion curve it follows that 


B=. ^ 

^ 2np(y^-\)’ 


and this expression is used for the calculations from the dispersion results. 

The period of relaxation may also be calculated from the absoiqition 
measurements, the general equation is 

2nC^,^fi VI! VI-1 
f, . (C^filCj +1 ’ 


where F© and Voo are the velocities of sound at the lower and upper limits 
respectively of the dispersion region. 

For the point of maximum absorption, it follows that 

~ ■^ max. ( ypo ^) I Vo 

^ 27rV (7o-l) A/y^’ 


where P^kk. fhe pressure at which maximum absorption occurs. This 
expression is used for the calculations, as it is independent of the actual 
magnitude of the absorption coefficient. 

The average values of the period of relaxation from both methods, 
where possible, are given in table 3. The limits and the sizes in calories, 
of the dispersion regions are also included. The accuracy of /? is of the 
order of ± 10%. 

Table 3 


region 

limitB 

sizes (oal.) 

fi 


at room temperature 


1 

L 242 -M 86 

26 

1*3 xl 0 “® 

2 

Ii 85 ~-M «2 

2*6 

4*63 X 10 ”’ 

a 

M 62 - 1 I 36 

1 6 ± 0-5 

3*7 xl 0 -« 


(± O-OOfi) 

at IIO^C 


1 

1 - 242 -M 69 

3*5 

2 X lO”* (estimate) 

2 

M 6 a -1 133 

3*2 

8*14 X 10 -* 

8 

M 83 -M 06 

4*8 ± 0*9 

2*1 xlO”* 


(± 0 ‘ 003 ) 
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Discttssiok 

The dispersion regions 

The measurements at room temperature show the existence of three 
distinct dispersion regions (figure 2 ). Dispersion region ( 1 ) cannot be fully 
investigated as it lies mainly outside the range of the piezoelectric inter¬ 
ferometer measurements. The lower limit is well defined, and a value of the 
upper limit is calculated from the theoretical specific heats of the molecule 
when deprived of all vibrational energy and by assuming that the con¬ 
tribution due to restricted rotation within the molecule is the same as in 
ethane. Independent evidence of the existence of this dispersion region 
is given by the absorption measurements. Dispersion region ( 2 ) is well 
defined and confirmed by absorption measurements. Dispersion region (3) 
is not completely defined, as it lies mainly outside the range of the 
magnetostriction interferometer measurements and its lower Umit de¬ 
pends solely on the somewhat inaccurate Kundt’s tube interferometer 
measurements. 

The measurements at 110 ° C show two clearly defined dispersion regions 
(figure 3). The lower of these has as a lower limit the normal value of 
for acetaldehyde at 110 ® C and corresponds to dispersion region (3), figure 2 . 
The dispersion region is shifted to higher frequencies as the temperature 
rises. The other dispersion region will correspond to ( 2 ), figure 2 . It is 
necessary to assume the existence of a third dispersion region corresponding 
to ( 1 ), figure 2 , at a frequency too high to measure. 

Dimerization dispersion 

A dimerization dispersion is to be expected with any partially dimerized 
gas. The size of a pure dimerization dispersion region for acetaldehyde, 
from the degree of dimerization (Alexander and Lambert 1941 ), would be 
0-45 and 0*30 cal. at room temperature and 110 ® C respectively. Con¬ 
sidering the sizes of the dispersion regions given in table 3, it is evident 
that no«;ie of the three dispersion regions could possibly be due to a pure 
dimerization dispersion. 

It is not possible to state whether any of the dispersion regions includes 
the dimerization dispersion, but it is just possible that it may be region ( 2 ). 
The absorption curves at both temperatures are not symmetrical, there is 
still a fair amount of absorption after the absorption maxima have been 
passed by increasing log vjP (figures 2 and 3). 
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The significance of the dispersion regions 

Acetaldehyde appears to be the first substance with which multiple 
dispersion regions have been observed. But, on the other hand, this is 
apparently the first attempt of a complete investigation of a complex 
substance. It may well be that multiple dispersion regions are a general 
characteristic of complex molecules. The fact that acetaldehyde has at 
least three dispersion regions means that the ease of excitation is diflFerent 
for at least three separate vibrations in the molecule and that they are 
independently activated. The other vibrations are subsequently activated 
by the higher states of these fundamental vibrations. 

Acetaldehyde has essentially three different kinds of bonds, namely a 
C—C, a C—H and a 0=0 whose strengths are 81*2, 98-6 (Baughan 1941 ) 
and 149 (Pauling 1939 ) cal./mol. respectively. The C—C bond is most 
probably the one which is chiefly responsible for the chemical trans¬ 
formation of the molecule. The transformation in question may be a chain 
reaction thus: 

CHs-^CHO—.^OHj + CHO 


in which the C—C bond has actually been ruptured, or it may be a molecular 
rearrangement, thus: 


CH, 


¥ 


-0=0 —^^4 +CO, 


in which the C—C bond is only weakened. This does not affect the issue. 
If the energy must concentrate principally in a certain bond to cause the 
chemical transformation of the molecule, then it is potaible that the prob¬ 
ability of its concentrating in this bond will depend upon its mode of 
entry into the molecule, in which case the molecule will be associated with 
three distinct probabilities of chemical transformation. 

According to one particular view the complex nature of the thermal 
decomposition of acetaldehyde suggests the existence of different types of 
activated molecules, which undergo independent unimolecular reactions, 
changing from the first to the second order at different pressures (Hinshel- 
wood and Fletcher 1933 ). The pressures at which these hypothetical uni¬ 
molecular reactions change their order are 1'25,40 and 200 mm. respectively. 
Now in the second order region of one of these reactions, the pressure (P^) 
determines the number of collisions which are necessary to activate the 
molecule. This is true right up to the point at which the reaction changes 
its order. Also at this point Pg is closely related to the number of collisions 
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which are necessary to deactivate the molecule. Hence it is reasonable to 
compare with the number of collisions which are necessary for the loss or 
gain of a quantum of vibrational energy and Zqj) determined from the 
supersonic data. It is not po^ible to calculate Zjq and Zq^ without knowing 
the frequency, as well as the period of relaxation, of the fundamental 
vibration which controls each dispersion region (Eucken and Becker 1934). 
The spectroscopic data are not certain and cannot at present supply the 
necessary information. It is possible to make a rough comparison by 
assuming that ^10 is proportional to Actually Zj^ is proportional to 
/?(1 but ig gmall compared with unity for the probable 

values of the fundamental vibration frequency (p') and its effect is within 
the experimental error. On the other hand, is proportional to 
yff(l -f and is therefore largely dependent upon the value of v\ The 

values of the ratios of at room temperature to Pq are 1*04 x 10 “"®, 
M6xl0*® and 1*28 x 10 ”® for dispersion regions ( 1 ), ( 2 ) and ( 3 ) re¬ 
spectively. 

The above correlation should not be regarded as anything more than 
qualitative. The existence of the three dispersion regions, however, is 
definite and signifies that certain intramolecular vibrations are activated 
independently. Consequently there is a possibility of acetaldehyde 
possessing more than one type of activated molecule. 


The authors are very grateful to Professor C. N. Hinshelwood and 
Dr B, Lambert for their keen interest and valuable assistance in the coiirse 
of this investigation. Also to Dr T. Iredale who took part in preliminary 
experiments. 
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